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About These Notes
Mathematics for Machine Learning: Course Notes for EECS 245 at the
University of Michigan
by Suraj Rampure (rampure@umich.edu; rampure.org)

Google Chrome Recommended

For the best experience, please view these notes usingGoogleChrome (or another Chromium-
based browser, likeArc). Youmay experience slower scrolling and performance issues if using
Safari.

Overview
Linear algebra, calculus, and probability form the basis of modern machine learning and artificial
intelligence. This course introduces linear algebra from scratch by focusing on methods and
examples from machine learning. It will give students strong intuition for how linear algebra,
calculus and probability are used in machine learning. While the course is primarily theoretical,
we’ll look at practical applications involving real data in Python each week, so that students are
able to apply what they’ve learned.
These notes are organized into 10 core chapters, plus an appendix that covers some mathematical
foundations that are used throughout the course.

1. Introduction to Supervised Learning
2. Simple Linear Regression
3. Vectors
4. Linear Independence
5. Matrices
6. Linear Transformations and Projections
7. Regression using Linear Algebra
8. Gradients
9. Eigenvalues and Eigenvectors

10. Singular Value Decomposition

Each chapter consists of several pages, called “sections”, so Chapter 3.2 (for example) is a section.

Prerequisites

The prerequisites for this course at the University of Michigan are Calculus 2 or discrete math-
ematics. That is, we don’t assume students have already seen linear algebra or multivariable
calculus, but assume some mathematical maturity beyond a first course in calculus. We will
also assume some basic programming experience; we will show examples of Python code
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throughout.

Why Write These Notes?
There are a plethora of great resources for learning these ideas already, and I’ve read and taken
inspiration from many of them (linked below) in writing these notes and preparing for EECS 245.
So, why write these notes? I – like other teachers – have a “story” in my mind that I want to tell,
and that story has a particular order and flair that I haven’t seen in other books or courses on lin-
ear algebra. Most linear algebra courses start with analyzing systems of equations and unknowns.
These are extremely important to machine learning, as they are in other fields, but not in an imme-
diately obvious way (at least not to me). This course will start by introducing the foundations of
supervised learning – a branch of machine learning that deals with predicting a target variable, 𝑦,
given a set of input variables, 𝑥 – and dive deep into the relevant ideas from linear algebra as they
become necessary to advance this story.
This is, admittedly, an experiment in how to teach linear algebra. We may change directions in
future iterations of the course if it turns out that the best practice is to cover content in a more
conventional order. But, I’m excited and optimistic about this plan, and you, the student, are sure
to learn a great deal regardless. The first offering in Fall 2025 went well, so I’m optimistic you’ll
have a great experience.
While I could refer students to different books for different topics, I want to provide a single source
of truth that I can refer students to, so that the course narrative is consistent. This is especially
important since EECS 245 will be taught without slides. Instead, in each lecture, I will start with a
blank whiteboard (on my iPad) and provide high-level overviews of the content. These notes will
follow the same story, but with added details, examples, and exercises.
Additionally, I’m using these digital notes as an opportunity to develop interactive visualizations
of various concepts in linear algebra, to bring these ideas to life.

Acknowledgements, Feedback, and License
Here are some other resources that I’ve found helpful in writing these notes. Some of these are
also linked in particular pages of the notes.

• Gilbert Strang’s lecture videos and textbook on linear algebra. The intuition Strang provides
in his lecture videos is legendary, and I’ve studied them closely in preparing for EECS 245.
He also has a new book titled Linear Algebra and Learning from Data which is similar in
spirit to these notes. We’ve borrowed many exercises from his book.

• 3blue1brown’s Essence of LinearAlgebra series onYouTube is a great resource for developing
a visual intuition for linear algebra.

If you have any feedback or suggestions, please don’t hesitate to reach out to me at rampure@umich.
edu. (If you’re a stranger on the internet who has found these notes, I’d love to hear from you too!)
Alternatively, feel free to use the feedback form linked in the top-right corner of the page.

https://www.youtube.com/watch?v=ZK3O402wf1c&list=PL49CF3715CB9EF31D&index=1
https://math.mit.edu/~gs/linearalgebra/ila6/indexila6.html
https://math.mit.edu/~gs/learningfromdata/#lafe32
https://www.youtube.com/watch?v=fNk_zzaMoSs&list=PLZHQObOWD9XpO3KkyeJezhNY2NbB0LMSV&index=1
mailto:rampure@umich.edu
mailto:rampure@umich.edu
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In addition to the resources above, I’d like to thank Vincent Shen, a former student of mine, who
helped write and proofread various sections of the notes in Summer 2025.
The contents of this book are licensed for free consumption under the following license: Creative
Commons Attribution-NonCommercial-NoDerivatives 4.0 International (CC BY-NC-ND 4.0).

Accessibility
It’s important to us that all students are able to fully engagewith our course content. We’reworking
to ensure these notes meet WCAG 2.1 AA accessibility standards, as mandated by the federal gov-
ernment of all public universities in the United States. If you find any accessibility issues (hard-to-
read colors, missing alt text, videos with missing captions, or anything else that makes the content
difficult to access), please let Suraj know as soon as possible at rampure@umich.edu.

https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://www.w3.org/TR/WCAG21/


Advice to the Student
EECS 245 was first offered in Fall 2025 at the University of Michigan. At the end of that semester,
we asked students for advice to relay to future students. Here are some (unedited) responses we
received.

The only time where reading the notes is a lot more helpful than you think - read the
notes.

READTHECOURSENOTES. This is more important than going andwatching lectures

Reading course notes and mastering course exercises is really necessary for doing well
in the course.

Treat this as similar to 203, and read the lecture notes.

Make sure you tell people that the course notes are MANDATORY (I got cooked on
exam one because I didn’t know something existed in the course notes and not in lec-
ture).

This class showed me the way I wish all classes were taught. Writing the notes as the
class was being taught really let me see the thinking behind everything rather than just
reading off of a slideshow, and then the course notes allowed me to go back and make
sure I knew everything correctly.

I loved the course notes!!! Whenever Imissed lecture it felt really easy to get up to speed
because of how clear they were!!!! 10000/10, wish more courses had lecture notes like
this

I would just make it clear at the beginning of the course that course notes and exercises
are your best friend

This is all to say,make sure to get in thehabit of reading the course notesANDdoing the exercises
and activities in them. They are your friend!

iv
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1.1. What is Machine Learning?
If you’re reading this, you’ve chosen to take a course that explores the mathematical foundations
of machine learning, with a particular focus on linear algebra. I’m not going to assume you know
anything about machine learning or linear algebra. But, before I dive into any details, I do want
to give you a sense of what machine learning actually is, and how recent advances like ChatGPT –
which you almost certainly know something about – connect to what you’ll learn.

Motivation
Example: Handwritten Digit Recognition. Using your mouse or finger, draw a handwritten
digit in the box below. As you draw, a model will try and guess the digit you’re drawing, and
describe how confident it is in its guess.
Draw a few different digits, and hit “clear” after each one. You’ll notice that the model isn’t perfect
(for instance, it often confuses my 0s with 2s, 5s, 7s, and 9s, depending on where in the box I draw
the 0), but it works reasonably well.
How did the model figure out how to identify digits, and why is it sometimes wrong?
If you were to implement such a model, one technique you could try is to hardcode a bunch of
if-statements that check for certain patterns in the digit you drew. For example, you could check
if the digit has a straight line in the middle, as that would make it likely to be a 1, 7, or 9; or if it has
a closed loop, as that would make it likely to be a 0, 2, 4, 6, 8, or 9. But, this is very tedious, and
requires you to have a deep understanding of the patterns that make up each digit. And if there
were 100 possible digits instead of 10, this would be much more difficult.

The Machine Learning Way. Machine learning uses a different approach. Machine learning is
about automatically learning patterns from data.
In the case of the digit recognitionmodel, the creators of themodel showed themodel thousands of
pictures of handwritten digits, alongwith the correct answer for each digit. These correct answers
are called labels. The model then used this data to learn the patterns that make up each digit. This
process, of having a model learn the patterns of the data so that we can use it to make predictions,
is called training the model.
The specific dataset this model was trained on is called the MNIST database, a common dataset
used to test and benchmark machine learning models.
I’m using the term “model” loosely here. One, I haven’t formally defined the term, and I also
haven’t actually specified how the model makes its guesses. There are plenty of types of models
that we could train for the purposes of digit recognition – neural networks are the most popular
choice these days, but decision trees, support vector machines, logistic regression, and so on are
all reasonable choices. More flexible models can learn more complex patterns, but come with the
risk of overfitting to the training data; this is an idea we’ll discuss more in Chapter 1.2.
The MNIST database contains 70,000 images of handwritten digits, each of which is grayscale (no
color) and 28x28 pixels. The dataset contains the true labels for each image – that is, the model is
told that the first row above contains all 0s, the second row contains all 1s, and so on. If we wanted
to instead build a model that could guess whether an image is of a cat, dog, or hamster, we’d need
to show the model many labeled images of cats, dogs, and hamsters.

https://en.wikipedia.org/wiki/MNIST_database
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Figure 1.1: *
A few of the images in the MNIST dataset.

A Brief History. Machine learning – and more recently, artificial intelligence – are hot topics these
days, and indeed, new breakthroughs appear every few months. But, the origins of the field are
much, much older than you and me.
Linear regression, which I think of as the foundation of machine learning, was first used in the
early 1800s by physicists Legendre and Gauss to predict the motions of bodies in the solar system.
That’s the same Gauss behind the Gaussian distribution, i.e. normal distribution or bell curve, that
is ubiquitous in statistics and that we’ll study in a later chapter on probability. (In particular, we’ll
learn about how the normal distribution plays a role in machine learning.)
Regression was then given the name “regression” and further developed by Galton and Pearson
in the late 1800s to predict the heights of children given the heights of their parents. Galton was
the cousin of Charles Darwin and was the originator of the field of eugenics, which led to a dark
period in history.
Neural networks, which power most of the advances you’ve heard of recently, were first developed
by neuroscientists in the 1940s to model the behavior of neurons in the brain. For now, think of a
neural network as a sophisticated type of model that can be trained on data to make predictions.
The popularity of neural networks skyrocketed in the early 2010s, after they were shown to out-
perform traditional AI-but-not-neural-network-basedmodels on tasks like image recognition. This
improvement in performance was made possible by several factors, including new mathematical
techniques but also the advent of GPUs that made it possible to train models on large datasets
efficiently. (I’ll touch more on what a GPU is and why they’re relevant in a later chapter.)
The physicists and statisticians of the 1800s did not think they were “doing” machine learning, as
that term only came into use in the 1960s. To hear more about how machine learning and statistics
are related fields, but with slightly different goals, read the famous Two Cultures paper by Leo
Breiman. And if you want to know more about the history of statistics, machine learning, and
computer science, this seminar course I taught at UC San Diego might be of interest to you.

https://en.wikipedia.org/wiki/Francis_Galton
https://en.wikipedia.org/wiki/History_of_artificial_neural_networks
https://en.wikipedia.org/wiki/History_of_artificial_neural_networks
https://en.wikipedia.org/wiki/ImageNet
https://en.wikipedia.org/wiki/ImageNet
https://www.jstor.org/stable/2676681?seq=1
https://historyofdsc.com/
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Figure 1.2: *
An early sketch by Gauss, when trying to determine the motion of the planet Ceres, for which he

developed the method of least squares.
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Focus on the Ideas!

The rest of this section will move quickly and introduce a lot of new ideas. Focus on just
the big-picture ideas. Any relevant mathematical details will be re-introduced in Chapter 1.2
onward.

Supervised Learning
There are several types of problems that we can use machine learning to solve. The taxonomy
below shows some of them.

Figure 1.3: *
Source: Sam Lau

Supervised learning is the type of machine learning that we’ll spend most of our time on, and the
digit recognition problem from above is an example of a supervised learning problem.

Definition: Supervised Learning

A supervised learning problem can be thought of as “given data, predict a label”, or “given
𝑥, predict 𝑦”.
To train a model for a supervised learning problem, we need to have a dataset that contains
information about each individual, along with the correct label for each individual.

The “supervising” comes from having a correct answer (label) for each situation in the dataset; you
can think of the computer as being “supervised” by the correct answers.
There are two types of supervised learning problems: classification and regression.

Classification. In a classification problem, the label is a category, i.e. a categorical variable, with
a finite number of possible values.

https://lau.ucsd.edu/
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Example Labels
Digit recognition 0, 1, 2, 3, 4, 5, 6, 7, 8, or 9
Email spam detection “spam” or “not spam”
Image classification “dog”, “cat”, “hamster”, or “zebra”
Medical diagnosis “diabetes” or “no diabetes”
Risk assessment “low risk”, “medium risk”, or “high risk”

The email spam detection and medical diagnosis problems are binary classification problems, as
there are only two possible labels. In binary classification problems, we typically represent the
labels as 1 (spam, diabetes) and 0 (not spam, no diabetes).
As another example, suppose we have a dataset of penguins. For each penguin in the dataset, we
know its bill length in millimeters, its body mass in grams, and its species, which is either Adelie,
Chinstrap, or Gentoo. The dataset shown below reflects real data about real penguins inAntarctica;
read more about the dataset here.

Bill Length Body Mass Species (Label)
0 43.200000 4100.000000 Adelie
1 43.200000 4775.000000 Adelie
2 46.200000 5300.000000 Gentoo
3 50.200000 3775.000000 Chinstrap
4 51.300000 3700.000000 Chinstrap
5 48.200000 5100.000000 Gentoo
6 40.100000 4300.000000 Adelie
7 36.000000 3450.000000 Adelie
8 43.500000 4700.000000 Gentoo
9 50.900000 3675.000000 Chinstrap

Theboxed column contains the labels for each penguin. Think of this as the “𝑦” in “given 𝑥, predict
𝑦”, or as the answer key.
We can use a scatter plot to visualize the relationship between body mass and bill length, with
colors indicating the species.

https://allisonhorst.github.io/palmerpenguins/articles/intro.html


Chapter 1. Introduction to Supervised Learning 7

Fun fact: our local Detroit Zoo is home to Chinstrap and Gentoo penguins.
Oncewe train amodel to predict the species of penguins, we can use it to predict the species of new
penguins who weren’t in our original dataset. All models for this task take the form of a function
ℎ:

predicted species𝑖 = ℎ(bill length𝑖 , body mass𝑖)

where ℎ can only output one of three things: Adelie, Chinstrap, or Gentoo.
The decision boundaries of two different models – that is, two different functions ℎ – are shown
below. The regions are colored based on what the model would predict for a new penguin.

For instance, if some new penguin comes along with a bill length of 38 mm and a body mass of
6000 g, Model A would predict that it is a Gentoo penguin, while Model B would predict that it is
an Adelie penguin. You can think of a model’s job as being to best separate the different species
of penguins, based on the characteristics of the penguins it has access to. In order for a model to
be useful, it needs to be able to make good predictions for new penguins, not just the penguins it
already saw.

https://penguins.detroitzoo.org/the-penguins/
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I’ve provided comprehensive examples of classification problems above, mostly because most of
our semester will involve regression, not classification, and I want to make sure you’re familiar
with the broad landscape of machine learning.

Regression. In a regression problem, the label is a continuous variable, i.e. a numerical variable
that can take on any real number.

Example Labels
Commute time prediction Times in minutes (82, 63.1256, -4, etc.)
House price prediction Prices in dollars
Temperature prediction Degrees in Fahrenheit

The first problemmentioned, commute time prediction, is the one we’ll begin studying in Chapter
1.2; we’ll revisit it throughout the semester. Training a model will involve finding a useful function
ℎ such that:

predicted commute time𝑖 = ℎ(time I leave home𝑖 , day of week𝑖)

In the context of the penguin example, what might a regression problem look like? One possibility
is to predict the body mass of a penguin given its bill length, i.e. to find a function ℎ such that:

predicted body mass𝑖 = ℎ(bill length𝑖)

Three possible functions ℎ are shown below. Each function’s predictions are shown in orange.

In Chapter 1.2, we’ll learn how to find models that make good predictions, starting with (a simpler
version of) the simple linear regression model from above. As we’ll soon see, this linear regression
model is called “simple” because it only takes in one input variable, or feature (bill length). “Mul-
tiple” linear regression models take in multiple features, e.g. if we used bill length and bill depth
to predict body mass.
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Activity 1

Activity 1

Identify whether each of the following problems is a classification or regression problem.

1. Given customer purchase history and demographics, predict whether they will buy a
premium membership next month.

2. Using sensor data from manufacturing equipment, predict the remaining useful life of
a machine component in hours.

3. Based on patient symptoms and vital signs, determine if treatment should be aggressive,
moderate, or conservative.

4. Using weather data and soil conditions, predict crop yield per acre for the upcoming
harvest season.

5. Given user behavior patterns on awebsite, predictwhich content category theywill click
on next.

Solution

The key is to look at what we’re predicting, rather than what information we’re using to
make the prediction.

1. Classification. We’re predicting one of two categories: buys a premium member-
ship or doesn’t buy one.

2. Regression. We’re predicting a numerical quantity: the number of hours the com-
ponent will last.

3. Classification. We’re choosing between three categories: aggressive, moderate,
and conservative. Even though these categories have an order, we’re still predicting
a category.

4. Regression. We’re predicting a numerical quantity: crop yield per acre.

5. Classification. We’re predicting which content category the user will click on.

The distinction between classification and regression isn’t always straightforward. For instance,
predicting the exact number of times a customer will visit a website before making a purchase is
considered a regression problem, even though the possible outcomes are limited towhole numbers
like 0, 1, 2, 3, 4, 5, and so on, rather than any real value as in the other regression examples given
above.

Unsupervised Learning
In supervised learning, the computer is “supervised” by the correct answers in its goal to find a
function that makes good predictions. But, what if we don’t have any answers, and aren’t trying
to predict anything?
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Definition: Unsupervised Learning

An unsupervised learning problem can be thought of as “given data, find structure in the
data”.
To train a model for an unsupervised learning problem, we do not need (and will not use) any
labels.

Our focus in this course will mostly be on supervised learning, but I’ll briefly discuss two common
forms of unsupervised learning: clustering and dimensionality reduction.

Clustering. Imagine you work at Netflix, and keep track of the ratings each user gives to each TV
show. Youmight want to find groups of users who have similar tastes, so that you can recommend
shows to them that they’re likely to enjoy.

Neither of these shows are on Netflix, but they’re what I spent the summer watching, so they’ll
have to work for now.
Each point in the plot above represents a single user. We could try and predict a user’s rating for
Grey’s Anatomy (GA) given their rating for The Summer I Turned Pretty (TSITP), which would be
a supervised learning (regression) problem, but that’s not what we’re investigating now.
Instead, let’s treat the data as unlabeled. You might notice that the data naturally falls into three
groups, or clusters:

• The top-left group doesn’t like TSITP (a romantic drama) but does like GA (amedical drama).
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• The bottom-right group likes TSITP, but not GA.

• The top-right group likes both TSITP and GA.

If I couldmathematically describe these clusters, I could use their boundaries to recommend shows
to other users. For instance, if most users in the bottom-right cluster like, say, The Office, and some
new user who hasn’t watched The Office but likes TSITP and GA comes along, I could recommend
The Office to them.

Definition: Clustering

The goal of clustering, an unsupervised learning problem, is to place data into groups of
similar data points.

Placing points into clusters seems easy in the example above, but in practice, Netflix has millions
of users and thousands of shows, meaning that the data is too large to visualize, much less cluster
by hand. There are a variety of clustering algorithms that exist, each with their own strengths and
weaknesses. We will not discuss clustering in this course – you’ll learn more in a future course
dedicated to machine learning – but you can read more about how different clustering algorithms
work here.

https://scikit-learn.org/stable/modules/clustering.html
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Activity 2

Activity 2

How would you explain the difference between clustering and classification to someone with
no background in computer science or machine learning?

Solution

Imagine we’re organizing a collection of emails.
With classification, we already know the categories we care about, like “spam” and “not
spam”. We show the computer examples of emails that have already been labeled, and
it learns how to assign one of these labels to a new email.
With clustering, we don’t give the computer labeled examples or tell it what the groups
should mean. Instead, we ask it to group similar emails together. It might discover a
group of shopping emails, a group of work emails, and a group of travel emails. We can
look at the groups afterward and decide how to describe them.
So, classification learns to predict existing labels, while clustering tries to discover
groups in the data.

Dimensionality Reduction. As alluded to above, we’ll soon work with datasets with features
(pieces of information) for millions of individuals. We typically store this information in a table or
matrix, where each row corresponds to an individual and each column corresponds to a feature.
To illustrate, let’s return to the digit recognition example from the start of the section. I mentioned
that each image in the dataset is a 28x28 pixel image, which means that to train the model, we’re
using 28 · 28 = 784 features per image. A table containing this information would have 70,000 rows
(one per image) and 784 columns (one per pixel).

pixel1pixel2pixel3pixel4pixel5pixel6pixel7pixel8pixel9pixel10... pixel775pixel776pixel777pixel778pixel779pixel780pixel781pixel782pixel783pixel784
0 0 0 0 0 0 0 0 0 0 0 ... 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 ... 0 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 ... 0 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0 ... 0 0 0 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0 0 0 0 ... 0 0 0 0 0 0 0 0 0 0
... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ...
699950 0 0 0 0 0 0 0 0 0 ... 0 0 0 0 0 0 0 0 0 0
699960 0 0 0 0 0 0 0 0 0 ... 0 0 0 0 0 0 0 0 0 0
699970 0 0 0 0 0 0 0 0 0 ... 0 0 0 0 0 0 0 0 0 0
699980 0 0 0 0 0 0 0 0 0 ... 0 0 0 0 0 0 0 0 0 0
699990 0 0 0 0 0 0 0 0 0 ... 0 0 0 0 0 0 0 0 0 0

70000 rows × 784 columns



Chapter 1. Introduction to Supervised Learning 13

Activity 3

Activity 3

Why do you think most of the values above are 0?

Solution

Each value represents the brightness of one pixel. A value of 0 corresponds to a black
pixel, which is part of the background.
The handwritten digit only takes up part of the 28 × 28 image. Most of the pixels are
background, so most of the values are 0. Remember, each row describes an entire image,
including all of that empty space around the digit!

This dataset is far too high-dimensional to visualize all at once – to draw a scatter plot as we did in
earlier examples above, we’d need to be able to see 784 dimensions at once, while we can only see
3. We can look at a few images at a time, but we have no tool for visualizing the entire dataset.
That’s where dimensionality reduction comes in.

Definition: Dimensionality Reduction

Dimensionality reduction is an unsupervised learning technique for reducing the number of
features in a dataset while preserving the information in the dataset.

A naïve approach to dimensionality reduction would be to simply drop some of the features. For
instance, if we wanted to draw a scatter plot containing all 70,000 images, we could pick just 2 of
the 784 features (pixels) to plot against each other. But, this would lose a lot of information, as just
two pixels don’t tell us much about an image.
More sophisticated approaches, like principal component analysis (PCA), can “invent” new fea-
tures that capture the most important information in the dataset.

Below, you’ll find the result of applying PCA to the MNIST dataset. Each point corresponds to an
image. We’ve actually only included a random sample of 10,000 of the 70,000 images, as the full
dataset would crowd the plot too much.
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The PCA process did not use the labels in the dataset, i.e. it did not factor in whether the image
was actually of a 0, 1, 2, 3, etc. when inventing these two new features. But, you’ll notice that in the
plot of new feature 2 vs. new feature 1, the images are roughly clustered by true digit! For example,
the 0s (middle right) all look similar to one another in 2D space. The plot above is interactive, so
you can hover over a point to see its true digit.
We will cover PCA in depth in Chapter 10 of these notes – it is surprisingly involved, and requires
a deep understanding of linear algebra to fully grasp. All in due time!

Reinforcement Learning
Reinforcement learning is less about finding a function that makes good predictions or finding
structure in data, and more about finding a function (formally called a policy) that makes good
decisions. Reinforcement learning is likened to theway humans pick up new skills, like cooking or
riding a bike – by trying something, failing, and trying again, now equipped with the knowledge
of what worked and what didn’t.
Perhaps themost famous example of reinforcement learning isAlphaGo, amodel trained byGoogle
DeepMind to play the game Go. Go is a board game similar to chess or checkers, but with a 19x19
grid and more sophisticated rules. To train AlphaGo, first, researchers showed the model 30 mil-
lion games of Go played by human players. Then, they had the model play many games of Go
against itself, giving it a reward for winning and a penalty for losing. Eventually, through trial-
and-error, themodel learned to playGo at a higher level than the human players. In 2016, AlphaGo
defeated the reigning world champion at the time.
Wewon’t discuss reinforcement learning any further in this course. If you’d like to learnmore, start
by reading this blog post. It was written by Demis Hassabis, the CEO of Google DeepMind – who
also recently won the Nobel Prize in Chemistry – and explains the inner workings of AlphaGo
in 2016 before it beat the world champion. I like this post not only because it’s written in a way

/00-index-b9025937b07b771163b3b0dbc7309f74.ipynb
https://en.wikipedia.org/wiki/Go_(game)
https://blog.google/technology/ai/alphago-machine-learning-game-go/
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Figure 1.4: *
Watch the AlphaGo documentary for free on YouTube.

that’s accessible to non-technical readers, but also because it shows you a snapshot of the growing
excitement surrounding machine learning a decade ago.

Deep Learning
“Deep learning” is a popular term that doesn’t appear in the taxonomy I presented earlier, but it’s
a term you’ve probably heard of.
All three types of machine learning – supervised learning, unsupervised learning, and reinforce-
ment learning – could involve “deep learning”, which really just means machine learning using
neural networks. Neural networks are called “deep” because they can have many “layers” of com-
putation, i.e. many functions that are applied to the input data before returning a prediction, rep-
resentation, or action.
For example, here’s a neural network with several layers, that could be used to predict the species
of a penguin given its bill length and body mass, by first predicting the probability of each species.

While we won’t spend much time on neural networks in this course – you’ll need to wait for your
next machine learning course to see them in depth – wewill spend the entire semester understand-
ing all of the operations they use and how they work together. Every line, circle, and box you see
in the diagram above represents some sort of operation in linear algebra.

https://www.youtube.com/watch?v=WXuK6gekU1Y


Chapter 1. Introduction to Supervised Learning 16

Large Language Models
I’ve given you an overview of three big branches of machine learning: supervised learning, un-
supervised learning, and reinforcement learning. What’s not clear is how large language models,
like ChatGPT, fit into this taxonomy. It turns out that large language models are created using all
three of these types of machine learning (and also deep learning).

Definition: Language Model

A language model is a model that predicts the next word in a sequence of words.

A language model is trained on a collection of text documents, called a corpus. To illustrate how
they work, let’s look at a small example corpus.
is the umich the best? my friend said ucsd is the best, is the umich better?
Think of predicting the next word in a sequence of words as implementing randomized, intelligent
autocomplete, using patterns from data. For instance, if we start with the phrase “is the”, a lan-
guage model trained on this corpus might predict “umich” or “best” as the next word, since both
“is the umich” and “is the best” appear in the corpus. It probably wouldn’t predict “friend” as
the next word, as “is the friend” doesn’t appear in the corpus.
“is the umich” appears twice as often as “is the best”. Language models estimate probabilities,
so a language model trained on this specific corpus would learn:

P(“umich” | “is the”) = 2

3
P(“best” | “is the”) = 1

3

In order for language models to produce natural-sounding text, researchers have found that they
need to use some randomness in how they generate outputs. So, instead of always autocomplet-
ing “is the” with the most likely word (i.e., “umich”), they sample from a distribution of words,
weighted by the probabilities learned above. So, 23 of the time, themodel will autocomplete “is the”
with “umich”, and 1

3 of the time, it will autocomplete “is the” with “best”. Then, it’ll continue to
predict the next word in the sequence, using the last few words as context. This explanation is a
bit simplistic, but captures the gist of how language models work at a high level.
A large language model (LLM) is a language model that is trained on a large (massive!) dataset of
text. The recently released GPT-5, and its predecessors, GPT-4 and GPT-3.5, are all LLMs created
by OpenAI; ChatGPT is a chatbot that uses GPT for autocompletion, with some additional logic
to make the interactions seem more natural. Claude, Gemini, and Grok are also LLMs, created by
Anthropic, Google, and X (formerly Twitter), respectively.
The corpuses for these LLMs are trillions of words long, containing books, most publicly available
websites, andmore; since theywere trained on suchmassive datasets, they are able to answer ques-
tions about a broad range of topics. With the above explanation in mind, it’s not hard to see why
LLMs sometimes output realistic-sounding text that is not actually true – they randomly generate
sequences of words that are statistically likely to appear in their corpuses, but not necessarily true.
All three of the branches of machine learning – supervised learning, unsupervised learning, and
reinforcement learning – play a role in training LLMs.
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Figure 1.5: *
The three stages of LLM training (image source; more reading from OpenAI).

1. First, an LLM is taught how to predict the next word in a sequence of words, by estimating
probabilities like P(“umich” | “is the”). In this task, there are no labels – the “labels” come
from the corpus of text itself. So, this first stage – called pre-training – is somewhere in
between supervised learning (because it’s predicting) and unsupervised learning (because
there are no labels), and is often thought of as self-supervised learning.

2. Then, more supervised learning – specifically, supervised fine-tuning (SFT) – is used to train
the LLM to get better at answering questions for any one particular task, using a dataset of
questions 𝑥 and ideal answers 𝑦 created by humans.

3. Finally, to ensure the LLM gives answers that humans find useful, it is repeatedly asked a
question, and humans vote on their favorite answers. These human preferences are used to
create a reward function that the LLM can use to improve its answers using reinforcement
learning (sometimes called reinforcement learning with human feedback (RLHF)).

Neural networks – andmore specifically, the transformer architecture – are the computational back-
bone that makes all these steps possible. Transformers, first introduced in 2017 by researchers at
Google in a now-famous paper, are excellent at extractingmeaning from text data out-of-order. For
instance, in the sentence “The bank was steep,” a transformer can distinguish that “bank” refers
to a riverbank rather than a financial institution by considering the context provided by “steep”,
even though the word “bank” appears before “steep” in the sentence. For a detailed technical
introduction to how transformers work, see the transformers course by Hugging Face.
Training state-of-the-art LLMs is a resource-intensive process – some insiders estimate that training
OpenAI’s newGPT-5 cost a fewbilliondollars and severalmonths. You and I (probably) don’t have
billions of dollars, but we do have a few months together, and in that time, we will learn about the
mathematical underpinnings that make this all possible.

https://cameronrwolfe.substack.com/p/specialized-llms-chatgpt-lamda-galactica?open=false#%C2%A7training-language-models-to-follow-instructions-with-human-feedback
https://openai.com/index/instruction-following/
https://arxiv.org/abs/1706.03762
https://huggingface.co/learn/llm-course/en/chapter1/4
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1.2. Squared Loss and the Constant Model
Motivation
Suppose that you’re looking for an off campus apartment for next year. Unfortunately, none of
them are in your price range, so you decide to live with your parents in Detroit and commute. To
see if you can save some time on the road each day, you keep track of how long it takes for you to
get to school.

date day departure_hour minutes
0 5/15/2023 Mon 10.816667 68.0
1 5/16/2023 Tue 7.750000 94.0
2 5/22/2023 Mon 8.450000 63.0
3 5/23/2023 Tue 7.133333 100.0
4 5/30/2023 Tue 9.150000 69.0

This is a real dataset, collected by Joseph Hearn, except he lived in Seattle, not Metro Detroit. The
full dataset contains more columns than are shown above, but we’ll focus on these few for now.
Our goal is to predict commute times, stored in the minutes column. This is our 𝑦 variable. The
natural first input variable, or feature, to consider, is departure_hour. This is our 𝑥 variable.
We’ll use the subscript 𝑖 to index the 𝑖th data point, for 𝑖 = 1, 2, . . . , 𝑛. Using the dataset above,
𝑥1 = 10.816667 and 𝑦1 = 68, for instance.
Departure hours are stored as decimals, but correspond to times of the day. For example, 7.75
corresponds to 7:45 AM, and 10.816667 corresponds to 10:49 AM.

10.816667 = 10 + 0.816667 hours
= 10 hours + 0.816667 · 60 minutes
= 10 hours + 49 minutes

Before we get any further, we should look at our data. Since we’re working with two quantitative
variables, we should draw a scatter plot.

https://github.com/jahearn3/commuting
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There’s a general downward trend: the later the departure time, the lower the commute time tends
to be.
Again, our goal is to predict commute time given departure hour. That is, we’d like to build a
useful function ℎ such that:

predicted commute time𝑖 = ℎ(departure hour𝑖)

This is a regression problem, because the variable we are predicting – commute time – is quantita-
tive.
To build this function, the approach we’ll take is the machine learning approach – that is, to learn
a pattern from the dataset that we’ve collected. (This is not the only approach one could take – we
could build the function ℎ however we want.)
However, in order to learn a pattern from the dataset that we’ve collected, we need to make an
important assumption.

The Key Assumption in Machine Learning

In order for the patterns we learn from a dataset to be useful, we must assume that future
data will look like past data!

We don’t really need our function ℎ to make good predictions on the dataset that we’ve already
collected. We know the actual commute times on day 1, day 2, ..., day 𝑛. In other words, we’re
working with a labeled dataset, in which we’re given the values of 𝑦1 , 𝑦2 , . . . , 𝑦𝑛 .
What we do need is for our function ℎ to make good predictions on unseen data from the future,
i.e. for future commutes, the ones we don’t know about yet. This is the only way our function ℎ
will be practically useful.
But, if the future doesn’t resemble the past, the patterns we learn from the past will not be gener-
alizable to the future. For example, if a new highway between Detroit and Ann Arbor gets built,
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the patterns previously learned won’t necessarily still exist. This idea of generalizability is key, so
keep it in mind even if we’re not explicitly talking about it.

Models
I’ve used the word “model” loosely, but let’s give it a formal definition.

Definition: Model

A model is a set of assumptions about how data were generated.

“All models are wrong, but some are useful.” - George Box

My interpretation of George Box’s famous quote is that no matter how complex a model is, it will
never be 100% correct, so sometimes – especiallywhenwe’re starting ourmachine learning journey
– it’s better to use a simpler model that is also wrong but interpretable.
We gain value from simple models all the time. In a physics class, you may have learned that
acceleration due to gravity is 9.81 m/s2 towards the center of the Earth. This is not fully accurate –
think about how parachutes work, for example – but it’s still a useful approximation, and one that
is relatively easy to understand. A related idea is Occam’s razor, which states that the simplest
explanation of a phenomenon is often the best.

Above, you’ll see a degree-40 polynomial fit to our dataset. We’ll learn how to build such polyno-
mials throughout the semester.
At first glance, it looks to be quite accurate, albeit complex. In fact, it’s a little too complex, and
the phenomenon we see above is called overfitting. For 𝑥𝑖’s in the dataset that we collected, sure,
the polynomial will make accurate predictions, but for any 𝑥𝑖’s that don’t match the exact pattern
in the dataset, the predictions will be off. (For example, it’s unlikely that commutes will take 110
minutes around 10:15AM, but that’s what the model predicts.) This polynomial model wouldn’t
generalize well to unseen data.

https://en.wikipedia.org/wiki/George_E._P._Box
https://en.wikipedia.org/wiki/Occam%27s_razor
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If we look at the scatter plot closely, it seems reasonable to start with a line of best fit, much like
you may have seen in a statistics class. In fact, we’ll start with something even more simple than
that. But first, some notation.

Hypothesis Functions

Definition: Hypothesis Function

A hypothesis function ℎ takes in an 𝑥𝑖 as an input and returns a predicted 𝑦𝑖 .

predicted 𝑦𝑖 = ℎ(𝑥𝑖)

The hypothesis functions we’ll study have parameters, usually denoted by 𝑤, which describe the
relationship between the input and output. The two hypothesis functions we’ll study to start with
are:

1. Constant model: ℎ(𝑥𝑖) = 𝑤
2. Simple linear regression model: ℎ(𝑥𝑖) = 𝑤0 + 𝑤1𝑥𝑖

We’ll study the constant model first, but it’s easier to understand the role of parameters in the
simple linear regression model. As we’ll soon see, this linear regression model is called “simple”
because it only takes in one input variable, 𝑥𝑖 . “Multiple” linear regressionmodels take inmultiple
features.

ℎ(𝑥𝑖) = 𝑤0 + 𝑤1𝑥𝑖 represents the equation of a line, where 𝑤0 is the intercept and 𝑤1 is the slope.
Above, we see that different choices of parameters 𝑤0 and 𝑤1 result in different lines. The million
dollar question is: among all of the infinitely many choices of 𝑤0 and 𝑤1, which one is the best?
To fully answer that, we’ll have to wait until Chapter 2.2. Surprisingly, that answer involves multi-
variable calculus.
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For now, let’s return to the constant model, ℎ(𝑥𝑖) = 𝑤. The constant model predicts the same value
for all 𝑥𝑖’s, and looks like a flat line.

We’ll use the constant model for the rest of this section to illustrate core ideas in machine learning,
and will move to more sophisticated models in Chapter 2.1.
If we’re forced to use a constant model, it’s clear that some choices of 𝑤 (the height of the line) are
better than others. 𝑤 = 100 yields a flat line that is far from most of the data. 𝑤 = 60 and 𝑤 = 70
seem like much more reasonable predictions, but how we can quantify which one is better, and
which 𝑤 would be the best?
Since the constant model doesn’t depend on departure hours 𝑥𝑖 , we can instead draw a histogram
of just the true commute times.

An equivalent way of phrasing the problem is, which constant 𝑤 best summarizes the histogram
above? Most commute times seem to be in the 60 to 80 range, so somewhere there makes sense.
How can we be more precise?
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Loss Functions
To illustrate, let’s consider a small dataset of only 5 commute times.

𝑦1 = 72, 𝑦2 = 90, 𝑦3 = 61, 𝑦4 = 85, 𝑦5 = 92

If asked to find the constant that best summarizes these 5 numbers, youmight think of the mean or
median, which are common summary statistics. There are other valid choices too, like the mode,
or halfway between the minimum and maximum, or the most recent. What we need is a way to
compare these choices.
A loss function quantifies how bad a prediction is for a single data point.

• If our prediction is close True to the actual value, we should have low loss.

• If our prediction is far False from the actual value, we should have high loss.

We’ll start by computing the error for a single data point, defined as the difference between an
actual 𝑦-value and its corresponding predicted 𝑦-value.

𝑒𝑖 = 𝑦𝑖 − ℎ(𝑥𝑖)

where 𝑦𝑖 is the actual value and ℎ(𝑥𝑖) is the predicted value.
Could this be a loss function? Let’s think this through. Suppose we have the true commute time
𝑦𝑖 = 80.

• If I predict 75, 𝑒𝑖 = 80 − 75 = 5.

• If I predict 72, 𝑒𝑖 = 80 − 72 = 8.

• If I predict 100, 𝑒𝑖 = 80 − 100 = −20.
A lower error is better, so 75 (error of 5) is a better prediction than 72 (error of 8). 100 seems to
be the worst of the three predictions, but technically has the smallest error (-20). The issue is that
some errors are positive and some are negative, and so it’s hard to compare them directly.
So ideally, a loss function shouldn’t have negative outputs. How can we take these errors, in which
some are positive and some are negative, and enforce that they’re all positive?

Squared Loss. The most common solution to the problem of negative errors is to square each
error. This gives rise to the first loss function we’ll explore, and arguably the most common loss
function in machine learning: squared loss.
The squared loss function, 𝐿sq, computes (actual − predicted)2. That is:

𝐿sq(𝑦𝑖 , ℎ(𝑥𝑖)) = (𝑦𝑖 − ℎ(𝑥𝑖))2

Why did we square instead of take the absolute value? Absolute loss is a perfectly valid loss func-
tion – in fact, we’ll study it in Chapter 1.3 – and different loss functions have different pros and
cons. That said, squared loss is a good first choice because:
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• The resulting optimization problem is differentiable, as we’ll see in just a few moments.

• It has a nice relationship to the normal distribution in statistics, as we’ll see in Chapter 6, at
the end of the course.

Let’s return to our small example dataset of 5 commute times.

𝑦1 = 72, 𝑦2 = 90, 𝑦3 = 61, 𝑦4 = 85, 𝑦5 = 92

How can we use squared loss to compare two choices of 𝑤, say 𝑤 = 85 (the median) and 𝑤 = 80
(the mean)? Let’s draw a picture (in which the 𝑥-axis positions of each point are irrelevant, since
we’re not using departure hours).

Each output of 𝐿sq, shown in pink, describes the quality of a prediction for a single data point.
For example, in the left plot above, the annotated (−13)2 came from an actual value of 72 and a
predicted value of 85:

𝐿sq(72, 85) = (72 − 85)2 = (−13)2 = 169

What we’d like is a single number which describes the quality of our predictions across the whole
dataset, almost like a “score” for each choice of 𝑤. Then, we can compare scores to choose the best
possible 𝑤. One way to construct such a score is to take the average of the squared losses.

• For the median, 𝑤 = 85:

1

5

((72 − 85)2 + (90 − 85)2 + (61 − 85)2 + (85 − 85)2 + (92 − 85)2)
= 163.8

• For the mean, 𝑤 = 80:
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1

5

((72 − 80)2 + (90 − 80)2 + (61 − 80)2 + (85 − 80)2 + (92 − 80)2)
= 138.8

Losses are bad, so the better choice of 𝑤 has a lower average squared loss. Since 138.8 < 163.8, the
mean is a better prediction than the median.
Another term for average squared loss is mean squared error (MSE); this is the more common
name for the technique we just defined.

Minimizing Mean Squared Error
Let’s start by generalizing mean squared error to any prediction 𝑤 for our small commute times
dataset.

𝑅sq(𝑤) = 1

5

((72 − 𝑤)2 + (90 − 𝑤)2 + (61 − 𝑤)2 + (85 − 𝑤)2 + (92 − 𝑤)2)
The function 𝑅sq takes in any prediction 𝑤 and outputs the mean squared error of that 𝑤. We’re
searching for the value of 𝑤 that makes 𝑅sq(𝑤) as small as possible, as that would correspond to
the 𝑤 that makes the best possible predictions, for our humble constant model.
Where did the letter 𝑅 come from? It stands for risk, as in “empirical risk”. I’ll speak more on this
soon. For now, remember that:

• 𝐿 always refers to loss for a single data point.

• 𝑅 always refers to average loss across an entire dataset.

What does 𝑅sq(𝑤) actually look like, if we were to plot it? It is the sum of 5 quadratic functions –
namely, 1

5 (72 − 𝑤)2, 1
5 (90 − 𝑤)2, and so on – and so it’s a quadratic function too, and looks like a

parabola.

𝑅sq(𝑤) = 1

5

((72 − 𝑤)2 + (90 − 𝑤)2 + (61 − 𝑤)2 + (85 − 𝑤)2 + (92 − 𝑤)2)
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The question is, though, what is the 𝑤-value of the vertex of this parabola? That is, which 𝑤
minimizes 𝑅sq(𝑤)?
Before we find the answer, let’s cast our problem in more general terms, so that the answer is
applicable to any dataset. Suppose we have a dataset of 𝑛 actual commute times, 𝑦1 , 𝑦2 , . . . , 𝑦𝑛 .
Our goal is to find the 𝑤 that minimizes:

𝑅sq(𝑤) = 1

𝑛

((𝑦1 − 𝑤)2 + (𝑦2 − 𝑤)2... + (𝑦𝑛 − 𝑤)2)
=

1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − 𝑤)2

While it looks like there are many variables in this equation, we know the actual values in the
dataset, so we can treat 𝑦1 , 𝑦2 , . . . , 𝑦𝑛 as constants. The only true variable is 𝑤.
How do we minimize 𝑅sq(𝑤)? There are a few approaches. We’ll use a calculus-based approach
here, though in Homework 1 you’ll look at an alternative approach. For a refresher on the relevant
calculus ideas, see Appendix 2.
𝑅sq(𝑤) is a function of a single variable, 𝑤. To minimize a function of a single variable, we should:

1. Take the derivative of 𝑅sq(𝑤) with respect to 𝑤.

2. Set the derivative equal to 0 and solve for 𝑤.

3. Verify that the second derivative at the critical point is positive.

Let’s go through these steps one by one. The video below walks through these steps as well, but
was recorded for a different class, so the notation is slightly different (it uses ℎ instead of 𝑤).
Step 1: Take the derivative of 𝑅sq(𝑤) with respect to 𝑤
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𝑅sq(𝑤) = 1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − 𝑤)2

d
d𝑤𝑅sq(𝑤) = d

d𝑤

(
1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − 𝑤)2
)

Remember that constants can be pulled out of derivatives, e.g. the derivative of 2 𝑓 (𝑥) is 2 times
the derivative of 𝑓 (𝑥).

d
d𝑤𝑅sq(𝑤) = 1

𝑛

(
d
d𝑤

𝑛∑
𝑖=1

(𝑦𝑖 − 𝑤)2
)

From here, we’ll use the fact that the derivative of a sum is the sum of derivatives, to “push” the
derivative operator inside the sum.

d
d𝑤𝑅sq(𝑤) = 1

𝑛

𝑛∑
𝑖=1

d
d𝑤 (𝑦𝑖 − 𝑤)2

What is d
d𝑤 (𝑦𝑖 − 𝑤)2? Try and work it out on your own, then check the solution below.

Solution

The chain rule and power rule are our friends here:

d
d𝑤 (𝑦𝑖 − 𝑤)2 = 2(𝑦𝑖 − 𝑤) · d

d𝑤 (𝑦𝑖 − 𝑤)
= 2(𝑦𝑖 − 𝑤) · (−1)
= −2(𝑦𝑖 − 𝑤)

Using that result, we have:

d
d𝑤𝑅sq(𝑤) = 1

𝑛

𝑛∑
𝑖=1

(−2(𝑦𝑖 − 𝑤))

Finally, we’ll pull the constant of -2 out of the sum.

d
d𝑤𝑅sq(𝑤) = − 2

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − 𝑤)

We could simplify this further, but this form will do just fine. Don’t forget, though, that the expres-
sion on the right side is a function of 𝑤.
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Step 2: Set the derivative equal to 0 and solve for 𝑤

− 2

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − 𝑤) = 0

First, we’ll multiply both sides by − 𝑛
2 to get rid of the fraction.

𝑛∑
𝑖=1

(𝑦𝑖 − 𝑤) = 0

Separating the sum into two parts gives us:

𝑛∑
𝑖=1

𝑦𝑖 −
𝑛∑
𝑖=1

𝑤 = 0

𝑛∑
𝑖=1

𝑦𝑖 can’t be broken downmuch further. But,
𝑛∑
𝑖=1

𝑤 is the sum of 𝑛 copies of 𝑤, i.e. 𝑤+𝑤+ . . .+𝑤.

This is just 𝑛𝑤!

𝑛∑
𝑖=1

𝑦𝑖 − 𝑛𝑤 = 0

Adding 𝑛𝑤 to both sides, then dividing both sides by 𝑛, gives us:

𝑤∗ = 1

𝑛

𝑛∑
𝑖=1

𝑦𝑖

The value of 𝑤 that minimizes 𝑅sq(𝑤) is 𝑤∗ = 1
𝑛

∑𝑛
𝑖=1 𝑦𝑖 . Notice that I’ve called it 𝑤∗; think of “star”

as meaning “best” or “optimal”.
The formula for 𝑤∗ should look very familar. It’s the mean of 𝑦1 , 𝑦2 , . . . , 𝑦𝑛!
Step 3: Verify that the second derivative at the critical point is positive
We already know that 𝑅sq(𝑤) is a parabola, which means that its only critical point is a global
minimum. But, we’ll be thorough just to set a good example.
Here, we’ll need to find the second derivative of 𝑅sq(𝑤) with respect to 𝑤.
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d2

d𝑤2
𝑅sq(𝑤) = d

d𝑤

(
− 2

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − 𝑤)
)

= − 2

𝑛

𝑛∑
𝑖=1

d
d𝑤 (𝑦𝑖 − 𝑤)

= − 2

𝑛

𝑛∑
𝑖=1

(−1)

= − 2

𝑛
(−𝑛)

= 2

The second derivative is 2 for all values of𝑤, including at the𝑤∗ we found. This tells us that 𝑅sq(𝑤)
is concave opening upwards across its entire domain, so the critical point we’ve found corresponds
to a global minimum.

Conclusion
What was the point of all of that algebra? To recap:

• We decided to use the constant model, ℎ(𝑥𝑖) = 𝑤, to make predictions.

• To find the best value of𝑤 – amodel parameter ·we decided tominimizemean squared error:

𝑅sq(𝑤) = 1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − 𝑤)2

• Using calculus, we found that the value of 𝑤 that minimizes 𝑅sq(𝑤) is

𝑤∗ = 1

𝑛

𝑛∑
𝑖=1

𝑦𝑖 = Mean(𝑦1 , 𝑦2 , . . . , 𝑦𝑛)

In other words, the mean minimizes mean squared error. This is a remarkable result. We use the
mean all of the time in daily life, and now we’ve proven that it is optimal in some sense. It is the
constant with the smallest mean squared error, no matter the dataset we’re working with.
Another name for 𝑤∗ is an optimal model parameter. In the context of our full commute times
dataset, the optimal model parameter is the mean commute time. Visually, the value of 𝑤∗ ≈ 73
tells us the optimal “height” at which we should draw the constant model, ℎ(𝑥𝑖) = 𝑤.
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Is this the best possible model? No, of course not – we’re not capturing the fact that later departure
times are associated with shorter commute times. But as a first attempt at building a model, the
constant model is valuable. If someone asked you how long your commutes are, saying something
like “about 73 minutes” is reasonable.
What’s next?

• In Chapter 1.3, we’ll investigate other loss functions, like absolute loss.

• In Chapter 2.1, we’ll reintroduce the simple linear regression model, ℎ(𝑥𝑖) = 𝑤0 + 𝑤1𝑥𝑖 , and
see how to find the best values of 𝑤0 and 𝑤1.
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1.3. Absolute Loss
The Modeling Recipe
In Chapter 1.2, we implicitly introduced a three-step process for building a machine learning
model.

The Modeling Recipe

1. Choose a model.
We chose the constant model, whose predictions lie on a flat line, and don’t factor in any
features (like commute time).

ℎ(𝑥𝑖) = 𝑤

Here, 𝑤 is the model parameter.

2. Choose a loss function.
We chose squared loss:

𝐿sq(𝑦𝑖 , ℎ(𝑥𝑖)) = (𝑦𝑖 − ℎ(𝑥𝑖))2

This is the loss for a single data point.
For the constant model, since ℎ(𝑥𝑖) = 𝑤, we have:

𝐿sq(𝑦𝑖 , 𝑤) = (𝑦𝑖 − 𝑤)2

3. Minimize average loss to find optimal model parameters.
The average loss – also known as mean squared error here – is:

𝑅sq(𝑤) = 1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − 𝑤)2

Using calculus, we found that the value of 𝑤 that minimizes 𝑅sq(𝑤) is the mean of
𝑦1 , 𝑦2 , . . . , 𝑦𝑛 :

𝑤∗ = 𝑦̄ =
1

𝑛

𝑛∑
𝑖=1

𝑦𝑖

This gave us the location of the optimal “flat line” to use in making predictions for 𝑦𝑖
given 𝑥𝑖 .
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Most modern supervised learning algorithms follow these same three steps, just with different
models, loss functions, and techniques for optimization.
Another name given to this process is empirical risk minimization.

Definition: Empirical Risk

Empirical risk is another term for “average loss across an entire dataset”, and empirical risk
minimization is the process of finding optimal model parameters by minimizing empirical
risk.

When using squared loss, all three of these mean the same thing:

• Average squared loss.

• Mean squared error.

• Empirical risk.

Risk is an idea from theoretical statistics that we’ll visit in a later chapter on probability. It refers
to the expected error of a model, when considering the probability distribution of the data. “Em-
pirical” risk refers to risk calculated using an actual, concrete dataset, rather than a theoretical
distribution. The reason we call the average loss 𝑅 is precisely because it is empirical risk.
The first half of the course – and in some ways, the entire course – is focused on empirical risk
minimization, and so wewill makemany passes through the three-stepmodeling recipe ourselves,
with differing models and loss functions.
A common question you’ll see in labs, homeworks, and exams will involve finding the optimal
model parameters for a given model and loss function – in particular, for a combination of model
and loss function that you’ve never seen before. For practicewith this sort of exercise, work through
the following activity. If you feel stuck, try reading through the rest of this section for context, then
come back.
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Activity 1

Activity 1

Suppose we’d like to find the optimal parameter, 𝑤∗, for the constant model ℎ(𝑥𝑖) = 𝑤. To do
so, we use the following loss function:

𝐿(𝑦𝑖 , ℎ(𝑥𝑖)) = (4𝑦𝑖 − 3ℎ(𝑥𝑖))2

What value of 𝑤 minimizes average loss for this new loss function?
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Solution

Since we’re using the constant model, ℎ(𝑥𝑖) = 𝑤, the loss function simplifies to:

𝐿(𝑦𝑖 , 𝑤) = (4𝑦𝑖 − 3𝑤)2

Then, average loss is:

𝑅(𝑤) = 1

𝑛

𝑛∑
𝑖=1

(4𝑦𝑖 − 3𝑤)2

To find the 𝑤 that minimizes 𝑅(𝑤), we take the derivative of 𝑅(𝑤) with respect to 𝑤 and
set it equal to 0.

d𝑅
d𝑤 =

1

𝑛

𝑛∑
𝑖=1

d
d𝑤 (4𝑦𝑖 − 3𝑤)2

=
1

𝑛

𝑛∑
𝑖=1

2(4𝑦𝑖 − 3𝑤)(−3)

=
−6
𝑛

𝑛∑
𝑖=1

(4𝑦𝑖 − 3𝑤)

Setting the derivative equal to 0 and solving for 𝑤 gives

−6
𝑛

𝑛∑
𝑖=1

(4𝑦𝑖 − 3𝑤) = 0

𝑛∑
𝑖=1

(4𝑦𝑖 − 3𝑤) = 0

4

𝑛∑
𝑖=1

𝑦𝑖 − 3

𝑛∑
𝑖=1

𝑤 = 0

4

𝑛∑
𝑖=1

𝑦𝑖 = 3𝑛𝑤

𝑤 =
4
∑𝑛
𝑖=1 𝑦𝑖
3𝑛

=
4

3
𝑦̄

So, the optimal constant prediction is 𝑤∗ = 4
3 𝑦̄. Notice that this is the mean multiplied by

4
3 . Is there an easy way we could have arrived at this answer without having to take the
derivative?
Here’s a “shortcut”: let’s do a substitution. Let 𝑧𝑖 = 4𝑦𝑖 and 𝑡 = 3𝑤. Then, average loss
looks like:

𝑅(𝑡) = 1

𝑛

𝑛∑
𝑖=1

(𝑧𝑖 − 𝑡)2

This just looks like mean squared error for the constant model, which means that

𝑡∗ = 𝑧̄

But since each 𝑧𝑖 = 4𝑦𝑖 , we have 𝑧̄ = 4𝑦̄, and so 𝑡∗ = 4𝑦̄. Since 𝑡 = 3𝑤, we have

3𝑤∗ = 4𝑦̄ =⇒ 𝑤∗ = 4

3
𝑦̄
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Absolute Loss
When we first introduced the idea of a loss function, we first started by computing the error, 𝑒𝑖 , of
each prediction:

𝑒𝑖 = 𝑦𝑖 − ℎ(𝑥𝑖)

where 𝑦𝑖 is the actual value and ℎ(𝑥𝑖) is the predicted value.
The issuewas that some errorswere positive and somewere negative, and so itwas hard to compare
them directly. We wanted the value of the loss function to be large for bad predictions and small
for good predictions.
To get around this, we squared the errors, which gave us squared loss:

𝐿sq(𝑦𝑖 , ℎ(𝑥𝑖)) = (𝑦𝑖 − ℎ(𝑥𝑖))2

But, instead, we could have taken the absolute value of the errors. Doing so gives us absolute loss:

𝐿abs(𝑦𝑖 , ℎ(𝑥𝑖)) = |𝑦𝑖 − ℎ(𝑥𝑖)|

Below, I’ve visualized the absolute loss and squared loss for just a single data point.

You should notice two key differences between the two loss functions:

1. The absolute loss function is not differentiablewhen 𝑦𝑖 = ℎ(𝑥𝑖). The absolute value function,
𝑓 (𝑥) = |𝑥| , does not have a derivative at 𝑥 = 0, because its slope to the left of 𝑥 = 0 (-1) is
different from its slope to the right of 𝑥 = 0 (1). For more on this idea, see Appendix 2.

2. The squared loss function grows much faster than the absolute loss function, as the predic-
tion ℎ(𝑥𝑖) gets further away from the actual value 𝑦𝑖 .

We know the optimal constant prediction, 𝑤∗, when using squared loss, is the mean. What is the
optimal constant prediction when using absolute loss? The answer is not still the mean; rather,
the answer reflects some of these differences between squared loss and absolute loss.
Let’s find that new optimal constant prediction, 𝑤∗, by revisiting the three-step modeling recipe.
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1. Choose a model.
We’ll stick with the constant model, ℎ(𝑥𝑖) = 𝑤.

2. Choose a loss function.
We’ll use absolute loss:

𝐿abs(𝑦𝑖 , ℎ(𝑥𝑖)) = |𝑦𝑖 − ℎ(𝑥𝑖)|

For the constant model, since ℎ(𝑥𝑖) = 𝑤, we have:

𝐿abs(𝑦𝑖 , 𝑤) = |𝑦𝑖 − 𝑤|

3. Minimize average loss to find optimal model parameters.
The average loss – also known as mean absolute error here – is:

𝑅abs(𝑤) = 1

𝑛

𝑛∑
𝑖=1

|𝑦𝑖 − 𝑤|

In Chapter 1.2, we minimized 𝑅sq(𝑤) =
1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − 𝑤)2 by taking the derivative of 𝑅sq(𝑤) with

respect to 𝑤 and setting it equal to 0. That will be more challenging in the case of 𝑅abs(𝑤), because
the absolute value function is not differentiable when its input is 0, as we just discussed.

Mean Absolute Error for the Constant Model
We need to minimize the mean absolute error, 𝑅abs(𝑤), for the constant model, ℎ(𝑥𝑖) = 𝑤, but we
have to address the fact that 𝑅abs(𝑤) is not differentiable across its entire domain.

𝑅abs(𝑤) = 1

𝑛

𝑛∑
𝑖=1

|𝑦𝑖 − 𝑤|

Graphing Mean Absolute Error. I think it’ll help to visualize what 𝑅abs(𝑤) looks like. To do so,
let’s reintroduce the small dataset of 5 values we used in Chapter 1.2.

𝑦1 = 72, 𝑦2 = 90, 𝑦3 = 61, 𝑦4 = 85, 𝑦5 = 92

Then, 𝑅abs(𝑤) is:

𝑅abs(𝑤) = 1

5
(|72 − 𝑤| + | 90 − 𝑤| + | 61 − 𝑤| + | 85 − 𝑤| + | 92 − 𝑤|)
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This is a piecewise linear function. Where are the “bends” in the graph? Precisely where the data
points, 𝑦1 , 𝑦2 , . . . , 𝑦5, are! Its at exactly these points where 𝑅abs(𝑤) is not differentiable. At each of
those points, the slope of the line segment approaching from the left is different from the slope of
the line segment approaching from the right, and for a function to be differentiable at a point, the
slope of the tangent line must be the same when approaching from the left and the right.
The graph of 𝑅abs(𝑤) above, while not differentiable at any of the data points, still shows us some-
thing about the optimal constant prediction. If there is a bend at each data point, and at each bend
the slope increases – that is, becomes more positive – then the optimal constant prediction seems
to be in the middle, when the slope goes from negative to positive. I’ll make this more precise in a
moment.
For now, you might notice the value of 𝑤 that minimizes the graph of 𝑅abs(𝑤) above is a familiar
summary statistic, but not the mean. I won’t spell it out just yet, since I’d like for you to reason
about it yourself.
Let me show you one more graph of 𝑅abs(𝑤), but this time, in a case where there are an even
number of data points. Suppose we have a sixth point, 𝑦6 = 78.

𝑦1 = 72, 𝑦2 = 90, 𝑦3 = 61, 𝑦4 = 85, 𝑦5 = 92, 𝑦6 = 78

Then, 𝑅abs(𝑤) is:

𝑅abs(𝑤) = 1

6
(|72 − 𝑤| + | 90 − 𝑤| + | 61 − 𝑤| + | 85 − 𝑤| + | 92 − 𝑤| + | 78 − 𝑤|)

And its graph is:
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This graph is broken into 7 segments, with 6 bends (one per data point). Between the 3rd and 4th
bends – that is, the 3rd and 4th data points – the slope is 0, and all values in that intervalminimize
𝑅abs(𝑤). So, it seems that the value of 𝑤∗ doesn’t have to be unique!

Minimizing Mean Absolute Error. From the two graphs above, you may have a clear picture of
what the optimal constant prediction, 𝑤∗, is. But, to avoid relying too heavily on visual intuition
and just a single set of example data points, let’s try and minimize 𝑅abs(𝑤) mathematically, for an
arbitrary set of data points.
To be clear, the goal is to minimize:

𝑅abs(𝑤) = 1

𝑛

𝑛∑
𝑖=1

|𝑦𝑖 − 𝑤|

To do so, we’ll take the derivative of 𝑅abs(𝑤) with respect to 𝑤 and set it equal to 0.

d
d𝑤𝑅abs(𝑤) = d

d𝑤

(
1

𝑛

𝑛∑
𝑖=1

|𝑦𝑖 − 𝑤|
)

Using the familiar facts that the derivative of a sum is the sum of the derivatives, and that constants
can be pulled out of the derivative, we have:

d
d𝑤𝑅abs(𝑤) = 1

𝑛

𝑛∑
𝑖=1

d
d𝑤 |𝑦𝑖 − 𝑤|

Here’s where the challenge comes in. What is d
d𝑤 |𝑦𝑖 − 𝑤|?

Let’s start by remembering the derivative of the absolute value function. The absolute value func-
tion itself can be thought of as a piecewise function:
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|𝑥| =
{
𝑥 𝑥 ≥ 0

−𝑥 𝑥 < 0

Note that the 𝑥 = 0 case can either lumped in either the 𝑥 or −𝑥 case, since 0 and -0 are both 0.
Using this logic, I’ll write |𝑦𝑖 − 𝑤| as a piecewise of 𝑤:

|𝑦𝑖 − 𝑤| =
{
𝑦𝑖 − 𝑤 𝑤 ≤ 𝑦𝑖
𝑤 − 𝑦𝑖 𝑤 > 𝑦𝑖

I have written the two conditions with 𝑤 on the left, since it’s easier to think in terms of 𝑤 in
my mind, but this means that the inequalities are flipped relative to how I presented them in the
definition of |𝑥| . Remember, |𝑦𝑖−𝑤| is a function of𝑤; we’re treating 𝑦𝑖 as some constant. If it helps,
replace every instance of 𝑦𝑖 with a concrete number, like 5, then reason through the resulting graph.

Now we can take the derivative of each piece:

d
d𝑤 |𝑦𝑖 − 𝑤| =


−1 𝑤 < 𝑦𝑖
undefined 𝑤 = 𝑦𝑖
1 𝑤 > 𝑦𝑖

Great. Remember, this is the derivative of the absolute loss for a single data point. But ourmain ob-
jective is to find the derivative of the average absolute loss, 𝑅abs(𝑤). Using this piecewise definition
of d

d𝑤 |𝑦𝑖 − 𝑤| , we have:
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d
d𝑤𝑅abs(𝑤) = 1

𝑛

𝑛∑
𝑖=1

d
d𝑤 |𝑦𝑖 − 𝑤|

=
1

𝑛

𝑛∑
𝑖=1


−1 𝑤 < 𝑦𝑖
undefined 𝑤 = 𝑦𝑖
1 𝑤 > 𝑦𝑖

At any point where𝑤 = 𝑦𝑖 , for any value of 𝑖, d
d𝑤𝑅abs(𝑤) is undefined. (Thismakes any point where

𝑤 = 𝑦𝑖 a critical point.) Let’s exclude those values of 𝑤 from our consideration. In all other cases,
the sum in the expression above involves only two possible values: -1 and 1.

• The sum adds -1 for all data points greater than 𝑤, i.e. where 𝑤 < 𝑦𝑖 .

• The sum adds 1 for all data points less than 𝑤, i.e. where 𝑤 > 𝑦𝑖 .

Using some creative notation, I’ll re-write d
d𝑤𝑅abs(𝑤) as:

d
d𝑤𝑅abs(𝑤) = 1

𝑛

(∑
𝑤<𝑦𝑖

−1 +
∑
𝑤>𝑦𝑖

1

)
The sum

∑
𝑤<𝑦𝑖

−1 is the sum of -1 for all data points greater than 𝑤, so perhaps a more intuitive way

to write it is: ∑
𝑤<𝑦𝑖

−1 = (−1) + (−1) + . . . + (−1)︸                        ︷︷                        ︸
add once per data pointto the right of 𝑤

= −(# right of 𝑤)

Equivalently,
∑
𝑤>𝑦𝑖

1 = (# left of 𝑤), meaning that:

d
d𝑤𝑅abs(𝑤) = 1

𝑛

(−(# right of 𝑤) + (# left of 𝑤))
d
d𝑤𝑅abs(𝑤) = # of points left of 𝑤 − # of points right of 𝑤

𝑛
, 𝑤 ∉ {𝑦1 , . . . , 𝑦𝑛}

By “left of 𝑤”, I mean less than 𝑤.
This boxed form gives us the slope of 𝑅abs(𝑤), for any point 𝑤 that is not an original data point. To
put it in perspective, let’s revisit the first graph we saw in this section, where we plotted 𝑅abs(𝑤)
for the dataset:

𝑦1 = 72, 𝑦2 = 90, 𝑦3 = 61, 𝑦4 = 85, 𝑦5 = 92

𝑅abs(𝑤) = 1

5
(|72 − 𝑤| + | 90 − 𝑤| + | 61 − 𝑤| + | 85 − 𝑤| + | 92 − 𝑤|)
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Now that we have a formula for d
d𝑤𝑅abs(𝑤), the easy thing to claim is that we could set it to 0 and

solve for 𝑤. Doing so would give us:

d
d𝑤𝑅abs(𝑤) = # of points left of 𝑤 − # of points right of 𝑤

𝑛
= 0, 𝑤 ∉ {𝑦1 , . . . , 𝑦𝑛}

Which yields the condition:

# left of 𝑤 = # right of 𝑤

The optimal value of 𝑤 is the one that satisfies this condition, and that’s precisely the median of
the data, as you may have noticed earlier.
This logic isn’t fully rigorous, however, because the formula for d

d𝑤𝑅abs(𝑤) is only valid for 𝑤’s that
aren’t original data points, and if we have an odd number of data points, the median is indeed one
of the original data points. In the graph above, there is never a point where the slope is 0.
To fully justifywhy themedianminimizesmean absolute error evenwhen there are an odd number
of data points, I’ll say that:

• If 𝑤 is just to the left of the median, there are more points to the right of 𝑤 than to the left of
𝑤, so (# left of 𝑤) < (# right of 𝑤) and # of points left of 𝑤−# of points right of 𝑤

𝑛 is negative.

• If 𝑤 is just to the right of the median, there are more points to the left of 𝑤 than to the right
of 𝑤, so (# left of 𝑤) > (# right of 𝑤) and # of points left of 𝑤−# of points right of 𝑤

𝑛 is positive.

So even though the slope is undefined at the median, we know it is a point at which the sign of the
derivative switches from negative to positive, and as we discussed in Appendix 2, this sign change
implies at least a local minimum.
To summarize:

• If 𝑛 is odd, the median minimizes mean absolute error.
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• If 𝑛 is even, any value between the middle two values (when sorted) minimizes mean abso-
lute error. (It’s common to call the mean of the middle two values the median.)

We’ve just made a second pass through the three-step modeling recipe:

1. Choose a model.
ℎ(𝑥𝑖) = 𝑤

2. Choose a loss function.
𝑅abs(𝑤) = 1

𝑛

∑𝑛
𝑖=1 |𝑦𝑖 − 𝑤|

3. Minimize average loss to find optimal model parameters.
𝑅abs(𝑤) = 1

𝑛

∑𝑛
𝑖=1 |𝑦𝑖 − 𝑤| =⇒ 𝑤∗ = Median(𝑦1 , 𝑦2 , . . . , 𝑦𝑛)

Conclusion. What we’ve now discovered is that the optimal model parameter (in this case, the
optimal constant prediction) depends on the loss function we choose!
In the context of the commute times dataset fromChapter 1.2, our two optimal constant predictions
can be visualized as flat lines, as shown below.

Depending on your criteria for what makes a good or bad prediction (i.e., the loss function you
choose), optimal model parameters may change.

Activity 2 (video walkthrough video!)

Activity 2 (video walkthrough video!)

Suppose we have a dataset of 𝑛 = 13 numbers, such that:

0 < 𝑦1 ≤ 𝑦2 ≤ . . . ≤ 𝑦13

Given that 𝑦8− 𝑦7 > 1 and 𝑦9− 𝑦8 > 1, how does the value of 𝑅abs(𝑦8−1) compare to the value
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of 𝑅abs(𝑦8 + 1)? Can you determine which is bigger, and by how much?

Solution

𝑅abs(𝑦8 + 1) is larger by 4
13 . Let’s see why by keeping track of what happens to each

distance as we move our prediction from 𝑦8 − 1 to 𝑦8 + 1.
The gap conditions tell us that both predictions lie strictly between 𝑦7 and 𝑦9.

• For 𝑦1 , . . . , 𝑦7, moving the prediction 2 units to the right makes each distance in-
crease by 2. This increases total absolute loss by 7 · 2 = 14.

• For 𝑦8, both predictions are 1 unit away, so its absolute loss doesn’t change.

• For 𝑦9 , . . . , 𝑦13, moving the prediction 2 units to the right makes each distance de-
crease by 2. This decreases total absolute loss by 5 · 2 = 10.

So, total absolute loss increases by 14 − 10 = 4. But 𝑅abs is average absolute loss, so we
still need to divide by 13:

𝑅abs(𝑦8 + 1) − 𝑅abs(𝑦8 − 1) = 4

13

Next, we’ll compare absolute loss to squared loss and see how different loss choices change the
optimal constant model.
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1.4. Comparing Loss Functions
We now know that:

• The mean is the constant prediction that minimizes mean squared error.

𝑅sq(𝑤) = 1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − 𝑤)2 =⇒ 𝑤∗ = Mean(𝑦1 , 𝑦2 , . . . , 𝑦𝑛)

• The median is the constant prediction that minimizes mean absolute error.

𝑅abs(𝑤) = 1

𝑛

𝑛∑
𝑖=1

|𝑦𝑖 − 𝑤| =⇒ 𝑤∗ = Median(𝑦1 , 𝑦2 , . . . , 𝑦𝑛)

Let’s compare the behavior of the mean and median, and reason about how their differences in
behavior are related to the differences in the loss functions used to derive them.

Outliers and Balance
Let’s consider our example dataset of 5 commute times, with a mean of 85 and median of 80:

61 72 85 90 92

Suppose 200 is added to the largest commute time:

61 72 85 90 292

The median is still 85, but the mean is now 80+ 200
5 = 120. This example illustrates the fact that the

mean is sensitive to outliers, while the median is robust to outliers.
But why? I like to think of the mean and median as different “balance points” of a dataset, each
satisfying a different “balance condition”.

Summary Statistic Minimizes Balance Condition
(comes from setting d

d𝑤𝑅(𝑤) =
0)

Median 𝑅abs(𝑤) = 1

𝑛

𝑛∑
𝑖=1

|𝑦𝑖 − 𝑤| # left of 𝑤 = # right of 𝑤

Mean 𝑅sq(𝑤) = 1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − 𝑤)2
𝑛∑
𝑖=1

(𝑦𝑖 − 𝑤) = 0

In both cases, the “balance condition” comes from setting the derivative of empirical risk, d
d𝑤𝑅(𝑤),

to 0. The logic for themedian andmean absolute error is more fresh from this section, so let’s think
in terms of the mean and mean squared error, from Chapter 1.2. There, we found that:

d
d𝑤𝑅sq(𝑤) = − 2

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − 𝑤)
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Setting this to 0 gave us the balance equation above.

𝑛∑
𝑖=1

(𝑦𝑖 − 𝑤∗) = 0

In English, this is saying that the sum of deviations from each data point to the mean is 0. (“De-
viation” just means ”difference from the mean.) Or, in other words, the positive differences and
negative differences cancel each other out at the mean, and the mean is the unique point where
this happens.
Let me illustrate using our familiar small example dataset.

61 72 85 90 92

The mean is 80. Then:

(61 − 80)︸    ︷︷    ︸
−19

+ (72 − 80)︸    ︷︷    ︸
−8

+ (85 − 80)︸    ︷︷    ︸
5

+ (90 − 80)︸    ︷︷    ︸
10

+ (92 − 80)︸    ︷︷    ︸
12

= 0

Note that the negative deviations and positive deviations both total 27 in magnitude.
While the mean balances the positive and negative deviations, the median balances the number of
points on either side, without regard to how far the values are from the median.
Here’s another perspective: the squared loss more heavily penalizes outliers, and so the resulting
predictions “cater to” or are “pulled” towards these outliers.
We just derived the absolute-loss solution for the constant model; now we’ll compare it to squared
loss and examine how the choice of loss changes what “best” means.

In the example above, the top plot visualizes the squared loss for the constant prediction of 𝑤 = 4
against the dataset 1, 2, 3, and 14. While it has relatively small squared losses to the three points
on the left, it has a very large squared loss to the point at 14, of (14 − 4)2 = 100, which causes the
mean squared error to be large.
In efforts to reduce the overall mean squared error, the optimal 𝑤∗ is pulled towards 14. 𝑤∗ = 5 has
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larger squared losses to the points at 1, 2, and 3 than 𝑤 = 4 did, but a much smaller squared loss
to the point at 14, of (14 − 5)2 = 81. The “savings” from going from a squared loss of 102 = 100 to
92 = 81 more than makes up for the additional squared losses to the points at 1, 2, and 3.
In short: models that are fit using squared loss are strongly pulled towards outliers, in an effort to
keep mean squared error low. Models fit using absolute loss don’t have this tendency.
To conclude, let me visualize the behavior of the mean and median with a larger dataset – the full
dataset of commute times we first saw at the start of Chapter 1.2.

Themedian is the point at which half the values are below it and half are above it. In the histogram
above, half of the area is to the left of the median and half is to the right.
The mean is the point at which the sum of deviations from each value to the mean is 0. Another
interpretation: if you placed this histogram on a playground see-saw, the mean would be the point
at which the see-saw is balanced. Wikipedia has a good illustration of this general idea.
We say the distribution above is right-skewed or right-tailed because the tail is on the right side
of the distribution. (This is counterintuitive to me, because most of the data is on the left of the
distribution.)
In general, the mean is pulled in the direction of the tail of a distribution:

• If a distribution is symmetric, i.e. has roughly the same-shaped tail on the left and right, the
mean and median are similar.

• If a distribution is right-skewed, the mean is pulled to the right of the median, i.e. Mean >
Median.

• If a distribution is left-skewed, the mean is pulled to the left of the median, i.e. Mean <
Median.

This explains why Mean > Median in the histogram above, and equivalently, in the scatter plot
below.

https://commons.m.wikimedia.org/wiki/Category:Arithmetic_mean#/media/File%3ASeesaw_with_mean.pdf
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Many common distributions in the real world are right-skewed, including incomes and net worths,
and in such cases, the mean doesn’t tell the full story.

Figure 1.6: *
Mean (average) and median incomes for several countries (source).

Whenwemove tomore sophisticatedmodelswith (many)more parameters, the optimal parameter
values won’t be as easily interpretable as the mean and median of our data, but the effects of our
choice of loss function will still be felt in the predictions we make.

https://www.ngpf.org/blog/chart-of-the-week/mean-and-median-income-inequality/
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Beyond Absolute and Squared Loss
Youmay have noticed that the absolute loss and squared loss functions both look relatively similar:

𝐿abs(𝑦𝑖 , ℎ(𝑥𝑖)) = |𝑦𝑖 − ℎ(𝑥𝑖)|

𝐿sq(𝑦𝑖 , ℎ(𝑥𝑖)) = (𝑦𝑖 − ℎ(𝑥𝑖))2

Both of these loss functions are special cases of a more general class of loss functions, known as 𝐿𝑝
loss functions. For any 𝑝 ≥ 1, define the 𝐿𝑝 loss as follows:

𝐿𝑝(𝑦𝑖 , ℎ(𝑥𝑖)) = |𝑦𝑖 − ℎ(𝑥𝑖)|𝑝

Suppose we continue to use the constant model, ℎ(𝑥𝑖) = 𝑤. Then, the corresponding empirical risk
for 𝐿𝑝 loss is:

𝑅𝑝(𝑤) = 1

𝑛

𝑛∑
𝑖=1

|𝑦𝑖 − 𝑤|𝑝

We’ve studied, in depth, the minimizers of 𝑅𝑝(𝑤) for 𝑝 = 1 (the median) and 𝑝 = 2 (the mean).
What about when 𝑝 = 3, or 𝑝 = 4, or 𝑝 = 100? What happens as 𝑝 → ∞?
Letme be a bit less abstract. Supposewe have 𝑝 = 6. Then, we’re looking for the constant prediction
𝑤 that minimizes the following:

𝑅6(𝑤) = 1

𝑛

𝑛∑
𝑖=1

|𝑦𝑖 − 𝑤|6 = 1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − 𝑤)6

Note that I dropped the absolute value, because (𝑦𝑖 −𝑤)6 is always non-negative, since 6 is an even
number.
To find 𝑤∗ here, we need to take the derivative of 𝑅6(𝑤) with respect to 𝑤 and set it equal to 0.

d
d𝑤𝑅6(𝑤) = − 6

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − 𝑤)5

Setting the above to 0 gives us a new balance condition:
𝑛∑
𝑖=1

(𝑦𝑖 − 𝑤)5 = 0. The minimizer of

𝑅2(𝑤) was the point at which the balance condition
𝑛∑
𝑖=1

(𝑦𝑖 −𝑤) = 0 was satisfied; equivalently, the

minimizer of 𝑅6(𝑤) is the point at which the balance condition
𝑛∑
𝑖=1

(𝑦𝑖 − 𝑤)5 = 0 is satisfied. You’ll
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notice that the degree of the differences in the balance condition is one lower than the degree of
the differences in the loss function — this comes from the power rule of differentiation.

At what point 𝑤∗ does
𝑛∑
𝑖=1

(𝑦𝑖 − 𝑤∗)5 = 0? It’s challenging to determine the value by hand, but the

computer can approximate solutions for us, as you’ll see in Lab 2.
Below, you’ll find a computer-generated graph where:

• The 𝑥-axis is 𝑝.

• The 𝑦-axis represents the value of 𝑤∗ that minimizes 𝑅𝑝(𝑤), for the dataset

61 72 85 90 292

that we saw earlier. Note the maximum value in our dataset is 292.

As 𝑝 → ∞, 𝑤∗ approaches some value.

Activity 1

Activity 1

As 𝑝 → ∞, what value does 𝑤∗ approach, and why?
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Solution

As 𝑝 → ∞, 𝑤∗ approaches:

midrange =
min +max

2

Intuitively, as 𝑝 → ∞, we’re minimizing the worst-case distance to any point in the
dataset, i.e. the maximum distance to any point in the dataset. To keep the maximum
distance as small as possible, we need to be directly in between the two extreme points of
the dataset. Think of this as a “tug-of-war” between the minimum andmaximum values
of the dataset.

On the other extreme end, let me introduce yet another loss function, 0-1 loss:

𝐿0,1(𝑦𝑖 , ℎ(𝑥𝑖)) =
{
0 𝑦𝑖 = ℎ(𝑥𝑖)
1 𝑦𝑖 ≠ ℎ(𝑥𝑖)

The corresponding empirical risk, for the constant model ℎ(𝑥𝑖) = 𝑤, is:

𝑅0,1(𝑤) = 1

𝑛

𝑛∑
𝑖=1

𝐿0,1(𝑦𝑖 , 𝑤)

This is the sum of 0s and 1s, divided by 𝑛. A 1 is added to the sum each time 𝑦𝑖 ≠ 𝑤. So, in other
words, 𝑅0,1(𝑤) is:

𝑅0,1(𝑤) = number of points not equal to 𝑤
𝑛

To minimize empirical risk, we want the number of points not equal to 𝑤 to be as small as possi-
ble. So, 𝑤∗ is the mode (i.e. most frequent value) of the dataset. If all values in the dataset are
unique, they all minimize average 0-1 loss. This is not a useful loss function for regression, since
our predictions are drawn from the continuous set of real numbers, but is useful for classification.

Center and Spread
Prior to taking EECS 245, you knew about the mean, median, and mode of a dataset. What you
now know is that each one of these summary statistics comes from minimizing empirical risk (i.e.
average loss) for a different loss function. All three measure the center of the dataset in some way.
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Loss Minimizer of
Empirical Risk

Always Unique? Robust to Out-
liers?

Empirical Risk
Differentiable?

𝐿sq mean yes True no False yes True
𝐿abs median no False yes True no False
𝐿∞ midrange yes True no False no False
𝐿0,1 mode no False no False no False

So far, we’ve focused on finding model parameters that minimize empirical risk. But, we never
stopped to think about what the minimum empirical risk itself is! Consider the empirical risk for
squared loss and the constant model:

𝑅sq(𝑤) = 1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − 𝑤)2

𝑅sq(𝑤) is minimized when 𝑤∗ is the mean, which I’ll denote with 𝑦̄. What happens if I plug 𝑤∗ = 𝑦̄
back into 𝑅sq?

𝑅sq(𝑤∗) = 𝑅sq(𝑦̄) = 1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − 𝑦̄)2

This is the variance of the dataset 𝑦1 , 𝑦2 , ..., 𝑦𝑛! The variance is nothing but the average squared
deviation of each value from the mean of the dataset.
This gives context to the 𝑦-axis value of the vertex of the parabola we saw in Chapter 1.2.

𝑅sq(𝑤) = 1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − 𝑤)2

Practically speaking, this gives us a nice “worst-case” mean squared error of any regression model
on a dataset. If we learn how to build a sophisticated regressionmodel, and its mean squared error
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is somehow greater than the variance of the dataset, we know that we’re doing something wrong,
since we could do better just by predicting the mean!
The units of the variance are the square of the units of the 𝑦-values. So, if the 𝑦𝑖’s represent com-
mute times in minutes, the variance is in minutes2. This makes it a bit difficult to interpret. So, we
typically take the square root of the variance, which gives us the standard deviation, 𝜎:

𝜎 =
√
variance =

√√
1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − 𝑦̄)2

The standard deviation has the same units as the 𝑦-values themselves, so it’s a more interpretable
measure of spread.
How does this work in the context of absolute loss?

𝑅abs(𝑤) = 1

𝑛

𝑛∑
𝑖=1

|𝑦𝑖 − 𝑤|

Plugging in 𝑤∗ = Median(𝑦1 , 𝑦2 , ..., 𝑦𝑛) into 𝑅abs(𝑤) gives us:

𝑅abs(𝑤∗) = 1

𝑛

𝑛∑
𝑖=1

|𝑦𝑖 − 𝑤∗|

=
1

𝑛

𝑛∑
𝑖=1

|𝑦𝑖 −Median(𝑦1 , 𝑦2 , ..., 𝑦𝑛)|

I’ll admit, this result doesn’t have a special name. It is the mean absolute deviation from the
median. And, like the variance and standard deviation, itmeasures roughly how far spread out the
data is from its center. Its units are the same as the 𝑦-values themselves (since there’s no squaring
involved).

𝑅abs(𝑤) = 1

𝑛

𝑛∑
𝑖=1

|𝑦𝑖 − 𝑤|
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Activity 2

Activity 2

Consider the dataset:

1 3 5 7 64

Compute the following:

1. The variance.

2. The mean squared error of the median.

3. The mean absolute deviation from the median.

4. The mean absolute deviation from the mean.

What do you notice about the results to (1) and (2)? What about the results to (3) and (4)?
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Solution

First, the mean is 𝑦̄ = 1+3+5+7+64
5 = 16, and the median is 5.

1. The variance. This is the mean squared error of the mean:

𝜎2
𝑦 =

(1 − 16)2 + (3 − 16)2 + (5 − 16)2 + (7 − 16)2 + (64 − 16)2
5

=
225 + 169 + 121 + 81 + 2304

5
= 580

2. The mean squared error of the median. Here, we use 5 as our prediction instead of
16:

𝑅sq(5) = 16 + 4 + 0 + 4 + 3481

5
= 701

3. The mean absolute deviation from the median.

𝑅abs(5) = |1 − 5| + | 3 − 5| + | 5 − 5| + | 7 − 5| + | 64 − 5|
5

=
67

5
= 13.4

4. The mean absolute deviation from the mean.

𝑅abs(16) = 15 + 13 + 11 + 9 + 48

5
=

96

5
= 19.2

Notice that 580 < 701: the mean does better than the median when we use squared loss.
But 13.4 < 19.2: the median does better than the mean when we use absolute loss. This
is exactly what our earlier results predict. Which constant is “best” depends on how we
measure a bad prediction!

In the real-world, be careful when you hear the term “mean absolute deviation”, as sometimes it’s
used to refer to the median absolute deviation from the mean, not the median as above.

Activity 3

Activity 3

What is the value of 𝑅0,1(𝑤∗) for the constant model ℎ(𝑥𝑖) = 𝑤 and 0-1 loss? How does it
measure the spread of the data?
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Solution

Let𝑚 be the number of times themost common value appears in the dataset. The optimal
constant prediction, 𝑤∗, is a mode, so it correctly predicts 𝑚 of the 𝑛 values.
Each correct prediction has loss 0, and each of the remaining 𝑛 − 𝑚 predictions has loss
1. So:

𝑅0,1(𝑤∗) = 𝑛 − 𝑚
𝑛

= 1 − 𝑚
𝑛

This is the fraction of values that aren’t equal to the mode. If all values are identical, the
risk is 0. If all values are different, it is 𝑛−1

𝑛 .
It measures how concentrated the data is at its most common value. It doesn’t account
for how far apart different values are: the datasets 1, 2, 3 and 1, 100, 10000 both have an
optimal 0-1 risk of 2

3 .

To reiterate, in practice, our models will have many, many more parameters than just one, as is
the case for the constant model. But, by deeply studying the effects of choosing squared loss vs.
absolute loss vs. other loss functions in the context of the constant model, we can develop a better
intuition for how to choose loss functions in more complex situations.
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2.1. Overview
Introduction
The time has finally come: let’s apply what we’ve learned about loss functions and the modeling
recipe to “upgrade” from the constant model to the simple linear regression model.
To recap, our goal is to find a hypothesis function ℎ such that:

predicted commute time𝑖 = ℎ(departure hour𝑖)

So far, we’ve studied the constant model, where the hypothesis function is a horizontal line:

ℎ(𝑥𝑖) = 𝑤

The sole parameter, 𝑤, controlled the height of the line. Up until now, “parameter” and “pre-
diction” were interchangeable terms, because our sole parameter 𝑤 controlled what our constant
prediction was.
Now, the simple linear regression model has two parameters:

ℎ(𝑥𝑖) = 𝑤0 + 𝑤1𝑥𝑖

𝑤0 controls the intercept of the line, and 𝑤1 controls its slope. No longer is it the case that “param-
eter” and “prediction” are interchangeable terms, because 𝑤0 and 𝑤1 control different aspects of
the prediction-making process.
How do we find the optimal parameters, 𝑤∗

0 and 𝑤∗
1? Different values of 𝑤0 and 𝑤1 give us differ-

ent lines, each of which fit the data with varying degrees of accuracy.
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Activity 1

Activity 1

Consider a dataset with two points, (3, 5) and (15, 53). What are the optimal parameters, 𝑤∗
0

and 𝑤∗
1, for the line ℎ(𝑥𝑖) = 𝑤0 + 𝑤1𝑥𝑖 that minimizes mean squared error for this dataset?

Solution

The optimal parameters are 𝑤∗
0 = −7, 𝑤∗

1 = 4 .
With just two points that have different 𝑥-coordinates, we can draw a line that passes
through both points exactly. Its slope is:

𝑤∗
1 =

53 − 5

15 − 3
=

48

12
= 4

To find the intercept, plug in (3, 5):

5 = 𝑤∗
0 + 4(3) =⇒ 𝑤∗

0 = −7

The resulting line, ℎ(𝑥𝑖) = −7 + 4𝑥𝑖 , predicts 5 at 𝑥𝑖 = 3 and 53 at 𝑥𝑖 = 15. Its mean
squared error is 0. Since squared errors can’t be negative, we know this is the smallest
possible mean squared error.

To make things precise, let’s turn to the three-step modeling recipe from Chapter 1.3.
1. Choose a model.

ℎ(𝑥𝑖) = 𝑤0 + 𝑤1𝑥𝑖

2. Choose a loss function.
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We’ll stick with squared loss:

𝐿sq(𝑦𝑖 , ℎ(𝑥𝑖)) = (𝑦𝑖 − ℎ(𝑥𝑖))2

3. Minimize average loss (also known as empirical risk) to find optimal parameters.
Average squared loss – also known as mean squared error – for any hypothesis function ℎ, takes
the form:

1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − ℎ(𝑥𝑖))2

For the simple linear regression model, this becomes:

𝑅sq(𝑤0 , 𝑤1) = 1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − (𝑤0 + 𝑤1𝑥𝑖))2

Now, we need to find the values of 𝑤0 and 𝑤1 that together minimize 𝑅sq(𝑤0 , 𝑤1). But what does
that even mean?
In the case of the context model and squared loss, where we had to minimize 𝑅sq(𝑤) = 1

𝑛

∑𝑛
𝑖=1(𝑦𝑖 −

𝑤)2, we did so by taking the derivative with respect to 𝑤 and setting it to 0.

𝑅sq(𝑤) was a function with just a single input variable (𝑤), so the problem of minimizing 𝑅sq(𝑤)
was straightforward, and resembled problems we solved in Calculus 1.
The function 𝑅sq(𝑤0 , 𝑤1)we’re minimizing now has two input variables, 𝑤0 and 𝑤1. In mathemat-
ics, sometimes we’ll write 𝑅sq : R2 → R to say that 𝑅sq is a function that takes in two real numbers
and returns a single real number.
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𝑅sq(𝑤0 , 𝑤1) = 1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − (𝑤0 + 𝑤1𝑥𝑖))2

Remember, we should treat the 𝑥𝑖’s and 𝑦𝑖’s as constants, as these are known quantities once we’re
given a dataset.
What does 𝑅sq(𝑤0 , 𝑤1) even look like? We need three dimensions to visualize it – one axis for 𝑤0,
one for 𝑤1, and one for the output, 𝑅sq(𝑤0 , 𝑤1).

The graph above is called a loss surface, even though it’s a graph of empirical risk, i.e. average
loss, not the loss for a single data point. The plot is interactive, so you should drag it around to get
a sense of what it looks like. It looks like a parabola with added depth, similar to how cubes look
like squares with added depth. Lighter regions above correspond to low mean squared error, and
darker regions correspond to high mean squared error.
Think of the “floor” of the graph – in other words, the 𝑤0-𝑤1 plane – as all the set of possible
combinations of intercept and slope. The height of the surface at any point (𝑤0 , 𝑤1) is the mean
squared error of the hypothesis ℎ(𝑥𝑖) = 𝑤0 + 𝑤1𝑥𝑖 on the commute times dataset.
Our goal is to find the combination of𝑤0 and𝑤1 that get us to the bottom of the surface, marked by
the gold point in the plot. This will involve calculus and derivatives, but we’ll need to extend our
single variable approach: we’ll need to take partial derivativeswith respect to𝑤0 and 𝑤1. Chapter
2.2 is a detour that describes how these work; in Chapter 2.3, we’ll use them to find the optimal
parameters.

A Preview
Just so you have them, though, here’s what we’ll end up finding:
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𝑤∗
1 =

∑𝑛
𝑖=1(𝑥𝑖 − 𝑥̄)(𝑦𝑖 − 𝑦̄)∑𝑛

𝑖=1(𝑥𝑖 − 𝑥̄)2
, 𝑤∗

0 = 𝑦̄ − 𝑤∗
1 𝑥̄

These are formulas that describe the optimal slope, 𝑤∗
1, and intercept, 𝑤∗

0, for the simple linear
regressionmodel, given a dataset (𝑥1 , 𝑦1), (𝑥2 , 𝑦2), . . . , (𝑥𝑛 , 𝑦𝑛). They are chosen to minimize mean
squared error. On our commute times dataset, the resulting line looks like this:
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2.2. Detour: Partial Derivatives
Partial Derivatives
How do we take the derivative of a function with multiple input variables?

𝑅sq(𝑤0 , 𝑤1) = 1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − (𝑤0 + 𝑤1𝑥𝑖))2

To illustrate, let’s focus on a simpler function with two input variables:

𝑓 (𝑥, 𝑦) = 𝑥2 + 𝑦2
9

This is a quadratic function of two variables, and its graph is known as a paraboloid.

In the single-input case – i.e., for functions of the form 𝑓 : R → R – the derivative d
d𝑥 𝑓 (𝑥) captured

𝑓 (𝑥)’s rate of change along the 𝑥-axis, which was the only axis of motion.
The function 𝑓 (𝑥, 𝑦) has two input variables, and so there are two directions along which we can
move. As such, we need two “derivatives” to describe the rate of change of 𝑓 (𝑥, 𝑦) – one for the 𝑥-
axis and one for the 𝑦-axis. Think of this as a science experiment, where we need control variables
to isolate changes to a single variable. Our solution to this dilemma comes in the form of partial
derivatives.

Definition: Partial Derivative

Suppose 𝑓 : R𝑛 → R is a function of 𝑛 input variables, 𝑥, 𝑦, 𝑧, ....
The partial derivative of 𝑓 with respect to 𝑥, denoted 𝜕 𝑓

𝜕𝑥 (𝑥, 𝑦, 𝑧, ...) – or simply 𝜕 𝑓
𝜕𝑥 – is the

derivative of 𝑓 with respect to 𝑥, when treating all other input variables as constants.

If 𝑓 has 𝑛 input variables, it has 𝑛 partial derivatives, one for each axis. The function 𝑓 (𝑥, 𝑦) = 𝑥2+𝑦2
9
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has two partial derivatives, 𝜕 𝑓
𝜕𝑥 (𝑥, 𝑦) and 𝜕 𝑓

𝜕𝑦 (𝑥, 𝑦). (The symbol you’re seeing, 𝜕, is the lowercase
Greek letter delta, and is used specifically for partial derivatives.)
Let me show you how to compute partial derivatives before we visualize them. We’ll start with
𝜕 𝑓
𝜕𝑥 (𝑥, 𝑦).

𝑓 (𝑥, 𝑦) = 𝑥2 + 𝑦2
9

𝜕 𝑓
𝜕𝑥

(𝑥, 𝑦) = 𝜕

𝜕𝑥

(
𝑥2 + 𝑦2

9

)
=

1

9

𝜕

𝜕𝑥
(𝑥2 + 𝑦2)

=
1

9

©­­­­«
𝜕

𝜕𝑥
𝑥2 + 𝜕

𝜕𝑥
𝑦2︸︷︷︸

=0

ª®®®®¬
=

1

9
(2𝑥 + 0)

=
2𝑥
9

The result, 𝜕 𝑓
𝜕𝑥 (𝑥, 𝑦) = 2𝑥

9 , is a function of 𝑥 and 𝑦. It tells us the rate of change of 𝑓 (𝑥, 𝑦) along the
𝑥 axis, at any point (𝑥, 𝑦). It just so happens that this function doesn’t involve 𝑦 since we chose a
relatively simple function 𝑓 , but we’ll see more sophisticated examples soon.

Following similar steps, you’ll see that 𝜕 𝑓
𝜕𝑦 (𝑥, 𝑦) = 2𝑦

9 . This gives us:

𝜕 𝑓
𝜕𝑥

(𝑥, 𝑦) = 2𝑥
9
,

𝜕 𝑓
𝜕𝑦

(𝑥, 𝑦) = 2𝑦
9

Let’s pick an arbitrary point and see what the partial derivatives tell us about it. Consider, say,
(−3, 0.5):

• 𝜕 𝑓
𝜕𝑥 (−3, 0.5) = 2(−3)

9 = −2
3 , so if we hold 𝑦 constant, 𝑓 decreases as 𝑥 increases.

• 𝜕 𝑓
𝜕𝑦 (−3, 0.5) = 2(0.5)

9 = 1
9 , so if we hold 𝑥 constant, 𝑓 increases as 𝑦 increases.
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Above, we’ve shown the tangent lines in both the 𝑥 and 𝑦 directions at the point (−3, 0.5). After
all, the derivative of a function at a point tells us the slope of the tangent line at that point; that
interpretation remains true with partial derivatives.
Let’s look at a more complex example. Consider:

𝑔(𝑥, 𝑦) = 𝑥3 − 3𝑥𝑦2 + 2 sin(𝑥) cos(𝑦)
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Both partial derivatives are functions of both 𝑥 and 𝑦, which is typically what we’ll see.

𝑔(𝑥, 𝑦) = 𝑥3 − 3𝑥𝑦2 + 2 sin(𝑥) cos(𝑦)
𝜕𝑔
𝜕𝑥

(𝑥, 𝑦) = 3𝑥2 − 3𝑦2 + 2 cos(𝑥) cos(𝑦)
𝜕𝑔
𝜕𝑦

(𝑥, 𝑦) = −6𝑥𝑦 − 2 sin(𝑥) sin(𝑦)

To compute 𝜕𝑔
𝜕𝑥 (𝑥, 𝑦), we treated 𝑦 as a constant. Let me try and make more sense of this.

To help visualize, we’ve drawn the function 𝑔(𝑥, 𝑦), along with the plane 𝑦 = 𝑎. The slider lets
you change the value of 𝑎 being considered, i.e., it lets you change the constant value that we’re
assigning to 𝑦.
The intersection of 𝑔(𝑥, 𝑦) and 𝑦 = 𝑎 is marked as a gold curve and is a function of 𝑥 alone.
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Drag the slider to 𝑦 = 1.40, for example, and look at the gold curve that results. The expression
below tells you the derivative of that gold curve with respect to 𝑥.

𝜕𝑔
𝜕𝑥

(𝑥, 1.40) = 3𝑥2 − 3(1.40)2 + 2 cos(𝑥) cos(1.40) = 3𝑥2 − 0.34 cos(𝑥) − 5.88︸                        ︷︷                        ︸
derivative of gold curve w.r.t. 𝑥

Thinking in three dimensions can be difficult, so don’t fret if you’re confused as to what all of these
symbols mean – this is all a bit confusing to me too. (Are professors allowed to say this?) Nonethe-
less, I hope these interactive visualizations are helping you make some sense of the formulas, and
if there’s anything I can do to make them clearer, please do tell me!

Activity 1

Activity 1

Find all three partial derivatives of the function:

𝑔(𝑥, 𝑦, 𝑧) = 2𝑥2 + 𝑦2 + 3𝑧2 + 2𝑥𝑦2 − 4𝑦𝑧 + 6𝑥 − 4𝑧 − 10
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Solution

For each partial derivative, we treat the other two variables as constants.
With respect to 𝑥, the terms that depend on 𝑥 are 2𝑥2, 2𝑥𝑦2, and 6𝑥. So:

𝜕𝑔
𝜕𝑥

= 4𝑥 + 2𝑦2 + 6

With respect to 𝑦, the terms that depend on 𝑦 are 𝑦2, 2𝑥𝑦2, and −4𝑦𝑧. So:

𝜕𝑔
𝜕𝑦

= 2𝑦 + 4𝑥𝑦 − 4𝑧

With respect to 𝑧, the terms that depend on 𝑧 are 3𝑧2, −4𝑦𝑧, and −4𝑧. So:

𝜕𝑔
𝜕𝑧

= 6𝑧 − 4𝑦 − 4

For example, 2𝑥𝑦2 contributes 2𝑦2 to the first derivative, 4𝑥𝑦 to the second, and 0 to the
third. The expression stays the same; which variable we’re treating as the input changes!

Optimization
To minimize (or maximize) a function 𝑓 : R → R, we solved for critical points, which were points
where the (single variable) derivative was 0, and used the second derivative test to classify them
as minima or maxima (or neither, like in the case of 𝑓 (𝑥) = 𝑥3 at 𝑥 = 0).
The analog in theR2 → R case is solving for the points where both partial derivatives are 0, which
corresponds to the points where the function is neither increasing nor decreasing along either axis.
In the case of our first example,

𝑓 (𝑥, 𝑦) = 𝑥2 + 𝑦2
9

the partial derivatives were relatively simple,

𝜕 𝑓
𝜕𝑥

=
2𝑥
9
,

𝜕 𝑓
𝜕𝑦

=
2𝑦
9

and both are 0 when 𝑥 = 𝑦 = 0. So, (0, 0, 𝑓 (0)) is a critical point, and we can see visually that it’s a
global minimum.

(Notice that above I wrote 𝜕 𝑓
𝜕𝑥 and 𝜕 𝑓

𝜕𝑦 instead of 𝜕 𝑓
𝜕𝑥 (𝑥, 𝑦) and 𝜕 𝑓

𝜕𝑦 (𝑥, 𝑦) to save space, but don’t forget
that both partial derivatives are functions of both 𝑥 and 𝑦 in general.)
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There is a second derivative test for functions of multiple variables, but it’s a bit more complicated
than the single variable case, and to give you an honest explanation of it, I’ll need to introduce you
to quite a bit of linear algebra first. So, we’ll table that thought for now.
The function 𝑔(𝑥, 𝑦) = 𝑥3 − 3𝑥𝑦2 + 2 sin(𝑥) cos(𝑦) has much more complicated partial derivatives,
and so it’s difficult to solve for its critical points by hand. Fear not – in Chapter 8, whenwe discover
the technique of gradient descent, we’ll learn how to minimize such functions just by using their
partial derivatives, even when we can’t solve for where they’re 0.

Activity 2

Activity 2

Find the values of 𝑥1 and 𝑥2 that minimize the function:

𝑔(𝑥1 , 𝑥2) = 100(𝑥2 − 𝑥21)2 + (1 − 𝑥1)2

Here, we’ve used 𝑥1 and 𝑥2 to denote the two input variables, rather than 𝑥 and 𝑦.
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Solution

The minimum occurs at 𝑥1 = 1, 𝑥2 = 1 , where 𝑔(1, 1) = 0.
We could start by computing partial derivatives, but there’s a simpler observation: both
terms are non-negative, because they’re squares multiplied by positive constants. This
means 𝑔(𝑥1 , 𝑥2) ≥ 0 everywhere.
Can we make both terms 0 at the same time? The second term gives us:

(1 − 𝑥1)2 = 0 =⇒ 𝑥1 = 1

Then, the first term gives us:

100(𝑥2 − 𝑥21)2 = 0 =⇒ 𝑥2 = 𝑥21 = 1

So, (1, 1) achieves the lower bound of 0. It’s also the only point that does, since both
squares must be 0 for their sum to be 0.

With partial derivatives in hand, we can nowminimizemean squared error to solve for the optimal
regression parameters.
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2.3. Finding Optimal Parameters
Finding the Partial Derivatives
Let’s return to the simple linear regression problem. Recall, the function we’re trying to minimize
is:

𝑅sq(𝑤0 , 𝑤1) = 1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − (𝑤0 + 𝑤1𝑥𝑖))2

Why? By minimizing 𝑅sq(𝑤0 , 𝑤1), we’re finding the intercept (𝑤∗
0) and slope (𝑤∗

1) of the line that
best fits the data. Don’t forget that this goal is the point of all of these mathematical ideas.

We’ve learned that to minimize 𝑅sq(𝑤0 , 𝑤1), we’ll need to find both of its partial derivatives, and
solve for the point (𝑤∗

0 , 𝑤
∗
1 , 𝑅sq(𝑤∗

0 , 𝑤
∗
1)) at which they’re both 0.

Let’s start with the partial derivative with respect to 𝑤0:
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𝑅sq(𝑤0 , 𝑤1) = 1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − (𝑤0 + 𝑤1𝑥𝑖))2

𝜕𝑅sq

𝜕𝑤0
=

𝜕

𝜕𝑤0

[
1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − (𝑤0 + 𝑤1𝑥𝑖))2
]

=
1

𝑛

𝑛∑
𝑖=1

𝜕𝑅sq

𝜕𝑤0

(
𝑦𝑖 − (𝑤0 + 𝑤1𝑥𝑖)

)2
=

1

𝑛

𝑛∑
𝑖=1

2(𝑦𝑖 − (𝑤0 + 𝑤1𝑥𝑖)) ·
𝜕𝑅sq

𝜕𝑤0
(𝑦𝑖 − (𝑤0 + 𝑤1𝑥𝑖))︸                        ︷︷                        ︸

chain rule

=
1

𝑛

𝑛∑
𝑖=1

2(𝑦𝑖 − (𝑤0 + 𝑤1𝑥𝑖)) · (−1)

= − 2

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − (𝑤0 + 𝑤1𝑥𝑖))

Onto 𝑤1:

𝑅sq(𝑤0 , 𝑤1) = 1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − (𝑤0 + 𝑤1𝑥𝑖))2

𝜕𝑅sq

𝜕𝑤1
=

𝜕

𝜕𝑤1

[
1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − (𝑤0 + 𝑤1𝑥𝑖))2
]

=
1

𝑛

𝑛∑
𝑖=1

𝜕𝑅sq

𝜕𝑤1

(
𝑦𝑖 − (𝑤0 + 𝑤1𝑥𝑖)

)2
=

1

𝑛

𝑛∑
𝑖=1

2(𝑦𝑖 − (𝑤0 + 𝑤1𝑥𝑖)) ·
𝜕𝑅sq

𝜕𝑤1
(𝑦𝑖 − (𝑤0 + 𝑤1𝑥𝑖))︸                        ︷︷                        ︸

chain rule

=
1

𝑛

𝑛∑
𝑖=1

2(𝑦𝑖 − (𝑤0 + 𝑤1𝑥𝑖)) · (−𝑥𝑖)

= − 2

𝑛

𝑛∑
𝑖=1

𝑥𝑖(𝑦𝑖 − (𝑤0 + 𝑤1𝑥𝑖))

All in one place now:

𝜕𝑅sq

𝜕𝑤0
= − 2

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − (𝑤0 + 𝑤1𝑥𝑖))

𝜕𝑅sq

𝜕𝑤1
= − 2

𝑛

𝑛∑
𝑖=1

𝑥𝑖(𝑦𝑖 − (𝑤0 + 𝑤1𝑥𝑖))
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These look very similar – it’s just 𝜕𝑅sq
𝜕𝑤1

has an added 𝑥𝑖 in the summation.
Remember, both partial derivatives are functions of two variables: 𝑤0 and 𝑤1. We’re treating the
𝑥𝑖’s and 𝑦𝑖’s as constants. If I already have a dataset, you can pick an intercept 𝑤0 and slope 𝑤1 and
I can use these formulas to compute the partial derivatives of 𝑅sq for that combination of intercept
and slope.
In case it helps you put things in perspective, here’s how Imight implement these formulas in code,
assuming that x and y are arrays:

# Assume x and y are defined somewhere above this function.
def partial_R_w0(w0, w1):

# Sub -optimal technique, since it uses a for -loop.
total = 0
for i in range(len(x)):

total += (y[i] - (w0 + w1 * x[i]))
return -2 * total / len(x)
# Returns a single number!

def partial_R_w1(w0, w1):
# Better technique, as it uses vectorized operations.
return -2 * np.mean(x * (y - (w0 + w1 * x)))
# Also returns a single number!

Before we solve for where both 𝜕𝑅sq
𝜕𝑤0

and 𝜕𝑅sq
𝜕𝑤1

are 0, let’s visualize them in the context of our loss
surface.

Click “Slider for values of 𝑤0”. No matter where you drag that slider, the resulting gold curve is a
function of 𝑤1 only. Every gold curve you see when dragging the 𝑤0 slider will have a minimum
at some value of 𝑤1.
Then, click “Slider for values of𝑤1”. Nomatter where you drag that slider, the resulting gold curve
is a function of 𝑤0 only, and has some minimum value.
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But there is only one combination of 𝑤0 and 𝑤1 where the gold curves have minimums at the
exact same intersecting point. That is the combination of 𝑤0 and 𝑤1 that minimizes 𝑅sq, and it’s
who we’re searching for.

Solving for the Optimal Parameters
Now, it’s time to analytically (that is, on paper) find the values of 𝑤∗

0 and 𝑤∗
1 that minimize 𝑅sq.

We’ll do so by solving the following system of two equations and two unknowns:

𝜕𝑅sq

𝜕𝑤0
= − 2

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − (𝑤0 + 𝑤1𝑥𝑖)) = 0

𝜕𝑅sq

𝜕𝑤1
= − 2

𝑛

𝑛∑
𝑖=1

𝑥𝑖(𝑦𝑖 − (𝑤0 + 𝑤1𝑥𝑖)) = 0

Here’s my plan:

1. In the first equation, try and isolate for 𝑤0; this value will be called 𝑤∗
0.

2. Plug the expression for 𝑤∗
0 into the second equation to solve for 𝑤∗

1.

Let’s start with the first step.

− 2

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − (𝑤0 + 𝑤1𝑥𝑖)) = 0

Multiplying both sides by − 𝑛
2 gives us:

𝑛∑
𝑖=1

( 𝑦𝑖︸︷︷︸
actual

−(𝑤0 + 𝑤1𝑥𝑖︸      ︷︷      ︸
predicted

)) = 0

Before I continue, I want to highlight that this itself is an importance balance condition, much
like those we discussed in Chapter 1.3. It’s saying that the sum of the errors of the optimal line’s
predictions – that is, the line with intercept 𝑤∗

0 and slope 𝑤∗
1 – is 0.

Let’s continue with the first step – I’ll try and keep the commentary to a minimum. It’s important
to try and replicate these steps yourself, on paper.
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𝑛∑
𝑖=1

(𝑦𝑖 − (𝑤0 + 𝑤1𝑥𝑖)) = 0

𝑛∑
𝑖=1

(𝑦𝑖 − 𝑤0 − 𝑤1𝑥𝑖) = 0

𝑛∑
𝑖=1

𝑦𝑖 −
𝑛∑
𝑖=1

𝑤0 −
𝑛∑
𝑖=1

𝑤1𝑥𝑖 = 0

𝑛∑
𝑖=1

𝑦𝑖 − 𝑛𝑤0 − 𝑤1

𝑛∑
𝑖=1

𝑥𝑖 = 0

𝑛∑
𝑖=1

𝑦𝑖 − 𝑤1

𝑛∑
𝑖=1

𝑥𝑖 = 𝑛𝑤0∑𝑛
𝑖=1 𝑦𝑖
𝑛

− 𝑤1

∑𝑛
𝑖=1 𝑥𝑖
𝑛

= 𝑤0

𝑤∗
0 = 𝑦̄ − 𝑤∗

1 𝑥̄

Awesome! We’re halfway there. We have a formula for the optimal intercept, 𝑤∗
0, in terms of the

optimal slope, 𝑤∗
1. Let’s use 𝑤∗

0 = 𝑦̄ − 𝑤∗
1 𝑥̄ and see where it gets us in the second equation.

− 2

𝑛

𝑛∑
𝑖=1

𝑥𝑖(𝑦𝑖 − (𝑤0 + 𝑤1𝑥𝑖)) = 0

𝑛∑
𝑖=1

𝑥𝑖(𝑦𝑖 − (𝑤0 + 𝑤1𝑥𝑖)) = 0

𝑛∑
𝑖=1

𝑥𝑖(𝑦𝑖 − (𝑦̄ − 𝑤∗
1 𝑥̄︸   ︷︷   ︸

𝑤∗
0

+𝑤∗
1𝑥𝑖)) = 0

𝑛∑
𝑖=1

𝑥𝑖(𝑦𝑖 − 𝑦̄ + 𝑤∗
1 𝑥̄ − 𝑤∗

1𝑥𝑖︸                    ︷︷                    ︸
distribute negation

) = 0

𝑛∑
𝑖=1

𝑥𝑖
((𝑦𝑖 − 𝑦̄) − 𝑤∗

1(𝑥𝑖 − 𝑥̄)
)
= 0

𝑛∑
𝑖=1

𝑥𝑖(𝑦𝑖 − 𝑦̄) − 𝑤∗
1

𝑛∑
𝑖=1

𝑥𝑖(𝑥𝑖 − 𝑥̄)︸                                    ︷︷                                    ︸
expand summation

= 0

𝑛∑
𝑖=1

𝑥𝑖(𝑦𝑖 − 𝑦̄) = 𝑤∗
1

𝑛∑
𝑖=1

𝑥𝑖(𝑥𝑖 − 𝑥̄)

𝑤∗
1 =

∑𝑛
𝑖=1 𝑥𝑖(𝑦𝑖 − 𝑦̄)∑𝑛
𝑖=1 𝑥𝑖(𝑥𝑖 − 𝑥̄)
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Rewriting and Using the Formulas
We’re done! We have formulas for the optimal slope and intercept. But, before we celebrate, I’m
going to try and rewrite 𝑤∗

1 in an equivalent, more symmetrical form that is easier to interpret.
Claim:

𝑤∗
1 =

∑𝑛
𝑖=1 𝑥𝑖(𝑦𝑖 − 𝑦̄)∑𝑛
𝑖=1 𝑥𝑖(𝑥𝑖 − 𝑥̄)︸             ︷︷             ︸

formula we derived above

=

∑𝑛
𝑖=1(𝑥𝑖 − 𝑥̄)(𝑦𝑖 − 𝑦̄)∑𝑛

𝑖=1(𝑥𝑖 − 𝑥̄)2︸                    ︷︷                    ︸
nicer looking formula

Proof of equivalent, nicer looking formula

To show that these two formulas are equal, I’ll start by recapping the fact that the sum of
deviations from the mean is 0, in other words:

𝑛∑
𝑖=1

(𝑥𝑖 − 𝑥̄) = 0

This has come up in homeworks and past sections of the notes, but for completeness, here’s
the proof:

𝑛∑
𝑖=1

𝑥𝑖 − 𝑥̄
𝑛∑
𝑖=1

𝑥𝑖 −
𝑛∑
𝑖=1

𝑥̄

= 𝑛𝑥̄ − 𝑛𝑥̄
= 0

Equipped with this fact, I can show that the new, more symmetric version of the formula is
equal to the original one I derived.
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new formula for 𝑤∗
1 =

∑𝑛
𝑖=1(𝑥𝑖 − 𝑥̄)(𝑦𝑖 − 𝑦̄)∑𝑛

𝑖=1(𝑥𝑖 − 𝑥̄)2

original formula for 𝑤∗
1 =

𝑛∑
𝑖=1

𝑥𝑖 (𝑦𝑖 − 𝑦̄)
𝑛∑
𝑖=1

𝑥𝑖 (𝑥𝑖 − 𝑥̄)

numerator of new formula:
𝑛∑
𝑖=1

(𝑥𝑖 − 𝑥̄)(𝑦𝑖 − 𝑦̄)

=
𝑛∑
𝑖=1

(
𝑥𝑖(𝑦𝑖 − 𝑦̄) − 𝑥̄(𝑦𝑖 − 𝑦̄))

=
𝑛∑
𝑖=1

𝑥𝑖(𝑦𝑖 − 𝑦̄) −
𝑛∑
𝑖=1

𝑥̄(𝑦𝑖 − 𝑦̄)

=
𝑛∑
𝑖=1

𝑥𝑖(𝑦𝑖 − 𝑦̄) − 𝑥̄
𝑛∑
𝑖=1

(𝑦𝑖 − 𝑦̄)︸       ︷︷       ︸
=0

=
𝑛∑
𝑖=1

𝑥𝑖(𝑦𝑖 − 𝑦̄)

= numerator of original formula!

denominator of new formula:
𝑛∑
𝑖=1

(𝑥𝑖 − 𝑥̄)2

=
𝑛∑
𝑖=1

(𝑥𝑖 − 𝑥̄)(𝑥𝑖 − 𝑥̄)

=
𝑛∑
𝑖=1

𝑥𝑖(𝑥𝑖 − 𝑥̄) − 𝑥̄
∑
𝑖=1𝑛

(𝑥𝑖 − 𝑥̄)︸          ︷︷          ︸
same logic as in the denominator case

=
𝑛∑
𝑖=1

𝑥𝑖(𝑥𝑖 − 𝑥̄)

= denominator of original formula!

We skipped some steps in the denominator case, since many of them are the same as in the
numerator case. Nevertheless, since we’ve shown that the numerators of both formulas are
the same and the denominators of both formulas are the same, well, both formulas are the
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same!

This is not the only other equivalent formula for the slope; for instance, 𝑤∗
1 =

∑𝑛
𝑖=1(𝑥𝑖−𝑥̄)𝑦𝑖∑𝑛
𝑖=1(𝑥𝑖−𝑥̄)2 too, and

you can verify this using the same logic as in the proof above.
To summarize, the parameters that minimize mean squared error for the simple linear regression
model, ℎ(𝑥𝑖) = 𝑤0 + 𝑤1𝑥𝑖 , are:

𝑤∗
1 =

∑𝑛
𝑖=1(𝑥𝑖 − 𝑥̄)(𝑦𝑖 − 𝑦̄)∑𝑛

𝑖=1(𝑥𝑖 − 𝑥̄)2
, 𝑤∗

0 = 𝑦̄ − 𝑤∗
1 𝑥̄

This is an important result, and you should remember it. There are a lot of symbols above, but just
note that given a dataset (𝑥1 , 𝑦1), (𝑥2 , 𝑦2), . . . , (𝑥𝑛 , 𝑦𝑛), you could apply the formulas above by hand
to find the optimal parameters yourself.
What does this line look like on the commute times data?

The line above goes by many names:

• The simple linear regression line that minimizes mean squared error.

• The simple linear regression line (if said without context).

• The regression line.

• The least squares regression line (because it has the least mean squared error).

• The line of best fit.

Whatever you’d like to call it, now that we’ve found our optimal parameters, we can use them to
make predictions.
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ℎ(𝑥𝑖) = 𝑤∗
0 + 𝑤∗

1𝑥𝑖

On the dataset of commute times:

# Assume x is an array with departure hours and y is an array with commute times.
w1_star = np.sum((x - np.mean(x)) * (y - np.mean(y))) / np.sum((x - np.mean(x)) ** 2)
w0_star = np.mean(y) - w1_star * np.mean(x)

w0_star, w1_star

(142.4482415877287, -8.186941724265552)

So, our specific fit, or trained hypothesis function is:

predicted commute time𝑖 = ℎ(departure hour𝑖)
= 142.45 − 8.19 · departure hour𝑖

This trained hypothesis function is not saying that leaving later causes you to have shorter com-
mutes. Rather, that’s just the best linear pattern it observed in the data for the purposes of min-
imizing mean squared error. In reality, there are other factors that affect commute times, and
we haven’t performed a thorough-enough analysis to say anything about the causal relationship
between departure time and commute time.
To predict how long it might take to get to school tomorrow, plug in the time you’d like to leave for
departure hour𝑖 and out will come your prediction. The slope, -8.19, is in units units of 𝑦

units of 𝑥 = minutes
hour ,

and is telling us that for every hour later you leave, your predicted commute time decreases by
8.19 minutes.
In Python, I can define a predict function as follows:

def predict(x_new):
return w0_star + w1_star * x_new

# Predicted commute time if I leave at 8:30AM.
predict(8.5)

72.8592369314715

Regression Line Passes Through the Mean
There’s an important property that the regression line satisfies: for any dataset, the line that min-
imizes mean squared error passes through the point (mean of 𝑥,mean of 𝑦).
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predict(np.mean(x))

73.18461538461538

# Same!
np.mean(y)

73.18461538461538

Our commute times regression line passes through the point (𝑥̄ , 𝑦̄), even if that was not necessarily
one of the original points in the dataset.
Intuitively, this says that for an average input, the line that minimizes mean squared error will
always predict an average output.
Why is this fact true? See if you can reason about it yourself, then check the solution once you’ve
attempted it.

Proof that the regression line passes through (𝑥̄ , 𝑦̄)
Our regression line is:

ℎ(𝑥𝑖) = 𝑤∗
0 + 𝑤∗

1𝑥𝑖

We know that the optimal intercept of the regression line is:

𝑤∗
0 = 𝑦̄ − 𝑤∗

1 𝑥̄

Substituting this in yields:
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ℎ(𝑥𝑖) = 𝑦̄ − 𝑤∗
1 𝑥̄︸   ︷︷   ︸

𝑤∗
0

+𝑤∗
1𝑥𝑖

If we plug in 𝑥𝑖 = 𝑥̄, we have:

ℎ(𝑥̄) = 𝑦̄ −𝑤∗
1 𝑥̄ + 𝑤∗

1 𝑥̄︸         ︷︷         ︸
cancels out

= 𝑦̄

My interpretation of this is that the intercept is chosen to “vertically adjust” the line so that it
passes through (𝑥̄ , 𝑦̄).

The Modeling Recipe
To conclude, let’s run through the three-step modeling recipe.
1. Choose a model.

ℎ(𝑥𝑖) = 𝑤0 + 𝑤1𝑥𝑖

2. Choose a loss function.
We chose squared loss:

𝐿sq(𝑦𝑖 , ℎ(𝑥𝑖)) = (𝑦𝑖 − ℎ(𝑥𝑖))2

3. Minimize average loss to find optimal parameters.
For the simple linear regression model, empirical risk is:

𝑅sq(𝑤0 , 𝑤1) = 1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − (𝑤0 + 𝑤1𝑥𝑖))2

We showed that:

𝑤∗
1 =

∑𝑛
𝑖=1(𝑥𝑖 − 𝑥̄)(𝑦𝑖 − 𝑦̄)∑𝑛

𝑖=1(𝑥𝑖 − 𝑥̄)2
, 𝑤∗

0 = 𝑦̄ − 𝑤∗
1 𝑥̄

While the process of minimizing 𝑅sq was much, much more complex than in the case of our sin-
gle parameter model, the conceptual backing of the process was still this three-step recipe, and
hopefully now you see its value.
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2.4. Correlation
Sometimes, we’re not necessarily interested in making predictions, but instead want to be descriptive
about patterns that exist in data.
In a scatter plot of two variables, if there is any pattern, we say the variables are associated. If
the pattern resembles a straight line, we say the variables are correlated, i.e. linearly associated.
We can measure how much a scatter plot resembles a straight line using the correlation coefficient.
We’ll shortly see how the correlation coefficient relates to the slope of the regression line we found
in Chapter 2.3.

Definition

Definition: Correlation Coefficient

The correlation coefficient, denoted 𝑟, is defined as:

𝑟 =
1

𝑛

𝑛∑
𝑖=1

(
𝑥𝑖 − 𝑥̄
𝜎𝑥

) (
𝑦𝑖 − 𝑦̄
𝜎𝑦

)
where 𝑥̄ and 𝑦̄ are the means of 𝑥 and 𝑦, respectively, and 𝜎𝑥 =

√√
1

𝑛

𝑛∑
𝑖=1

(𝑥𝑖 − 𝑥̄)2 and 𝜎𝑦 are

the standard deviations of 𝑥 and 𝑦, respectively.
Intuitively, 𝑟 measures the strength of the linear association between 𝑥 and 𝑦.

There are actually many different correlation coefficients; this is the most common one, and it’s
sometimes called the Pearson’s correlation coefficient, after the British statistician Karl Pearson.
No matter the values of 𝑥1 , 𝑥2 , . . . 𝑥𝑛 and 𝑦1 , 𝑦2 , . . . 𝑦𝑛 , the value of 𝑟 is bounded between -1 and
1. The closer |𝑟| is to 1, the stronger the linear association. The sign of 𝑟 tells us the direction of the
trend – upwards (positive) or downwards (negative). 𝑟 is a unitless quantity – it’s not measured in
hours, or dollars, or minutes, or anything else that depends on the units of 𝑥 and 𝑦.

https://en.wikipedia.org/wiki/Karl_Pearson
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The plots above give us some examples of what the correlation coefficient can look like in practice.

• Top left (𝑟 = 0.046): There’s some loose circle-like pattern, but it mostly looks like a random
cloud of points. |𝑟| is close to 0, but just happens to be positive.

• Top right (𝑟 = −0.993): The points are very tightly clustered around a line with a negative
slope, so 𝑟 is close to -1.

• Bottom left (𝑟 = −0.031): While the points are certainly associated, they are not linearly
associated, so the value of 𝑟 is close to 0. (The shape looks more like a V or parabola than a
straight line.)

• Bottom right (𝑟 = 0.607): The points are loosely clustered and follow a roughly linear pattern
trending upwards. 𝑟 is positive, but not particularly large.

The correlation coefficient has some useful properties to be aware of. For one, it’s symmetric:
𝑟(𝑥, 𝑦) = 𝑟(𝑦, 𝑥). If you swap the 𝑥𝑖’s and 𝑦𝑖’s in its formula, you’ll see the result is the same.

𝑟 =
1

𝑛

𝑛∑
𝑖=1

(
𝑥𝑖 − 𝑥̄
𝜎𝑥

) (
𝑦𝑖 − 𝑦̄
𝜎𝑦

)
One way to think of 𝑟 is that it’s the mean of the product of 𝑥 and 𝑦, once both variables have been
standardized. To standardize a collection of numbers 𝑥1 , 𝑥2 , . . . 𝑥𝑛 , you first find the mean 𝑥̄ and
standard deviation 𝜎𝑥 of the collection. Then, for each 𝑥𝑖 , you compute:
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𝑧𝑖 =
𝑥𝑖 − 𝑥̄
𝜎𝑥

This tells you how many standard deviations away from the mean each 𝑥𝑖 is. For example, if
𝑧𝑖 = −1.5, that means 𝑥𝑖 is 1.5 standard deviations below the mean of 𝑥. The value of 𝑥𝑖 once
it’s standardized is sometimes called its z-score; you may have heard of 𝑧-scores in the context of
curved exam scores.

Intuition. With this in mind, I’ll again state that 𝑟 is the mean of the product of 𝑥 and 𝑦, once
both variables have been standardized:

𝑟 =
1

𝑛

𝑛∑
𝑖=1

(
𝑥𝑖 − 𝑥̄
𝜎𝑥

)
︸    ︷︷    ︸
𝑥𝑖 ’s 𝑧-score

×
(
𝑦𝑖 − 𝑦̄
𝜎𝑦

)
︸    ︷︷    ︸
𝑦𝑖 ’s 𝑧-score

This interpretation of 𝑟 makes it a bit easier to seewhy 𝑟 measures the strength of linear association
– because up until now, it must seem like a formula I pulled out of thin air.
If there’s positive linear association, then 𝑥𝑖 and 𝑦𝑖 will usually either both be above their averages,
or both be below their averages, meaning that 𝑥𝑖 − 𝑥̄ and 𝑦𝑖 − 𝑦̄ will usually have the same sign.
If we multiply two numbers with the same sign – either both positive or both negative – then the
product will be positive.

Sincemost points are in the bottom-left and top-right quadrants, most of the products (𝑥𝑖−𝑥̄)(𝑦𝑖− 𝑦̄)
are positive. This means that 𝑟, which is the average of these products divided by the standard
deviations of 𝑥 and 𝑦, will be positive too. (We divide by the standard deviations to ensure that
−1 ≤ 𝑟 ≤ 1.)
Above, 𝑟 is positive but not exactly 1, since there are several points in the bottom-right and top-left
quadrants, whowould have a negative product (𝑥𝑖− 𝑥̄)(𝑦𝑖− 𝑦̄) and bring down the average product.
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If there’s negative linear association, then typically it’ll be the case that 𝑥𝑖 is above average while 𝑦𝑖
is below average, or vice versa. This means that 𝑥𝑖 − 𝑥̄ and 𝑦𝑖 − 𝑦̄ will usually have opposite signs,
and when they have opposite signs, their product will be negative. If most points have a negative
product, then 𝑟 will be negative too.

Another Example. Letme show you another example that gets at the heart of how the correlation
formula is defined. Consider the following two datasets.

• Dataset A: (1, 5), (2, 6), (3, 7), (4, 8)
• Dataset B: (1, 8), (2, 5), (3, 6), (4, 7)

Both datasets use the same 𝑥 and 𝑦 values, but the pairings are different, and so their scatter plots
look quite different.

In both datasets, 𝑥̄, 𝑦̄, 𝜎𝑥 , and 𝜎𝑦 are the same. But, their correlation coefficients are quite different,
because the pairings between 𝑥𝑖’s and 𝑦𝑖’s are different.

Preserving Correlation
Since 𝑟 measures how closely points cluster around a line, it is invariant to units of measurement.
Whether you use feet or meters to measure distance, or dollars or yen to measure price, the corre-
lation between two variables will be the same.
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The top left scatter plot is the same as in the previous example, where we reasoned about why 𝑟
is positive. The other three plots result from applying linear transformations to the 𝑥 and/or 𝑦
variables independently. A linear transformation of 𝑥 is any function of the form 𝑎𝑥 + 𝑏, and a
linear transformation of 𝑦 is any function of the form 𝑐𝑦 + 𝑑. (This is an idea we’ll revisit more in
Chapter 6.1.)
Notice that three of the four plots have the same 𝑟 of approximately 0.79. The bottom right plot
has an 𝑟 of approximately -0.79, because the 𝑦 coordinates were multiplied by a negative constant.
What we’re seeing is that the correlation coefficient is invariant to linear transformations of the
two variables independently.
Put in real-world terms: it doesn’t matter if you measure commute times in hours, minutes, or
seconds, the correlation between departure time and commute time will be the same in all three
cases.

Correlation and the Regression Line
Since 𝑟 measures how closely points cluster around a line, it shouldn’t be all that surprising that 𝑟
has something to do with 𝑤∗

1, the slope of the regression line.
It turns out that:

𝑤∗
1 =

∑𝑛
𝑖=1(𝑥𝑖 − 𝑥̄)(𝑦𝑖 − 𝑦̄)∑𝑛

𝑖=1(𝑥𝑖 − 𝑥̄)2︸                    ︷︷                    ︸
from earlier

= 𝑟
𝜎𝑦

𝜎𝑥

This is my preferred version of the formula for the optimal slope – it’s easy to use and interpret.
I’ve hidden the proof behind a dropdown menu below, but you really should attempt it on your
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own (and then read it), since it helps build familiarity with how the various components of the
formula for 𝑟 and 𝑤∗

1 are related.

Proof that 𝑤∗
1 = 𝑟

𝜎𝑦
𝜎𝑥

First, let’s show that we can express
∑𝑛
𝑖=1(𝑥𝑖 − 𝑥̄)2 in terms of 𝜎𝑥 :

𝜎𝑥 =

√√
1

𝑛

𝑛∑
𝑖=1

(𝑥𝑖 − 𝑥̄)2

𝜎2
𝑥 =

1

𝑛

𝑛∑
𝑖=1

(𝑥𝑖 − 𝑥̄)2

𝑛𝜎2
𝑥 =

𝑛∑
𝑖=1

(𝑥𝑖 − 𝑥̄)2

Now, let’s prove that 𝑤∗
1 = 𝑟

𝜎𝑦
𝜎𝑥
:

𝑟
𝜎𝑦

𝜎𝑥
=

1

𝑛

𝑛∑
𝑖=1

(
𝑥𝑖 − 𝑥̄
𝜎𝑥

) (
𝑦𝑖 − 𝑦̄
𝜎𝑦

)
· 𝜎𝑦
𝜎𝑥

=
1

𝑛

𝑛∑
𝑖=1

(𝑥𝑖 − 𝑥̄)(𝑦𝑖 − 𝑦̄)
𝜎2
𝑥

=

∑𝑛
𝑖=1(𝑥𝑖 − 𝑥̄)(𝑦𝑖 − 𝑦̄)

𝑛𝜎2
𝑥

=

𝑛∑
𝑖=1

(𝑥𝑖 − 𝑥̄)(𝑦𝑖 − 𝑦̄)
𝑛∑
𝑖=1

(𝑥𝑖 − 𝑥̄)2

= 𝑤∗
1

The simpler formula above implies that the sign of the slope is the same as the sign of 𝑟, which
seems reasonable: if the direction of the linear association is negative, the best-fitting slope should
be, too.
So, all in one place:

𝑤∗
1 =

∑𝑛
𝑖=1(𝑥𝑖 − 𝑥̄)(𝑦𝑖 − 𝑦̄)∑𝑛

𝑖=1(𝑥𝑖 − 𝑥̄)2
= 𝑟

𝜎𝑦

𝜎𝑥
, 𝑤∗

0 = 𝑦̄ − 𝑤∗
1 𝑥̄

This new formula for the slope also gives us insight into how the spread of 𝑥 (𝜎𝑥) and 𝑦 (𝜎𝑦) affects
the slope. If 𝑦 ismore spread out than 𝑥, the points on the scatter plotwill be stretched out vertically,
which will make the best-fitting slope steeper.
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In the middle example above, 𝑦𝑖 → 2𝑦𝑖 means that we replaced each 𝑦𝑖 in the dataset with 2𝑦𝑖 . In
that example, the slope and intercept of the regression line both doubled. In the third example,
where we replaced each 𝑥𝑖 with 3𝑥𝑖 , the slope was divided by 3, while the intercept remained. One
of the problems in Homework 2 has you prove these sorts of results, and you can do so by relying
on the formula for 𝑤∗

1 that involves 𝑟; note that all three datasets above have the same 𝑟.

Activity 1

Activity 1

This activity is an old exam question, taken from an exam that used to allow calculators. Part
of it also appears in Lab 3.

1. First, suppose we minimize mean squared error to fit a simple linear regression line
that uses the square footage of a house to predict its price. The resulting line has an
intercept of 𝑤∗

0 and a slope of 𝑤∗
1. In other words:

predicted price𝑖 = 𝑤
∗
0 + 𝑤∗

1 · square footage𝑖

We’re now interested in minimizing mean squared error to find a simple linear regres-
sion line that uses price to predict square footage. Suppose this new regression line has
an intercept of 𝛽∗0 and a slope of 𝛽∗1.
What is 𝛽∗1? Give your answer as an expression in terms of 𝑛, 𝑟, 𝑤∗

0, and/or 𝑤
∗
1.

2. Given that:

• 𝑛 = 100

• 𝑟 = 0.6

• 𝑤∗
0 = 1000

• 𝑤∗
1 = 250|

• The average square footage of houses in the dataset is 2000
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What is 𝛽∗0? Your answer should be a constant with no variables. (Once you’re able to express
𝛽∗0 in terms of constants only, you can stop simplifying your answer.)

Solution

1. The slope of the reverse regression line. Let 𝑥 represent square footage and 𝑦 repre-
sent price. Our original slope is:

𝑤∗
1 = 𝑟

𝜎𝑦

𝜎𝑥

Whenwe swap the input and output, the correlation stays the same, but the two standard
deviations trade places:

𝛽∗1 = 𝑟
𝜎𝑥
𝜎𝑦

Multiplying the two slopes gives:

𝑤∗
1𝛽

∗
1 =

(
𝑟
𝜎𝑦

𝜎𝑥

) (
𝑟
𝜎𝑥
𝜎𝑦

)
= 𝑟2

So, when 𝑤∗
1 ≠ 0:

𝛽∗1 =
𝑟2

𝑤∗
1

If 𝑟 = 0, both slopes are 0, assuming both standard deviations are positive. Notice that
the reverse slope generally isn’t 1

𝑤∗
1
: we’re fitting a new regression line, and the direction

in which we measure prediction errors has changed.
2. The intercept of the reverse regression line. First, find the average price using 𝑤∗

0 =
𝑦̄ − 𝑤∗

1 𝑥̄:

𝑦̄ = 𝑤∗
0 + 𝑤∗

1 𝑥̄ = 1000 + 250(2000) = 501000

The new slope is 𝛽∗1 = 0.62
250 = 0.00144. For the reverse regression, the average output is 𝑥̄

and the average input is 𝑦̄, so:

𝛽∗0 = 𝑥̄ − 𝛽∗1 𝑦̄
= 2000 − 0.00144(501000)
= 1278.56

Example: Anscombe’s Quartet. The correlation coefficient is just one number that describes the
linear association between two variables; it doesn’t tell us everything.
Consider the famous example of Anscombe’s quartet, which consists of four datasets that all have
the same mean, standard deviation, and correlation coefficient, but look very different.
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In all four datasets:

𝑥̄ = 9, 𝑦̄ = 7.5, 𝜎𝑥 = 3.16, 𝜎𝑦 = 1.94, 𝑟 = 0.82

Because they all share the same five values of these key quantities, they also share the same regres-
sion lines, since the optimal slope and intercept are determined just using those five quantities.

𝑤∗
1 = 𝑟

𝜎𝑦

𝜎𝑥
= 0.82

1.94
3.16

= 0.52 𝑤∗
0 = 𝑦̄ − 𝑤∗

1 𝑥̄ = 7.5 − 0.52 · 9 = 2.82
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The regression line clearly looks better for some datasets than others, with Dataset IV looking
particularly off. A high |𝑟| may be evidence of a strong linear association, but it cannot guarantee
that a linear model is suitable for a dataset. Moral of the story - visualize your data before trying
to fit a model! Don’t just trust the numbers.
You might like the Datasaurus Dozen, another similar collection of 13 datasets that all have the
same mean, standard deviation, and correlation coefficient, but look very different. (One looks
like a dinosaur!)

https://jumpingrivers.github.io/datasauRus/
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2.5. Least Squares
The Modeling Recipe
We’ve now made several passes over the three-step modeling recipe, first introduced in Chapter
1.3.

1. Choose a model.

2. Choose a loss function.

3. Minimize average loss to find optimal parameters.

Our very first pass through the recipe involved:

1. The constant model, ℎ(𝑥𝑖) = 𝑤.

2. Squared loss, 𝐿sq(𝑦𝑖 , ℎ(𝑥𝑖)) = (𝑦𝑖 − ℎ(𝑥𝑖))2.
3. The above two choices gave us average loss, or empirical risk, of

𝑅sq(𝑤) = 1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − 𝑤)2

which we showed is minimized by 𝑤∗ = 𝑦̄.

Then, in Chapter 2.3, we considered:

1. The simple linear regression model, ℎ(𝑥𝑖) = 𝑤0 + 𝑤1𝑥𝑖 .

2. Squared loss, 𝐿sq(𝑦𝑖 , ℎ(𝑥𝑖)) = (𝑦𝑖 − ℎ(𝑥𝑖))2.
3. The above two choices gave us average loss, or empirical risk, of

𝑅sq(𝑤0 , 𝑤1) = 1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − (𝑤0 + 𝑤1𝑥𝑖))2

which we showed – using partial derivatives – is minimized by

𝑤∗
1 =

∑𝑛
𝑖=1(𝑥𝑖 − 𝑥̄)(𝑦𝑖 − 𝑦̄)∑𝑛

𝑖=1(𝑥𝑖 − 𝑥̄)2
= 𝑟

𝜎𝑦

𝜎𝑥
, 𝑤∗

0 = 𝑦̄ − 𝑤∗
1 𝑥̄

Let’s visualize both the best constant model and the best simple linear regression model on the
commute times dataset.
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Activity 1

Activity 1

What are the coordinates of the point of intersection of the two lines above?

Solution

The two lines intersect at (𝑥̄ , 𝑦̄) .
The best constant model is the horizontal line 𝑦 = 𝑦̄. To see where the regression line
meets it, recall that 𝑤∗

0 = 𝑦̄ − 𝑤∗
1 𝑥̄. Plugging 𝑥 = 𝑥̄ into the regression line gives:

𝑤∗
0 + 𝑤∗

1 𝑥̄ = (𝑦̄ − 𝑤∗
1 𝑥̄) + 𝑤∗

1 𝑥̄

= 𝑦̄

So, both models predict the average commute time at the average departure time. The
regression line shown has a non-zero slope, so this is its only intersection with the hori-
zontal line.

A fact we mentioned earlier – and you restated in Homework 1 – is that the mean squared error
of the best constant model is the variance of the data. We can see this by substituting 𝑤∗ = 𝑦̄ into
mean squared error:

𝑅sq(𝑤) = 1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − ℎ)2 =⇒ 𝑅sq(𝑦̄) = 1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − 𝑦̄)2︸           ︷︷           ︸
variance of 𝑦

= 𝜎2
𝑦

This gives us a nice baseline fromwhich to compare the performance ofmore sophisticatedmodels.
If a model we create has a mean squared error that’s higher than the variance of the data, we
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know we’ve done something wrong, because a constant model would be better!
The mean squared error of the best simple linear regression model on the data is:

𝑅sq(𝑤∗
0 , 𝑤

∗
1) =

1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − (𝑤∗
0 + 𝑤∗

1𝑥𝑖))2

This formula alone isn’t particularly enlightening, but it turns out this is equivalent to 𝜎2
𝑦(1 − 𝑟2),

where 𝑟 is the correlation coefficient between 𝑥 and 𝑦. (The proof of this is an optional component
of Homework 2.)
This means that the best simple linear regressionmodel can’t performworse than the best constant
model. If 𝑟 = 0, then the best simple linear regression model has a slope of 0, and is just the best
constant model! Otherwise, the best simple linear regression model will have a non-zero slope,
which is chosen to minimize mean squared error.
In this particular dataset:

MSE of best constant model = 𝜎2
𝑦 = 167.54 minutes2MSE of best simple linear regression model = 𝜎2

𝑦 (1 − 𝑟2)︸  ︷︷  ︸
here, 𝑟=−0.65

= 97.05 minutes2

# Assume x and y are arrays containing
# departure hours and commute times, respectively.
np.var(y, ddof=0)

167.535147928994

np.corrcoef(x, y)[0, 1]

-0.6486426165832004

np.var(y, ddof=0) * (1 - np.corrcoef(x, y)[0, 1]**2)

97.04687150819171

Least Squares
Least squares is the general term for minimizing mean squared error – or equivalently, the sum of
squared errors – to find optimal model parameters. Least squares appears quite frequently outside
of machine learning contexts, too.

Activity 2
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Activity 2

I glossed over something important above. I said thatminimizingmean squared error is equiv-
alent to minimizing the sum of squared errors.
Why is that true? Let’s consider a particular example, of finding 𝑤∗

0 and 𝑤∗
1 for the simple

linear regression model ℎ(𝑥𝑖) = 𝑤0 + 𝑤1𝑥𝑖 .
Why are the 𝑤∗

0 and 𝑤∗
1 that minimize

𝑅sq(𝑤0 , 𝑤1) = 1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − (𝑤0 + 𝑤1𝑥𝑖))2

the same as the 𝑤∗
0 and 𝑤∗

1 that minimize

𝑆sq(𝑤0 , 𝑤1) =
𝑛∑
𝑖=1

(𝑦𝑖 − (𝑤0 + 𝑤1𝑥𝑖))2

This idea was also reinforced in Lab 1, and in Activity 3 of Appendix 2.

Solution

The two functions differ only by a positive constant factor:

𝑅sq(𝑤0 , 𝑤1) = 1

𝑛
𝑆sq(𝑤0 , 𝑤1)

Here, 𝑛 is the number of points in our fixed dataset. It doesn’t change when we change
𝑤0 or 𝑤1.
If one pair of parameters gives a smaller sumof squared errors than another pair, dividing
both sums by the same positive number 𝑛 preserves that comparison. So, the pair that
gives the smallest sum also gives the smallest average.
The minimum values of the two functions can be different, but the parameters where
those minima occur are the same. Multiplying the height of a loss surface by a positive
constant doesn’t move its lowest point!

For example, population ecologists use least squares to model the growth of populations (say, of
an animal species) over time.
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The orange curve above is of the form ℎ(𝑥𝑖) = 𝑎𝑒𝑏𝑥𝑖 , where 𝑎 and 𝑏 are parameters. I’ve chosen the
form 𝑎𝑒𝑏𝑥𝑖 because it’s a good fit for the data; it’s how we model exponential growth.
𝑎 and 𝑏 could be chosen by minimizing mean squared error directly:

𝑅sq(𝑎, 𝑏) = 1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − 𝑎𝑒𝑏𝑥𝑖 )2

If we wanted to minimize 𝑅sq(𝑎, 𝑏), we’d need to take partial derivatives with respect to 𝑎 and 𝑏,
set them to 0, and solve the resulting system of equations. However, the function ℎ(𝑥𝑖) = 𝑎𝑒𝑏𝑥𝑖

involves a parameter (𝑏) in the exponent, which means the resulting partial derivatives of 𝑅sq will
be complicated and the resulting system of equations will be challenging to solve. (Don’t believe
me? Try finding 𝜕𝑅sq

𝜕𝑏 .)
In this particular case, there’s a transformation we can apply to the data so that we can reduce
the minimization problem to something we’ve seen before! Consider what happens if we take the
logarithm of both sides of the equation 𝑦𝑖 ≈ 𝑎𝑒𝑏𝑥𝑖 :

𝑦𝑖 ≈ 𝑎𝑒𝑏𝑥𝑖 =⇒ log(𝑦𝑖) ≈ log(𝑎) + 𝑏𝑥𝑖

I’ve written the ≈ symbol to remind us that 𝑦𝑖 is not exactly equal to 𝑎𝑒𝑏𝑥𝑖 , but rather, the goal is to
choose 𝑎 and 𝑏 so that 𝑎𝑒𝑏𝑥𝑖 is approximately equal to 𝑦𝑖 , across all points 𝑖.
When we take the logarithm of each 𝑦-value in our dataset, the resulting plot looks like:
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The transformed data looks roughly linear!
How does this transformation help us find 𝑎 and 𝑏? Now, instead of minimizing:

𝑅sq(𝑎, 𝑏) = 1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − 𝑎𝑒𝑏𝑥𝑖 )2

I’m claiming that since log(𝑦𝑖) ≈ log(𝑎) + 𝑏𝑥𝑖 , we can instead minimize:

𝑅′
sq(𝑎, 𝑏) = 1

𝑛

𝑛∑
𝑖=1

(log(𝑦𝑖) − (log(𝑎)︸︷︷︸
𝑤0

+ 𝑏︸︷︷︸
𝑤1

𝑥𝑖))2

𝑅′
sq is not the derivative of 𝑅sq; it is a different empirical risk function, with different optimal pa-

rameters.
That said, 𝑅′

sq should look familiar: it looks remarkably similar to the mean squared error of the
simple linear regression model.
Let’s define 𝑧𝑖 = log(𝑦𝑖), 𝑤0 = log(𝑎), and 𝑤1 = 𝑏. Then, we can rewrite 𝑅′

sq as:

𝑅′
sq(𝑤0 , 𝑤1) = 1

𝑛

𝑛∑
𝑖=1

(𝑧𝑖 − (𝑤0 + 𝑤1𝑥𝑖))2

We just spent all of Chapter 2.3 finding the optimal values of 𝑤∗
0 and 𝑤∗

1 in the empirical risk func-
tion above, so the optimal values of 𝑤∗

0 and 𝑤∗
1 are well known to us!

𝑤∗
1 =

∑𝑛
𝑖=1(𝑥𝑖 − 𝑥̄)(𝑧𝑖 − 𝑧̄)∑𝑛

𝑖=1(𝑥𝑖 − 𝑥̄)2
, 𝑤∗

0 = 𝑧̄ − 𝑤∗
1 𝑥̄

Note that I’ve computed 𝑤∗
0 = 1.24 and 𝑤∗

1 = 1.92 using the transformed data, (𝑥1 , 𝑧1), . . . , (𝑥𝑛 , 𝑧𝑛).
On the transformed data, this line looks like:
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How do we turn this back into a curve on the original data? To transform the data, we applied the
following substitutions that we need to invert:

𝑤0 = log(𝑎) =⇒ 𝑎 = 𝑒𝑤0𝑏 = 𝑤1

So, using the above, we can find:

𝑎∗ = 𝑒𝑤
∗
0 = 𝑒1.24 = 3.46𝑏∗ = 𝑤∗

1 = 1.92

So, the curve we’re looking for is:

ℎ(𝑥𝑖) = 3.46𝑒1.92𝑥𝑖

And this is the equation of the orange curve I first showed you!
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Not every least squares problem can be reduced to the simple linear regression problem we’ve
been studying. But, in the rare cases that it can, it’s satisfying to be able to reuse our work.

What’s Next?
Following Chapter 2.3, the next natural question to ask is, how do we use multiple features (input
variables) to make predictions?
When we first introduced the commute times example back in Chapter 1.2, we saw that the dataset
we’re working with has a few features beyond the departure hour.

date day departure_hour minutes
0 5/15/2023 Mon 10.816667 68.0
1 5/16/2023 Tue 7.750000 94.0
2 5/22/2023 Mon 8.450000 63.0
3 5/23/2023 Tue 7.133333 100.0
4 5/30/2023 Tue 9.150000 69.0

Up until now, we’ve been using the departure_hour feature to predict the minutes column.
It would be great if we could figure out a way to use the day of the week as a feature, since our
intuition tells us this might have an effect on commute times (traffic is known to be bad onMonday
mornings and Friday afternoons). But, the day column currently contains strings, not numbers, so
we’ll have to think critically about how to encode this data numerically. (You’ll see how to do this
in a later homework.)
For now, let’s extract the day of the month from the date column, and try and use day_of_month
along with departure_hour as our two features.

departure_hour day_of_month minutes
0 10.816667 15 68.0
1 7.750000 16 94.0
2 8.450000 22 63.0
3 7.133333 23 100.0
4 9.150000 30 69.0

We want to use the first two columns to predict the third. What would the hypothesis function for
such a model look like? Previously, we had:

ℎ(departure hour𝑖)︸                   ︷︷                   ︸
predicted commute time 𝑖

= 𝑤0 + 𝑤1 · departure hour𝑖

Now, a linear model that involves both features would look like:

ℎ(departure hour𝑖 , dom𝑖) = 𝑤0 + 𝑤1 · departure hour𝑖 + 𝑤2 · dom𝑖
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This is called a multiple linear regression model, since it uses multiple features. (To keep the
equation short, I’ve used dom to refer to the day of the month.)
The first hypothesis function, with one input variable, looked like a line in two dimensions. Our
new multiple linear regression model looks like a plane in three dimensions!

In two dimensional space, a line has a constant rate of change, described by its slope.
In three dimensional space, a plane has a constant rate of change along both the 𝑥 and 𝑦 axes. The
plane’s rate of change in the 𝑥 (departure time) direction is given by 𝑤∗

1, and its rate of change in
the 𝑦 (day of month) direction is given by 𝑤∗

2.
Finding the optimal values of 𝑤∗

0, 𝑤
∗
1, and 𝑤

∗
2 involves minimizing, yet again, mean squared error:

𝑅sq(𝑤0 , 𝑤1 , 𝑤2) = 1

𝑛

𝑛∑
𝑖=1

(
𝑦𝑖 − (𝑤0 + 𝑤1 · departure hour𝑖 + 𝑤2 · dom𝑖))2

Mean squared error here is a function of three variables, so we’d need four dimensions to visu-
alize it, which, of course, we cannot do. To minimize 𝑅sq above, we’d need to find three partial
derivatives, set them all to 0, and solve the resulting system of 3 equations and 3 unknowns.
While we could do this, eventually, we’ll want to consider a third feature, a fourth, and so on. In
general, if we want 𝑑 features, we’ll have 𝑑 + 1 parameters to optimize (one per feature, plus one
for the intercept, 𝑤0), and we’ll need to solve a system of 𝑑 + 1 equations and 𝑑 + 1 unknowns to
find them. Continuing this approach sounds painful.
This is where linear algebra comes in. Linear algebra provides a compact, efficientway to represent
and manipulate systems of linear equations, and to find solutions to them.
Chapters 3 through 6 are dedicated to introducing the ideas from linear algebra that we’ll need to
solve this problem: the problem of finding the parameters that minimizemean squared error for
the multiple linear regression model. It will take some time to get there, and at times, it’ll seem
like what we’re doing is unrelated to this goal of finding optimal parameters.
But, I promise thatwewill close the loop inChapter 7, whenwe return tomultiple linear regression.
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3.1. Vectors and Linear Combinations
Linear algebra can be thought of as the study of vectors, matrices, and linear transformations, all
of which are ideas we’ll need to use in our journey to understand machine learning. We’ll start
with vectors, which are the building blocks of linear algebra.

Definition
There are many ways to define vectors, but I’ll give you the most basic and practically relevant
definition of a vector for now. I’ll introduce more abstract definitions later if we need them.

Definition: Vector

A vector is an ordered list of numbers.
In this class, we’ll typically use lowercase letters to denote vectors, drawn with arrows above
the letters. For example:

®𝑣 =


4
−3
15


In other classes or textbooks, youmight see vectorswritten as boldface letters, like v, or simply
𝑣.

By ordered list, I mean that the order of the numbers in the vector matters.

• For example, the vector ®𝑣 =


4
−3
15

 is not the same as the vector ®𝑤 =


15
−3
4

 , even though they

have the same components.

• ®𝑣 is also different from the vector ®𝑢 =


4
−3
15
1

 , even though their first three components are the

same.

In general, we’re mostly concerned with vectors in R𝑛 , which is the set of all vectors with 𝑛 compo-
nents or elements, each of which is a real number. It’s possible to consider vectors with complex
components (the set of all vectors with complex components is denoted C𝑛), but we’ll stick to real
vectors for now.
The vector ®𝑣 defined in the box above is in R3, which we can express as ®𝑣 ∈ R3. This is pronounced
as “v is an element of R three”, or “v is in R three”.
A general vector in R𝑛 can be expressed in terms of its 𝑛 components:

®𝑣 =


𝑣1
𝑣2
...
𝑣𝑛


Subscripts can be used for different, sometimes conflicting purposes:
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• In the definition of ®𝑣 above, the components of the vector are denoted 𝑣1 , 𝑣2 , . . . , 𝑣𝑛 . Each of
these individual components is a single real number – known as a scalar – not a vector.

• But in the near future, we may want to consider multiple vectors at once, and may use sub-
scripts to refer to them as well. For instance, I might have 𝑑 different vectors, ®𝑣1 , ®𝑣2 , . . . , ®𝑣𝑑,
each corresponding to some feature I care about.

The meaning of the subscript depends on the context, so just be careful!
While we’ll use the definition of a vector as a list of numbers for now, I hope you’ll soon appreciate
that vectors are more than just a list of numbers – they encode remarkable amounts of information
and beauty.

Norm (i.e. Length or Magnitude)
In the context of physics, vectors are often described as creatures with “a magnitude and a direc-
tion”. While this is not a physics class – this is EECS 245, after all! – this interpretation has some
value for us too.
To illustrate what we mean, let’s consider some concrete vectors in R2, since it is easy to visualize
vectors in 2 dimensions on a computer screen. Suppose:

®𝑢 =

[
3
1

]
, ®𝑣 =

[
4
−6

]
Then, we can visualize ®𝑢 and ®𝑣 as arrows pointing from the origin (0, 0) to the points (3, 1) and
(4,−6) in the two dimensional Cartesian plane, respectively.

The vector ®𝑣 =

[
4
−6

]
moves 4 units to the right and 6 units down, which we know by reading the
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components of the vector. In Chapter 7.3, we’ll see how to describe the direction of ®𝑣 in terms
of the angle it makes with the 𝑥-axis (and you may remember how to calculate that angle using
trigonometry).
It’s worth noting that ®𝑣 isn’t “fixed” to start at the origin – vectors don’t have fixed positions. All
three vectors in the figure below are the same vector, ®𝑣.

To compute the length of ®𝑣 – i.e. the distance between (0, 0) and (4,−6) – we should remember the
Pythagorean theorem, which states that if we have a right triangle with legs of length 𝑎 and 𝑏, then
the length of the hypotenuse is

√
𝑎2 + 𝑏2. Here, that’s

√
42 + (−6)2 = √

16 + 36 =
√
52 = 2

√
13.
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Definition: Vector Norm

The norm of a vector ®𝑣 ∈ R𝑛 is defined as follows:



®𝑣

 =
√
𝑣21 + 𝑣22 + · · · + 𝑣2𝑛 =

√√
𝑛∑
𝑖=1

𝑣2𝑖

The norm of a vector is also called its length or magnitude. This particular formula for the
norm is also called the 𝐿2 norm or Euclidean norm (after the Greek mathematician Euclid),
and is the most common and “default” norm used in linear algebra.

Note that the norm involves a sum of squares, much like mean squared error �. This connection will
be made more explicit in Chapter 7, when we return to studying linear regression.
Shortly, we’ll see other norms, which describe different ways of measuring the “length” of a vector.

Activity 1

Activity 1

As we’ll see later in this section, a unit vector is a vector with norm 1. It’s common to use unit
vectors to describe directions. For instance, there are infinitely many vectors in R2 that point

in the same direction as ®𝑣 =

[
4
−6

]
from above, like

[
2
−3

]
and

[
40
−60

]
. (If you don’t believe me,

draw it out!)

Find a unit vector that points in the same direction as the vector ®𝑥 =

[
12
5

]
, and verify that it has

norm 1. Technically, to answer this, you’ll need to use the fact that vectors can be multiplied
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by a scalar, which we haven’t yet discussed, but see how far your intuition takes you!

Solution

The norm of ®𝑥 is:

‖ ®𝑥‖ =
√
122 + 52 =

√
169 = 13

So, to give it length 1, we should divide both components by 13:

1

13
®𝑥 =

[
12/13
5/13

]
Multiplying by a positive scalar preserves direction. Let’s also check the length directly:



[12/135/13

]



 =

√
144

169
+ 25

169
=

√
169

169
= 1

This is the general idea behind finding a unit vector in a given direction: divide a non-
zero vector by its length.

What may not be immediately obvious is why the Pythagorean theorem seems to extend to higher
dimensions. The two dimensional case seems reasonable, but why is the length of the vector ®𝑤 =
6
−2
3

 in R3 equal to
√
62 + (−2)2 + 32?

There are two right angle triangles in the picture above:

• One triangle has legs of length 6 and 2, with a hypotenuse of ℎ; this triangle is shaded
light blue above.
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• Another triangle has legs of length 3 and ℎ, with a hypotenuse of


 ®𝑤

; this triangle is shaded

dark pink above.

To find


 ®𝑤

, we can use the Pythagorean theorem twice:

ℎ2 = 62 + (−2)2 = 36 + 4 = 40 =⇒ ℎ =
√
40

Then, we can use the Pythagorean theorem again to find


 ®𝑤

:

 ®𝑤

 =

√
ℎ2 + 32 =

√
40 + 9 = 7 =

√
62 + (−2)2 + 32

So, to find


 ®𝑤

, we used the Pythagorean theorem twice, and ended up computing the square root

of the sum of the squares of the components of the vector, which is what the definition above states.
This argument naturally extends to higher dimensions. We will do this often: build intuition in
the dimensions we can visualize (two dimensions, and with the help of interactive graphics, three
dimensions), and then rely on the power of abstraction to extend our understanding to higher
dimensions, even when we can’t visualize. Thinking in higher dimensions is one of the key ob-
jectives of this course.

Length ≠ Number of Components

Don’t confuse the length of a vector with the number of components in a vector!
If ®𝑣 ∈ R𝑛 , then the length of ®𝑣 is ‖ ®𝑣‖ =

√
𝑣21 + 𝑣22 + · · · + 𝑣2𝑛 , while the number of components

in ®𝑣 is 𝑛.

Vector norms satisfy several interesting properties, which we will introduce shortly once we have
more context.

Addition and Scalar Multiplication
Vectors support two core operations: addition and scalar multiplication. These two operations are
core to the study of linear algebra – so much so, that sometimes vectors are defined abstractly as
“things that can be added and multiplied by scalars”.

Addition.
Definition: Vector Addition

Suppose ®𝑢, ®𝑣 ∈ R𝑛 , i.e. both are vectors with 𝑛 components.
Then, the sum of ®𝑢 and ®𝑣 is defined as follows:
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®𝑢 + ®𝑣 =


𝑢1
𝑢2
...
𝑢𝑛

 +

𝑣1
𝑣2
...
𝑣𝑛

 =


𝑢1 + 𝑣1
𝑢2 + 𝑣2

...
𝑢𝑛 + 𝑣𝑛


Using our examples from earlier, ®𝑢 =

[
3
1

]
and ®𝑣 =

[
4
−6

]
, we have that ®𝑢 + ®𝑣 =

[
7
−5

]
.

Geometrically, we can arrive at the vector
[
7
−5

]
by drawing ®𝑢 at the origin, then placing ®𝑣 at the tip

of ®𝑢.

Vector addition is commutative, i.e. ®𝑢 + ®𝑣 = ®𝑣 + ®𝑢, for any two vectors ®𝑢, ®𝑣 ∈ R𝑛 . Algebraically, this
should not be a surprise, since 𝑢𝑖 + 𝑣𝑖 = 𝑣𝑖 + 𝑢𝑖 for all 𝑖.
Visually, this means that we can instead start with ®𝑣 at the origin and then draw ®𝑢 starting from
the tip of ®𝑣, and we should land in the same place.
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We cannot, however, add ®𝑤 =


6
−2
3

 to ®𝑢, since ®𝑢 and ®𝑤 have different numbers of components.

In Python, we define vectors using numpy arrays, and addition occurs element-wise by default.

Activity 2

Activity 2

In the cell above, try and define ®𝑤 =


6
−2
3

 as an array and add it to u. What error do you see?

Solution

Try:

w = np.array([6, -2, 3])
u + w

This gives a ValueError with a message like:

operands could not be broadcast together with shapes (2,) (3,)

The shapes tell us that u has 2 components and w has 3. numpy can’t match up their com-
ponents for addition. This reflects the same restriction we have in math: we can’t add a
vector in R2 to a vector in R3.
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Scalar Multiplication.
Definition: Scalar Multiplication

Suppose ®𝑣 ∈ R𝑛 . The scalar multiple of ®𝑣 by a scalar 𝑐 ∈ R is defined as follows:

𝑐®𝑣 = 𝑐


𝑣1
𝑣2
...
𝑣𝑛

 =


𝑐𝑣1
𝑐𝑣2
...
𝑐𝑣𝑛


Using our examples from earlier, ®𝑣 =

[
4
−6

]
as an example, 3®𝑣 =

[
12
−18

]
. Note that I’ve deliberately

defined this operation as scalarmultiplication, not just “multiplication” in general, as there’s more
nuance to the definition of multiplication in linear algebra.
Visually, a scalar multiple is equivalent to stretching or compressing a vector by a factor of the
scalar. If the scalar is negative, the direction of the vector is reversed. Below, −2

3 ®𝑣 points opposite
to ®𝑣 and 3®𝑣.

An important observation is that ®𝑣, 3®𝑣, and −2
3 ®𝑣 all lie on the same line.
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Activity 3

Activity 3

Addition and scalar multiplication can be used at the same time, as we’re about to see in the
next subsection.
Find the vector ®𝑥 such that:

3


7
3
−2

 + 4®𝑥 =


9
4
2


Solution

We can isolate ®𝑥 just as wewould isolate a scalar in an equation. First, subtract the known
vector from both sides:

4®𝑥 =


9
4
2

 − 3


7
3
−2


=


9
4
2

 −

21
9
−6


=


−12
−5
8


Then, divide each component by 4:

®𝑥 =


−3
−5/4
2


To check,


21
9
−6

 +

−12
−5
8

 =


9
4
2

 , as required.

Linear Combinations
Motivation andDefinition. The two operations we’ve defined – vector addition and scalar multi-
plication – are the building blocks of linear algebra, and are often used in conjunction. For example,
if we stick with the same vectors ®𝑢 and ®𝑣 from earlier, what might the vector 3®𝑢 − 1

2 ®𝑣 look like?

3®𝑢 − 1

2
®𝑣 = 3

[
3
1

]
− 1

2

[
4
−6

]
=

[
9
3

]
−

[
2
−3

]
=

[
7
6

]
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Definition: Linear Combination

Suppose ®𝑣1 , ®𝑣2 , . . . , ®𝑣𝑑 are all vectors in R𝑛 and 𝑎1 , 𝑎2 , . . . , 𝑎𝑑 are scalars (sometimes called
coefficients). Then, a linear combination of the vectors ®𝑣1 , ®𝑣2 , . . . , ®𝑣𝑑 is any vector that can be
written as:

𝑎1®𝑣1 + 𝑎2®𝑣2 + · · · + 𝑎𝑑®𝑣𝑑

The vector
[
7
6

]
, drawn in black above, is a linear combination of ®𝑢 and ®𝑣, since it can be written in

the form 3®𝑢− 1
2 ®𝑣. 3 and −1

2 are the scalars that the definition above refers to as 𝑎1 and 𝑎2, and we’ve
used ®𝑢 and ®𝑣 in place of ®𝑣1 and ®𝑣2. (I’ve tried to make the definition a bit more general – here, we’re
just working with 𝑑 = 2 vectors in 𝑛 = 2 dimensions, but in practice 𝑑 and 𝑛 could both be much
larger.)

Example in 2D. Here’s another linear combination of ®𝑢 and ®𝑣, namely 6®𝑢+5®𝑣. Algebraically, this
is:

6®𝑢 + 5®𝑣 = 6

[
3
1

]
+ 5

[
4
−6

]
=

[
38
−24

]
Visually:



Chapter 3. Vectors 112

I like thinking of a linear combination as taking “a little bit of the first vector, a little bit of the
second vector, etc.” and then adding them all together. (By “little bit”, I mean some amount of, e.g.
6®𝑢 is a little bit of ®𝑢.) Another useful analogy is to think of the original vectors as “building blocks”
that we can use to create new vectors through addition and scalar multiplication.
This idea, of creating new vectors by scaling and adding existing vectors, is so important that it’s
essentially what our multiple linear regression problem boils down to.

In the context of our commute times example, imagine ®dept contains the home departure time,
in hours, for each row in our dataset, and ®dom contains the day of the month for each row in
our dataset. If we want to use these two features in a linear model to predict commute time, our
problem boils down to finding the optimal coefficients 𝑤0, 𝑤1, and 𝑤2 in a linear combination of ®1,
®dept and ®dom that best predicts commute times.

vector of predicted commute times = 𝑤0


1
1
...
1

︸︷︷︸
®1

+𝑤1
®dept + 𝑤2

®dom

Think about why ®1 is necessary.

The Three Questions. We’re going to spend a lot of time thinking about linear combinations.
Specifically:
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The Three Questions with Linear Combinations

Given a set of vectors ®𝑣1 , ®𝑣2 , . . . , ®𝑣𝑑 and a vector ®𝑏, all in R𝑛 :

1. Can we write ®𝑏 as a linear combination of ®𝑣1 , ®𝑣2 , . . . , ®𝑣𝑑?
2. If so, are the values of the scalars 𝑎1 , 𝑎2 , . . . , 𝑎𝑑 unique?

3. What is the shape of the set of all possible linear combinations of ®𝑣1 , ®𝑣2 , . . . , ®𝑣𝑑?

Again, just as an example, suppose the two vectors we’re dealing with are our familiar friends:

®𝑢 =

[
3
1

]
, ®𝑣 =

[
4
−6

]
These are 𝑑 = 2 vectors in 𝑛 = 2 dimensions. With regards to the Three Questions:

1. Can we write ®𝑏 as a linear combination of ®𝑢 and ®𝑣?
If ®𝑏 =

[
7
6

]
, then the answer to the first question is yes, because we’ve shown that:

3®𝑢 − 1

2
®𝑣 =

[
7
6

]
Similarly, if ®𝑏 =

[
38
−24

]
, then the answer to the first question is also yes, because we’ve shown

that:
6®𝑢 + 5®𝑣 =

[
38
−24

]
If ®𝑏 is some other vector, the answer may be yes or no, for all we know right now.

2. If so, are the values of the scalars on ®𝑢 and ®𝑣 unique?

Not sure! It’s true that
[
7
6

]
= 3®𝑢 − 1

2 ®𝑣, but for all I know at this point, there could be other

scalars 𝑎1 ≠ 3 and 𝑎2 ≠ −1
2 such that:

𝑎1®𝑢 + 𝑎2®𝑣 =

[
7
6

]
(As it turns out, the answer is that the values 3 and −1

2 are unique – you’ll show why this is
the case in a following activity.)

3. What is the shape of the set of all possible linear combinations of ®𝑢 and ®𝑣?
Also not sure! I know that

[
7
6

]
and

[
38
−24

]
are both linear combinations of ®𝑢 and ®𝑣, and pre-

sumably there are many more, but I don’t know what they are.
(It turns out that any vector in R2 can be written as a linear combination of ®𝑢 and ®𝑣! Again,
you’ll show this in an activity.)

We’ll more comprehensively study the “Three Questions” starting in Chapter 4.1. I just wanted to
call them out for you here so that you know where we’re heading.



Chapter 3. Vectors 114

Example in 3D. Let’s move to 3D. Consider the vectors:

®𝑤 =


12
−4
6

 , ®𝑟 =

7
1
10


These are 𝑑 = 2 vectors, as before, but now in 𝑛 = 3 dimensions. What do some of their linear
combinations look like?

Rotate the plot above. You’ll see that all linear combinations of ®𝑤 and ®𝑟 lie on the same plane!
Think of this plane as a flat sheet of paper that is tilted to align with ®𝑤 and ®𝑟, that extends infinitely
in all directions. Soon, we will learn to call this plane the span of ®𝑤 and ®𝑟.
Is it the case that any two vectors in R3 together span a plane? Not necessarily: if the two vectors
point in the same direction, then they both lie on the same line, and so the set of all linear combi-

nation of the two vectors is just a line, not a plane. The vectors

1
2
3

 and

2
4
6

 are a good example of

this: any vector you can reach with a linear combination of these two vectors is a scalar multiple

of

1
2
3

 , since

2
4
6

 = 2


1
2
3

 . More on this in Chapter 4.

The Systems of Equations Perspective. To illuminate the connection between linear combina-

tions and systems of linear equations, I’d like to introduce another example. Let ®𝑥 =


3
−1
2

 and

®𝑦 =


1
4
3

 . ®𝑥 and ®𝑦 are both vectors in R3 and don’t point in the same direction (i.e. ®𝑦 is not a scalar

multiple of ®𝑥, and vice versa), so they span a plane.
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Suppose we’d like to write ®𝑏 =


9

−16
−1

 as a linear combination of ®𝑥 and ®𝑦. In other words, we want

to find scalars 𝑐 and 𝑑 such that:

𝑐 ®𝑥 + 𝑑 ®𝑦 =


9

−16
−1


To do so, we can write the vector equation above as:

3𝑐
−𝑐
2𝑐

 +

𝑑
4𝑑
3𝑑

 =


9

−16
−1


or 

3𝑐 + 𝑑
−𝑐 + 4𝑑
2𝑐 + 3𝑑

 =


9

−16
−1


This gives us a system of three equations with two unknowns, 𝑐 and 𝑑. There may or may not be
a solution to this system, but we can try to find one.

3𝑐 + 𝑑 = 9

−𝑐 + 4𝑑 = −16
2𝑐 + 3𝑑 = −1

We can solve this system using any method we’d like. Here, I’ll use substitution.
First, solve the first equation for 𝑑:

𝑑 = 9 − 3𝑐

Next, substitute this expression for 𝑑 into the second equation:

−𝑐 + 4(9 − 3𝑐) = −16
−𝑐 + 36 − 12𝑐 = −16

−13𝑐 + 36 = −16
−13𝑐 = −52

𝑐 = 4

Now, substitute 𝑐 = 4 back into the expression for 𝑑:

𝑑 = 9 − 3(4) = 9 − 12 = −3
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Is the solution (𝑐, 𝑑) = (4,−3) consistent? We can verify by substituting 𝑐 = 4 and 𝑑 = −3 back
into the original equation:

4


3
−1
2

 − 3


1
4
3

 =


9

−16
−1


So, indeed, 𝑐 = 4 and 𝑑 = −3 are the coefficients that allow us towrite


9

−16
−1

 as a linear combination

of

3
−1
2

 and

1
4
3

 . This tells us how much to take of

3
−1
2

 and

1
4
3

 to make

9

−16
−1

 .
To find these coefficients, we solved a system of three equations with two unknowns.

3𝑐 + 𝑑 = 9

−𝑐 + 4𝑑 = −16
2𝑐 + 3𝑑 = −1

Each of the three equations above is a line in the 𝑐𝑑-plane. The first one, 3𝑐+𝑑 = 9, can be rewritten
as 𝑑 = −3𝑐 + 9, which is a line with slope -3 and 𝑦-intercept 9, for instance.
What does this system look like in the 𝑐𝑑-plane?

The three lines in this system intersect at the point (4,−3), which is the solution to the system of
equations. Because all three lines intersect at a single point, there is a unique solution, meaning

there is only one way to write ®𝑏 =

9

−16
−1

 as a linear combination of ®𝑥 =


3
−1
2

 and ®𝑦 =


1
4
3

 .
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Another Example. To illustrate what could go wrong, let’s look at one final example. We’ll keep

the same ®𝑥 =


3
−1
2

 and ®𝑦 =


1
4
3

 , but choose a different “right-hand side” vector to create, say

®𝑏 =

9

−16
2


Then the constraint equations are

3𝑐 + 𝑑 = 9

−𝑐 + 4𝑑 = −16
2𝑐 + 3𝑑 = 2

Each pair of lines still intersects in the 𝑐𝑑-plane, but all three points of intersection are different. As
such, there are no scalars 𝑐 and 𝑑 such that

𝑐


3
−1
2

 + 𝑑

1
4
3

 =


9

−16
2


meaning that


9

−16
2

 cannot be written as a linear combination of

3
−1
2

 and

1
4
3

 .
So far, we’ve seen two cases:

• ®𝑏 could be written exactly one way as a linear combination of ®𝑥 and ®𝑦
• ®𝑏 could not be written as a linear combination of ®𝑥 and ®𝑦
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In Chapter 4, we’ll see that there’s a third case: ®𝑏 could be written in infinitely many ways as a
linear combination of ®𝑥 and ®𝑦.
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3.2. Norms
In Chapter 3.1, we defined the norm of a vector ®𝑣 as:

‖ ®𝑣‖ =
√
𝑣21 + 𝑣22 + · · · + 𝑣2𝑛 =

√√
𝑛∑
𝑖=1

𝑣2𝑖

Now that we know how to add and scale vectors, we should think about how the norm – i.e.,
the (geometric) length of a vector (not the number of components it has) – behaves under these
operations.

Properties of the Norm

The Three Properties

Recall, for ®𝑣 ∈ R𝑛 :

‖ ®𝑣‖ =
√
𝑣21 + 𝑣22 + · · · + 𝑣2𝑛 =

√√
𝑛∑
𝑖=1

𝑣2𝑖

Then, ‖ ®𝑣‖ satisfies:

1. ‖ ®𝑣‖ ≥ 0, and ‖ ®𝑣‖ = 0 if and only if ®𝑣 is the zero vector, ®0 =


0
0
...
0

 .
2. ‖ 𝑐®𝑣‖ = |𝑐|‖ ®𝑣‖ for all 𝑐 ∈ R.

3. ‖ ®𝑢 + ®𝑣‖ ≤ ‖ ®𝑢‖ + ‖ ®𝑣‖ .

Properties 1 and 2 are intuitive enough:

1. Property 1 states that it’s impossible for a vector to have a negative norm. To calculate the
norm a vector, we sum the squares of each of the vector’s components. As long as each
component 𝑣𝑖 is a real number, then 𝑣2𝑖 ≥ 0, and so

∑𝑛
𝑖=1 𝑣

2
𝑖 ≥ 0. The square root of a non-

negative number is always non-negative, so the norm of a vector is always non-negative. The
only case in which

∑𝑛
𝑖=1 𝑣

2
𝑖 = 0 is when each 𝑣𝑖 = 0, so the only vector with a norm of 0 is the

zero vector.

2. Property 2 states that scaling a vector by a scalar scales its norm by the absolute value of the
scalar. For instance, it’s saying that both 2®𝑣 and −2®𝑣 should be double the length of ®𝑣. See,
at this point, if you can prove why this is the case.
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Activity 1

Activity 1

Prove Property 2 of vector norms, i.e. that:

‖ 𝑐®𝑣‖ = |𝑐|‖ ®𝑣‖

Start by using the definition of the norm of the vector 𝑐®𝑣.
Once you’ve given it a shot, read the solution below.

Solution

As I suggested, let’s start by expanding the definition of ‖ 𝑐®𝑣‖ .

‖ 𝑐®𝑣‖ =
√
(𝑐𝑣1)2 + (𝑐𝑣2)2 + · · · + (𝑐𝑣𝑛)2

=
√
𝑐2𝑣21 + 𝑐2𝑣22 + · · · + 𝑐2𝑣2𝑛

=
√
𝑐2(𝑣21 + 𝑣22 + · · · + 𝑣2𝑛)

At this point, we’d like to remove the 𝑐2 from the square root. The issue is that 𝑐2 is a
non-negative number, but 𝑐 could either have been positive or negative. So, we need to
take the absolute value of 𝑐. (Remember,

√
𝑥2 = |𝑥| , not √𝑥 = 𝑥.)

Then:

‖ 𝑐®𝑣‖ =
√
𝑐2(𝑣21 + 𝑣22 + · · · + 𝑣2𝑛)

= |𝑐|
√
𝑣21 + 𝑣22 + · · · + 𝑣2𝑛︸                   ︷︷                   ︸

This is just ‖ ®𝑣‖ !
= |𝑐|‖ ®𝑣‖

So, we’ve shown that ‖ 𝑐®𝑣‖ = |𝑐|‖ ®𝑣‖ . Even though this fact may seem like it “just should
be true”, we need to be able to rigorously justify it, and we’ve now done just that.

The Triangle Inequality
Property 3 is a bit more interesting. As a reminder, it states that:

‖ ®𝑢 + ®𝑣‖ ≤ ‖ ®𝑢‖ + ‖ ®𝑣‖

This is a famous inequality, generally known as the triangle inequality, and it comes up all the
time in proofs. Intuitively, it says that the length of a sum of vectors cannot be greater than the
sum of the lengths of the individual vectors – or, more philosophically, a sum cannot be more than
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its parts. It’s called the triangle inequality because it’s a generalization of the fact that in a triangle,
the sum of the lengths of any two sides is greater than the length of the third side.
Above:

‖ ®𝑢‖ =
√
32 + 12 =

√
10

‖ ®𝑣‖ =
√
42 + (−6)2 = √

52

‖ ®𝑢 + ®𝑣‖ =
√
72 + (−5)2 = √

74

And indeed,
√
74 ≈ 8.6 is less than

√
10 + √

52 ≈ 10.4.
To prove that the triangle inequality holds in general, for any two vectors ®𝑢, ®𝑣 ∈ R𝑛 , we’ll need to
wait until Chapter 3.3. We don’t currently have any way to expand the norm ‖ ®𝑢 + ®𝑣‖ – but we’ll
develop the tools to do so soon. Just keep it in mind for now.

Activity 2

Activity 2

The triangle inequality says that:

‖ ®𝑢 + ®𝑣‖ ≤ ‖ ®𝑢‖ + ‖ ®𝑣‖

In the example above, we had
√
74 <

√
10 + √

52. In other words, there was strict inequality.
Find a pair of vectors ®𝑢, ®𝑣 (say, in R2) such that the triangle inequality achieves equality, i.e.
‖ ®𝑢 + ®𝑣‖ = ‖ ®𝑢‖ + ‖ ®𝑣‖ .
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Solution

One possible choice is:

®𝑢 =

[
1
2

]
, ®𝑣 =

[
2
4

]
Then:

‖ ®𝑢 + ®𝑣‖ =





[36]



 =
√
45 = 3

√
5

and:

‖ ®𝑢‖ + ‖ ®𝑣‖ =
√
5 + √

20 = 3
√
5

So, equality holds. Geometrically, the vectors point in the same direction, so placing
them head-to-tail gives a straight path. There’s no shorter route between the starting
and ending points.

Unit Vectors and the Norm Ball

Definition: Unit Vectors

A unit vector is a vector with a norm of 1, i.e. ‖ ®𝑣‖ = 1.

It’s common to use unit vectors to describe directions. I’ll use the same example as in Activity 1,

when this idea was first introduced. Consider the vector ®𝑥 =

[
12
5

]
. Its norm is ‖ ®𝑥‖ =

√
122 + 52 =

√
169 = 13 . (Youmight remember the (5, 12, 13) Pythagorean triple from high school algebra– but

that’s not important.)
There are plenty of vectors that point in the same direction as ®𝑥 – any vector 𝑐 ®𝑥 for 𝑐 > 0 does. (If
𝑐 < 0, then the vector 𝑐 ®𝑥 points in the opposite direction of ®𝑥.)
But among all those, the only one with a norm of 1 is 1

13
®𝑥. Property 2 of the norm tells us this.
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In general, if ®𝑣 is any vector, then:
®𝑣

‖ ®𝑣‖
is a unit vector in the same direction as ®𝑣. Sometimes, we say that ®𝑣

‖ ®𝑣‖ is a normalized version of ®𝑣.
Here’s where things get interesting. Let’s visualize a few vectors and their normalized versions:

®𝑢 =

[
3
1

]
=⇒ ®𝑢

‖ ®𝑢‖ =

[
3√
10
1√
10

]
®𝑣 =

[−6
−6

]
=⇒ ®𝑣

‖ ®𝑣‖ =

[ −1√
2−1√
2

]
®𝑤 =

[
7
−5

]
=⇒ ®𝑤

‖ ®𝑤‖ =

[
7√
74−5√
74

]
®𝑥 =

[−12
5

]
=⇒ ®𝑥

‖ ®𝑥‖ =

[−12
13
5
13

]
®𝑦 =

[−1
−6

]
=⇒ ®𝑦

‖ ®𝑦‖ =

[ −1√
37−6√
37

]
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What do these vectors all have in common, other than being unit vectors? They all lie on a circle
of radius 1, centered at (0, 0)!
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The circle shown above is called the norm ball of radius 1 in R2. It shows the set of all vectors
®𝑣 ∈ R2 such that ‖ ®𝑣‖ = 1. Using set notation, we might say:

{®𝑣 : ‖ ®𝑣‖ = 1, ®𝑣 ∈ R2}

That this looks like a circle is no coincidence. The condition ‖ ®𝑣‖ = 1 is equivalent to
√
𝑣21 + 𝑣22 = 1.

Squaring both sides, we get 𝑣21 + 𝑣22 = 1. This is the equation of a circle with radius 1 centered at
the origin.
In R3, the norm ball of radius 1 is a sphere, and in general, in R𝑛 , the norm ball of radius 1 is an
𝑛-dimensional sphere.

Activity 3

Activity 3

Find the unit vector that points in the same direction as ®𝑧 =

4
0
−3
−3

 .
Clearly write out all four of its components.
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Solution

First, compute the norm:

‖®𝑧‖ =
√
42 + 02 + (−3)2 + (−3)2 = √

34

Dividing each component by this positive number preserves direction and gives length
1:

®𝑧
‖®𝑧‖ =


4/√34

0

−3/√34
−3/√34


Indeed, the squared components sum to 16

34 + 0 + 9
34 + 9

34 = 1, so the norm is
√
1 = 1.

Other Norms
So far, we’ve only discussed one “norm” of a vector, sometimes called the 𝐿2 norm or Euclidean

norm. In general, if ®𝑣 ∈ R𝑛 is one vector, ®𝑣 =


𝑣1
𝑣2
...
𝑣𝑛

 , then its norm is:

‖ ®𝑣‖ =
√
𝑣21 + 𝑣22 + · · · + 𝑣2𝑛 =

√√
𝑛∑
𝑖=1

𝑣2𝑖

This is, by far, the most common and most relevant norm, and in many linear algebra classes, it’s
the only norm you’ll see. But inmachine learning, a few other norms are relevant, too, so I’ll briefly
discuss them here.

• The 𝐿1 or Manhattan norm of ®𝑣 is:

‖ ®𝑣‖1 = |𝑣1| + | 𝑣2| + · · · + | 𝑣𝑛 | =
𝑛∑
𝑖=1

|𝑣𝑖 |

It’s called the Manhattan norm because it’s the distance you would travel if you walked from
the origin to ®𝑣 in a grid of streets, where you can only move horizontally or vertically.

• The 𝐿∞ or maximum norm of ®𝑣 is:

‖ ®𝑣‖∞ = max
𝑖

|𝑣𝑖 |
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This is largest absolute value of any component of ®𝑣.
• For any 𝑝 ≥ 1, the 𝐿𝑝 norm of ®𝑣 is:

‖ ®𝑣‖ 𝑝 =
(
𝑛∑
𝑖=1

|𝑣𝑖 |𝑝
) 1
𝑝

Note that when 𝑝 = 2, this is the same as the 𝐿2 norm. For other values of 𝑝, this is a gener-
alization. Something to think about: why is there an absolute value in the definition?

All of these norms measure the length of a vector, but in different ways. This might ring a bell: we
saw very similar tradeoffs between squared and absolute losses in Chapter 1.
Believe it or not, all three of these norms satisfy the same “Three Properties” we discussed earlier.

Back to ®𝑥 =

[
12
5

]
. What are the 𝐿2, 𝐿1, and 𝐿∞ norms of ®𝑥?

Here:

• ‖ ®𝑥‖2 =
√
122 + 52 =

√
144 + 25 =

√
169 = 13

• ‖ ®𝑥‖1 = |12| + | 5| = 12 + 5 = 17

• ‖ ®𝑥‖∞ = max(|12| , |5|) = 12

Let’s revisit the idea of a norm ball. Using the standard 𝐿2 norm, the norm ball in R2 is a circle.
What does the norm ball look like for the 𝐿1 and 𝐿∞ norms? Or 𝐿𝑝 with an arbitrary 𝑝?
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The 𝐿1 norm ball looks like a diamond. Any vector with an 𝐿1 norm of 1 will lie on the boundary
of the ball. The 𝐿∞ norm ball looks like a square, and the 𝐿1.3 norm ball looks like a diamond with
rounded corners.
This is not the last you’ll see of these norm balls – in particular, in future machine learning courses,
you’ll see them again in the context of regularization, which is a technique for preventing overfit-
ting in our models.

The Default Norm is Still 𝐿2!

In general, assume that whenwe refer to the “norm” of a vector with no other specifications or
subscripts, we’re talking about the standard 𝐿2 norm that you’ve become familiar with here.
That is,

‖ ®𝑣‖ =
√
𝑣21 + 𝑣22 + · · · + 𝑣2𝑛 =

√√
𝑛∑
𝑖=1

𝑣2𝑖

is the default norm.

Activity 4

Activity 4

In the case of ®𝑥 =

[
12
5

]
, the 𝐿1 norm (12 + 5 = 17) is greater than the 𝐿2 norm (

√
122 + 52 =

√
169 = 13), i.e. ‖ ®𝑥‖1 > ‖ ®𝑥‖2.
1. Find a vector ®𝑦 ∈ R2 such that ‖ ®𝑦‖1 = ‖ ®𝑦‖2.
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2. Try and find a vector ®𝑧 ∈ R2 such that ‖®𝑧‖1 < ‖®𝑧‖2. What do you encounter?

3. Prove that ‖ ®𝑥‖2 ≤ √
𝑛‖ ®𝑥‖∞ for any vector ®𝑥 ∈ R𝑛 . (Hint: Start with the definition of

the 𝐿2 norm of ®𝑥, square it, and try and compare each element in the sum to the largest
element in the vector.)

Solution

1. Equality is possible. For instance, take ®𝑦 =

[
1
0

]
. Then ‖ ®𝑦‖1 = |1| + | 0| = 1 and

‖ ®𝑦‖2 =
√
12 + 02 = 1.

2. The 𝐿1 norm can’t be smaller than the 𝐿2 norm. To see why, write ®𝑧 =

[
𝑎
𝑏

]
and

compare the squares of the two norms:

‖®𝑧‖21 = (|𝑎| + | 𝑏|)2
= 𝑎2 + 2|𝑎|| 𝑏| + 𝑏2

≥ 𝑎2 + 𝑏2 = ‖®𝑧‖22
Taking square roots gives ‖®𝑧‖1 ≥ ‖ ®𝑧‖2. The extra term 2|𝑎|| 𝑏| explains why our search
can’t succeed.
3. Compare every component to the largest absolute component. By definition, ‖ ®𝑥‖∞ =
max𝑖 |𝑥𝑖 | . So, for every 𝑖, we have 𝑥2𝑖 ≤ ‖ ®𝑥‖2∞. Adding these 𝑛 inequalities gives:

‖ ®𝑥‖22 =
𝑛∑
𝑖=1

𝑥2𝑖 ≤
𝑛∑
𝑖=1

‖ ®𝑥‖2∞ = 𝑛‖ ®𝑥‖2∞

Taking square roots of both sides gives the desired result:

‖ ®𝑥‖2 ≤
√
𝑛‖ ®𝑥‖∞

np.linalg.norm and Vectorization
It’s been a while since we’ve experimented with numpy. A few things:

• As we’ve seen, arrays can be added element-wise by default.

• Arrays can also be multiplied by scalars out-of-the-box, meaning that linear combinations
of arrays (vectors) are easy to compute. The above two facts mean that array operations are
vectorized: they are applied to each element of the array in parallel, without needing to use
a for-loop.

• To compute the (𝐿2) norm of an array (vector), we can use np.linalg.norm.

Suppose you didn’t know about np.linalg.norm. There’s another way to compute the norm of an
array (vector), that doesn’t involve a for-loop. Follow the activity to discover it.
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Activity 5

Activity 5

In the cell above:

1. Write u ** 2. Squaring a vector is not an operation we’ve discussed (and isn’t an oper-
ation that exists in math), but numpy gives you back another array. What does this array
contain?

2. Using np.sum and the new array you just created, find the norm of u without using
np.linalg.norm.

3. Find the norm of 3 * u - 0.5 * v using the same technique, and make sure you get
the same result as was already displayed for you.

Solution

1. u ** 2 squares each component separately. Since u = np.array([3, 1]), the result
is array([9, 1]).
2. The norm is the square root of the sum of those squared components:

np.sqrt(np.sum(u ** 2))

This gives
√
32 + 12 =

√
10 ≈ 3.1623.

3. We can use exactly the same pattern for a linear combination:

np.sqrt(np.sum((3 * u - 0.5 * v) ** 2))

To check the result by hand:

3®𝑢 − 0.5®𝑣 =

[
9
3

]
−

[
2
−3

]
=

[
7
6

]
Its norm is

√
72 + 62 =

√
85 ≈ 9.2195, which is also what np.linalg.norm(3 * u - 0.5

* v) returns. The parentheses matter: we want to square the components of the entire
linear combination.

In general, we’ll want to avoid Python for-loops in our code when there are numpy-native alter-
natives, as these numpy functions are optimized to use C (the programming language) under the
hood for speed and memory efficiency.
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3.3. The Dot Product
Definitions
In Chapter 3.1, we learned how to add and scale vectors. The next natural operation is to consider
how to multiply two vectors together. Let’s start with a definition, and then make sense of it.

The Computational Definition.
Definition: Dot Product

Suppose ®𝑢, ®𝑣 ∈ R𝑛 , i.e. both are vectors with 𝑛 components.
Then, the dot product of ®𝑢 and ®𝑣, denoted by ®𝑢 · ®𝑣, is the scalar defined as follows:

®𝑢 · ®𝑣 =


𝑢1
𝑢2
...
𝑢𝑛

 ·

𝑣1
𝑣2
...
𝑣𝑛

 = 𝑢1𝑣1 + 𝑢2𝑣2 + · · · + 𝑢𝑛𝑣𝑛

I call this the computational definition because it’s the definition that’s easiest to compute. Let’s

work out an example. Consider the vectors ®𝑢 =

[
6
2

]
and ®𝑣 =

[
5
−3

]
. Their dot product is:

®𝑢 · ®𝑣 =

[
6
2

]
·
[
5
−3

]
= (6)(5) + (2)(−3) = 30 − 6 = 24

Note that the dot product is one number (24 here), not another vector.

Activity 1

Activity 1

Activity 1.1

Let ®𝑧 =

5
3
−1

 and ®1 =


1
1
1

 .
1. Find ®𝑧 · ®1.

2. In general, if 𝑧 ∈ R𝑛 is any vector, and ®1 =


1
1
...
1

 is a vector of all 1s with the same number

of components as ®𝑧, what is the value of:

®𝑧 · ®1

Activity 1.2
Dot products are useful for computing weighted averages. Let’s illustrate that here. In your
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freshman fall semester, you took the following courses and earned the following grades:

Course Grade Credits
EECS 245 4 (A+) 4
MATH 116 3.7 (A-) 3
EECS 201 0 (F) 1
DATASCI 101 3.3 (B+) 4

Find your GPA for the semester, and express it as a dot product between a grades vector ®𝑔
and a weights vector ®𝑤.

Solution

Activity 1.1

®𝑧 · ®1 = 5(1) + 3(1) + (−1)(1) = 7

More generally:

®𝑧 · ®1 = 𝑧1(1) + 𝑧2(1) + · · · + 𝑧𝑛(1) =
𝑛∑
𝑖=1

𝑧𝑖

So, taking the dot product with a vector of all 1s adds up the components.
Activity 1.2
A course withmore credits should contribute more to the GPA. There are 4+3+1+4 = 12
credits in total, so let:

®𝑔 =


4
3.7
0
3.3

 , ®𝑤 =


4/12
3/12
1/12
4/12


Then:

GPA = ®𝑔 · ®𝑤 =
4(4) + 3.7(3) + 0(1) + 3.3(4)

12
=

40.3
12

≈ 3.36

Notice that the weights sum to 1. Dividing by 12 is what turns the total grade points into
a weighted average.

What does the dot product of 24 tell us about ®𝑢 and ®𝑣?
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On its own, 24 doesn’t mean much. Let’s imagine we keep ®𝑣 fixed, and move ®𝑢 around. What do
you notice about the resulting dot products?
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It seems like the dot product has something to do with the angle between ®𝑢 and ®𝑣:
• When ®𝑢 ·®𝑣 is large and positive, it seems like the two vectors are pointing in the same direction.

(The larger the dot product, the more aligned they are.)

• When ®𝑢 · ®𝑣 is large and negative, it seems like the two vectors are pointing in opposite direc-
tions.

• When ®𝑢 · ®𝑣 is 0, it seems like the two vectors are perpendicular.

In fact, there’s another equivalent definition of the dot product that makes this relationship ex-
plicit.

The Geometric Definition.
Definition: Geometric Definition of Dot Product

Suppose ®𝑢, ®𝑣 ∈ R𝑛 , i.e. both are vectors with 𝑛 components.
The dot product can also be computed as:

®𝑢 · ®𝑣 =


®𝑢

 

®𝑣

 cos𝜃

where 𝜃 is the angle between ®𝑢 and ®𝑣.
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Activity 2

Activity 2

The fact that the two definitions of the dot product are equivalent allows us to use the dot
product to find the angle between two vectors.

Let ®𝑤 =


5
0
−4

 and ®𝑥 =


9
1
2

 .
1. Find the dot product between ®𝑤 and ®𝑥.
2. Find the angle between ®𝑤 and ®𝑥. Leave your answer in the form cos−1(·).
Solution

1. ®𝑤 · ®𝑥 =


5
0
−4

 ·

9
1
2

 = 5 · 9 + 0 · 1 + (−4) · 2 = 45 − 8 = 37.

2. Since ®𝑤 · ®𝑥 = 37, and ®𝑤 · ®𝑥 =


 ®𝑤

 

®𝑥

 cos𝜃, we have

37 = ‖ ®𝑤‖‖ ®𝑥‖ cos𝜃
=⇒ cos𝜃 =

37

‖ ®𝑤‖‖ ®𝑥‖
=

37√
52 + 02 + (−4)2√92 + 12 + 22

=
37√
41
√
86

=⇒ 𝜃 = cos−1
(

37√
41
√
86

)

To prove why these two definitions are equivalent, we’ll need to learn a bit more about the prop-
erties of the dot product. For now, let’s just try and interpret this new formula. Here are both
definitions of the dot product, for two vectors ®𝑢 and ®𝑣:

®𝑢 · ®𝑣 = 𝑢1𝑣1 + 𝑢2𝑣2 + · · · + 𝑢𝑛𝑣𝑛
=



®𝑢

 

®𝑣

 cos𝜃
How does the function cos𝜃 behave? Remember, 𝜃 is the angle between the two vectors.
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This explains what we saw in the earlier grid, which contained four pairs of vectors along with
their dot products. To recap the logic:

two vectors point
in similar directions =⇒ 𝜃 small =⇒ cos𝜃 close to 1 =⇒ dot product large

Broadly, the larger the dot product of two vectors is, the more similar they are!
There’s another hugely important property that the plot of cos𝜃 reveals. Hugely.

Orthogonal Vectors.
Definition: Orthogonal Vectors

Vectors ®𝑢, ®𝑣 ∈ R𝑛 are orthogonal if their dot product is 0:

®𝑢 · ®𝑣 = 0

Orthogonal is just a fancy word for perpendicular. Both words mean that the two vectors are at a
right angle (90º) to each other.

As an example in R2, the vectors ®𝑢 =

[
1
2

]
and ®𝑣 =

[−10
5

]
are orthogonal:

• Computationally, ®𝑢 · ®𝑣 = (1)(−10) + (2)(5) = −10 + 10 = 0.

• Geometrically, the angle between them is 90 degrees, so cos𝜃 = 0, meaning ®𝑢·®𝑣 =


®𝑢



®𝑣

 cos𝜃 =

0.
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For an example in R3, the vectors ®𝑤 =


3
6
2

 and ®𝑟 =

−5
2
3
2

 are also orthogonal:

• Computationally, ®𝑤 · ®𝑟 = (3)(−5) + (6)(2) + (2)(32 ) = −15 + 12 + 3 = 0.

• Geometrically, the angle between them is 90 degrees, so cos𝜃 = 0, meaning ®𝑤·®𝑟 = 

 ®𝑤



®𝑟

 cos𝜃 =
0.

®𝑤 · ®𝑟 = 0



Chapter 3. Vectors 138

What does a right angle look like in 4 or higher dimensions? I’m not sure, but that’s the beauty
of abstraction once again – this definition of orthogonality works in any dimension, just like our
definitions of the dot product. If two vectors are orthogonal, I like thinking of them as being “as
different as possible”, in contrast to two vectors that point in the same direction.
Orthogonality, as it turns out, is crucial to our goal of framing the linear regression problem in
terms of linear algebra. I’m not a big proponent of asking you to memorize things (I’d rather you
internalize them through practice!), but the definition of orthogonality is one that you need to
remember.

Activity 3

Activity 3

Activity 3.1

Find a value of 𝑘 such that the vectors ®𝑢 =


9
−2
1

 and ®𝑣 =


1
𝑘
3

 are orthogonal.

Is this value of 𝑘 unique?
Activity 3.2

Find a vector that is orthogonal to both ®𝑢 =


1
−2
4

 and ®𝑣 =


3
−1
9

 . In R3, what does this new

vector look like, relative to ®𝑢 and ®𝑣?
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When you say ”orthogonal” instead of ”perpendicular” pic.twitter.com/1pJidKFIrq

Figure 3.1: *
MathMatize Memes (@MathMatize) January 22, 2026

Solution

Activity 3.1
The vectors are orthogonal exactly when their dot product is 0:

9(1) + (−2)𝑘 + 1(3) = 0 =⇒ 12 − 2𝑘 = 0 =⇒ 𝑘 = 6

This value is unique, since the equation 12 − 2𝑘 = 0 has just one solution.
Activity 3.2

Let’s call the vector we’re looking for

𝑎
𝑏
𝑐

 . Being orthogonal to both given vectors means:

𝑎 − 2𝑏 + 4𝑐 = 0, 3𝑎 − 𝑏 + 9𝑐 = 0

Subtracting three times the first equation from the second gives 5𝑏 − 3𝑐 = 0. We can
choose 𝑐 = 5, which gives 𝑏 = 3. The first equation then gives 𝑎 − 6 + 20 = 0, so 𝑎 = −14.

Thus, one possible answer is

−14
3
5

 . Let’s check both dot products:

−14 − 6 + 20 = 0, −42 − 3 + 45 = 0

Geometrically, this vector sticks out perpendicular to the plane containing the two given
vectors. Any non-zero scalar multiple of it also works.

Properties of the Dot Product

Properties of the Dot Product

Recall, for any vectors ®𝑢, ®𝑣 ∈ R𝑛 , the dot product is defined as:

®𝑢 · ®𝑣 = 𝑢1𝑣1 + 𝑢2𝑣2 + · · · + 𝑢𝑛𝑣𝑛
=



®𝑢

 

®𝑣

 cos𝜃
The dot product satisfies the following properties:

• Commutative property: ®𝑢 · ®𝑣 = ®𝑣 · ®𝑢

https://t.co/1pJidKFIrq
https://twitter.com/MathMatize/status/2014385256237818184?ref_src=twsrc%5Etfw
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• Distributive property: ®𝑢 · (®𝑣 + ®𝑤) = ®𝑢 · ®𝑣 + ®𝑢 · ®𝑤
• Associative property with respect to a scalar: 𝑐(®𝑣 · ®𝑤) = (𝑐®𝑣) · ®𝑤 = ®𝑣 · (𝑐 ®𝑤)

We’ve already taken the commutative property for granted (the angle between ®𝑢 and ®𝑣 is the same
as the angle between ®𝑣 and ®𝑢), and we’re about to see a powerful application of the distributive
property (though it’s a good exercise to see if you can verify it yourself).
Let me comment on the last property, the associativity of the dot product with respect to a scalar.
In standard multiplication, the associativity property for scalars 𝑎, 𝑏, 𝑐 ∈ R says that 𝑎𝑏𝑐 = (𝑎𝑏)𝑐 =
𝑎(𝑏𝑐). However, this does not hold for the dot product, because the dot product of three vectors
has no meaning! Instead, the modified associativity property for the dot product concerns itself
with two vectors and a scalar.

Activity 4

Activity 4

Suppose the dot product of ®𝑥 and ®𝑦 is 10, and the angle between ®𝑥 and ®𝑦 is 30º.

1. What is the dot product of 2®𝑥 and 3®𝑦?
2. What is the angle between 2®𝑥 and 3®𝑦?
3. What is the angle between 2®𝑥 and −3®𝑦?
Solution

1. Scalars can be pulled out of the dot product:

(2®𝑥) · (3®𝑦) = 2(3)(®𝑥 · ®𝑦) = 6(10) = 60

2. Multiplying by a positive scalar changes a vector’s length but preserves its direction.
Neither vector changes direction, so the angle stays 30◦ .
3. Multiplying ®𝑦 by a negative scalar reverses its direction. The new angle is therefore
180◦ − 30◦ = 150◦ .
We can also check the last answer using the geometric definition: the dot product changes
sign, while the product of the norms stays the same as in part 1. So, the cosine changes
from cos 30◦ to − cos 30◦ = cos 150◦.

Dot Product and the Vector Norm. What is the dot product of a vector with itself? If ®𝑣 ∈ R𝑛 ,
then:

®𝑣 · ®𝑣 = 𝑣1𝑣1 + 𝑣2𝑣2 + · · · + 𝑣𝑛𝑣𝑛
= 𝑣12 + 𝑣22 + · · · + 𝑣𝑛2
=



®𝑣

2
The fact that ®𝑣 · ®𝑣 =



®𝑣

2 unlocks a variety of powerful analyses, and it’s such a core definition
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that I’ve boxed it.
For example, we now have the tools to prove that the geometric cosine definition of the dot product
is equal to the computational definition! Let’s try and show that:

𝑢1𝑣1 + 𝑢2𝑣2 + · · · + 𝑢𝑛𝑣𝑛 =


®𝑢

 

®𝑣

 cos𝜃

Let’s consider two arbitrary vectors in R𝑛 , ®𝑢 and ®𝑣. (I’ve drawn them below as vectors in R2, but
we won’t assume anything in particular about two dimensional space, and we won’t put specific
numbers to them, since our proof should be general.)
Along with them, let’s consider their difference, ®𝑢 − ®𝑣. This step may seem arbitrary, but we’ll see
why it’s useful soon.

A confusing concept is whether the tip of the vector ®𝑢−®𝑣 should be at the tip of ®𝑢 or the tip of ®𝑣. To
verify that the above diagram is correct, note that if you walk along the length of ®𝑣, then along the
length of ®𝑢 − ®𝑣, you end up at the tip of ®𝑢, which matches what we’d expect from the expression
®𝑣 + (®𝑢 − ®𝑣) = ®𝑢.
I’d like to try and find an expression involving 𝜃 (the angle between ®𝑢 and ®𝑣) and the dot product
of ®𝑢 and ®𝑣, without using the cosine definition of the dot product (since that’s what I’m trying to
prove).

1. First, let’s consider a rule we perhaps haven’t touched in a few years: the cosine law. The
cosine law says that for any triangle with sides of length 𝑎, 𝑏, and 𝑐, with an angle of 𝐶
opposite side 𝑐,

𝑐2 = 𝑎2 + 𝑏2 − 2𝑎𝑏 cos𝐶

We can apply this rule to the triangle formed by ®𝑢, ®𝑣, and ®𝑢−®𝑣 (the dashed line in the diagram
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above). The cosine law tells us that

‖ ®𝑢 − ®𝑣‖2 = ‖ ®𝑢‖2 + ‖®𝑣‖2 − 2‖ ®𝑢‖‖ ®𝑣‖ cos𝜃

There’s not much more I can do with this right now.

2. Above, it’d be nice to have an expression for ‖ ®𝑢 − ®𝑣‖2 that involves the dot product of ®𝑢 and
®𝑣. Let’s try and find one. I will use the fact that ‖ ®𝑢 − ®𝑣‖2 = (®𝑢 − ®𝑣) · (®𝑢 − ®𝑣).

‖ ®𝑢 − ®𝑣‖2 = (®𝑢 − ®𝑣) · (®𝑢 − ®𝑣)
= ®𝑢 · ®𝑢 −®𝑢 · ®𝑣 − ®𝑣 · ®𝑢︸          ︷︷          ︸

why are both terms are the same?

+®𝑣 · ®𝑣

= ®𝑢 · ®𝑢 − 2®𝑢 · ®𝑣 + ®𝑣 · ®𝑣
= ‖ ®𝑢‖2 + ‖®𝑣‖2 − 2®𝑢 · ®𝑣

Let’s take a step back. Independently, we’ve found two expressions for ‖ ®𝑢 − ®𝑣‖2:
1. ‖ ®𝑢 − ®𝑣‖2 = ‖ ®𝑢‖2 + ‖®𝑣‖2 − 2‖ ®𝑢‖‖ ®𝑣‖ cos𝜃
2. ‖ ®𝑢 − ®𝑣‖2 = ‖ ®𝑢‖2 + ‖®𝑣‖2 − 2®𝑢 · ®𝑣

These must be equal! Equating the two expressions on the right-hand sides gives us

‖ ®𝑢‖2 + ‖®𝑣‖2 − 2‖ ®𝑢‖‖ ®𝑣‖ cos𝜃 = ‖ ®𝑢‖2 + ‖®𝑣‖2 − 2®𝑢 · ®𝑣

Subtracting the common terms from both sides gives us

−2‖ ®𝑢‖‖ ®𝑣‖ cos𝜃 = −2®𝑢 · ®𝑣

And finally, dividing both sides by -2 gives us

‖ ®𝑢‖‖ ®𝑣‖ cos𝜃 = ®𝑢 · ®𝑣

This completes the proof that the two formulas for the dot product are equivalent! This is an
extremely important proof, and proofs of this type will appear in labs, homeworks, and exams
moving forward. You’re not expected to remember the cosine law from memory, but given the
cosine law, you eventually will need to be able to produce something like this on your own.
An implication of this equality, as we saw in Activity 2, is that the angle between ®𝑢 and ®𝑣 can be
found by using

cos𝜃 =
®𝑢 · ®𝑣

®𝑢

 

®𝑣



There are some important interpretations of the expression ®𝑢·®𝑣
‖ ®𝑢‖‖ ®𝑣‖ .
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In machine learning, we often call it the cosine similarity between ®𝑢 and ®𝑣, because it is the cosine
of the angle between the two vectors. A cosine similarity value of 1 implies that the vectors point
in the same direction; a value of -1 implies that they point in opposite directions, and a value of 0
implies that they are orthogonal. The main idea is that dot products help measure similarity.
The cosine similarity can also be thought of as a normalized dot product, where we start by the
dot product and divide by the product of the norms of the two vectors. You can also view it as the
dot product of unit vectors ®𝑈 = ®𝑢

‖ ®𝑢‖ and ®𝑉 = ®𝑣
‖ ®𝑣‖ .

Note that cosine similarity ranges between -1 and 1 (like the correlation coefficient!), while the
dot product ranges between −‖ ®𝑢‖‖ ®𝑣‖ and ‖ ®𝑢‖‖ ®𝑣‖ . This means that we can compare the cosine
similarities of several pairs of vectors together; the “normalization” by the norms of the vectors
allows us to make meaningful comparisons, independent of the norms of the vectors. (If we didn’t
normalize, then the dot product of two vectors with large norms would always be larger than the
dot product of two vectors with small norms, even if the two vectors with largemagnitudesweren’t
very similar.)

Activity 5

Activity 5

If ‖ ®𝑥‖ = 5 and ‖ ®𝑦‖ = 12, what is the largest possible value of ®𝑥 · ®𝑦? What is the smallest
possible value?
(Taken from Gilbert Strang’s Linear Algebra book.)

Solution

The largest possible dot product is 60 , and the smallest is −60 .
Using the geometric definition:

®𝑥 · ®𝑦 = ‖ ®𝑥‖‖ ®𝑦‖ cos𝜃 = 5(12) cos𝜃 = 60 cos𝜃

Since −1 ≤ cos𝜃 ≤ 1, the dot product must lie between -60 and 60.
Both extremes are possible. If the vectors point in the same direction, 𝜃 = 0◦ and the dot
product is 60. If they point in opposite directions, 𝜃 = 180◦ and the dot product is -60.

Cauchy-Schwarz and Triangle Inequalities. In Chapter 3.1, I stated – without proof! – that the
vector norm satisfies the triangle inequality, which says that for any vectors ®𝑢 and ®𝑣 in R𝑛 ,

®𝑢 + ®𝑣

 ≤ 

®𝑢

 + 

®𝑣


Remember, intuitively, this says that the length of one side of a triangle cannot be longer than the
sum of the lengths of the other two sides, if you consider the triangle formed by ®𝑢, ®𝑣, and ®𝑢 + ®𝑣.
We now have the tools to prove this. But first, let me start by introducing a new inequality, the
Cauchy-Schwarz inequality. This inequality says that for any vectors ®𝑢 and ®𝑣 in R𝑛 ,
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| ®𝑢 · ®𝑣| ≤ 

®𝑢

 

®𝑣


Gilbert Strang’s book calls the Cauchy-Schwarz inequality the most important inequality in math-
ematics, and the instructors of future machine learning courses specifically requested for us to put
it in EECS 245.
Why is the Cauchy-Schwarz inequality true? Try and reason about it yourself.

Solution

The geometric definition of the dot product says

®𝑢 · ®𝑣 =


®𝑢

 

®𝑣

 cos𝜃

Since −1 ≤ cos𝜃 ≤ 1, we have that:

− 

®𝑢

 

®𝑣

 ≤ ®𝑢 · ®𝑣 ≤ 

®𝑢

 

®𝑣


Or, in equivalently,

| ®𝑢 · ®𝑣| ≤ 

®𝑢

 

®𝑣


Here’s a video with a proof that doesn’t involve geometry.
Equipped with the Cauchy-Schwarz inequality, we can now prove the triangle inequality. I want
to show that ‖ ®𝑢 + ®𝑣‖ ≤ ‖ ®𝑢‖ + ‖ ®𝑣‖ .
Let me start by expanding ‖ ®𝑢 + ®𝑣‖2:

‖ ®𝑢 + ®𝑣‖2 = (®𝑢 + ®𝑣) · (®𝑢 + ®𝑣)
= ‖ ®𝑢‖2 + 2®𝑢 · ®𝑣 + ‖®𝑣‖2

We can’t use the Cauchy-Schwarz inequality here just yet, because it says something about | ®𝑢 · ®𝑣|
but there isn’t an absolute value around ®𝑢 · ®𝑣 above. But, we can use the fact that:

𝑥 ≤ |𝑥|

for any and all 𝑥 ∈ R. (The absolute value is just 𝑥 if 𝑥 is positive, and is still positive even when 𝑥
is negative, so |𝑥| can never be less than 𝑥.)
Applying this to ®𝑢 · ®𝑣, we get:

®𝑢 · ®𝑣 ≤ | ®𝑢 · ®𝑣|

Then, from the Cauchy-Schwarz inequality, we know that:

https://www.khanacademy.org/math/linear-algebra/vectors-and-spaces/dot-cross-products/v/proof-of-the-cauchy-schwarz-inequality
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| ®𝑢 · ®𝑣| ≤ 

®𝑢

 

®𝑣


Putting these two inequalities together, we get:

®𝑢 · ®𝑣 ≤ 

®𝑢

 

®𝑣


Back to the main proof. Using the most recent inequality above, we have:

‖ ®𝑢 + ®𝑣‖2 = (®𝑢 + ®𝑣) · (®𝑢 + ®𝑣)
= ‖ ®𝑢‖2 + 2®𝑢 · ®𝑣 + ‖®𝑣‖2
≤ ‖ ®𝑢‖2 + 2



®𝑢

 

®𝑣

 + ‖®𝑣‖2
=

(‖ ®𝑢‖ + ‖ ®𝑣‖ )2
Taking the square root of both sides, we get:

‖ ®𝑢 + ®𝑣‖ ≤ ‖ ®𝑢‖ + ‖ ®𝑣‖

This completes the proof of the triangle inequality!

Recap

• The Cauchy-Schwarz inequality says that | ®𝑢 · ®𝑣| ≤ ‖ ®𝑢‖‖ ®𝑣‖ .
• The triangle inequality says that ‖ ®𝑢 + ®𝑣‖ ≤ ‖ ®𝑢‖ + ‖ ®𝑣‖ .

Both of these inequalities are true for any vectors ®𝑢, ®𝑣 ∈ R𝑛 . However:

• The Cauchy-Schwarz inequality, the way we’ve presented it, is true only in general for
the 𝐿2 norm. The dot product and 𝐿2 norm have a close relationship, and we derived
the Cauchy-Schwarz inequality using the geometric definition of the dot product.

• The triangle inequality is true for any vector norm. Here, we’ve discussed it for the
𝐿2 norm, but it’s true for 𝐿1, 𝐿∞, and any other norm. (In fact, it’s one of the defining
properties of a norm!)

Activity 6

Activity 6

1. What must be true about ®𝑢 and ®𝑣 if equality holds in the Cauchy-Schwarz inequality?
That is, if | ®𝑢 · ®𝑣| = ‖ ®𝑢‖‖ ®𝑣‖ , what relationship do ®𝑢 and ®𝑣 have?

2. What must be true about ®𝑢 and ®𝑣 if equality holds in the triangle inequality? That is, if
‖ ®𝑢 + ®𝑣‖ = ‖ ®𝑢‖ + ‖ ®𝑣‖ , what relationship do ®𝑢 and ®𝑣 have? In what case is there equality
for Cauchy-Schwarz but NOT the triangle inequality?
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Solution

First, if either vector is ®0, both inequalities are equalities. Now, suppose both vectors
are non-zero so that we can talk about the angle 𝜃 between them.
1. Cauchy-Schwarz. The geometric definition gives:

| ®𝑢 · ®𝑣| = ‖ ®𝑢‖‖ ®𝑣‖| cos𝜃|

Equality holds exactly when | cos𝜃| = 1, i.e. when 𝜃 is 0◦ or 180◦. So, the vectors must
point in the same or opposite directions: one is a scalar multiple of the other.
2. The triangle inequality. Squaring both sides of the desired equality gives:

‖ ®𝑢‖2 + 2®𝑢 · ®𝑣 + ‖®𝑣‖2 = ‖ ®𝑢‖2 + 2‖ ®𝑢‖‖ ®𝑣‖ + ‖ ®𝑣‖2

Canceling common terms leaves ®𝑢 · ®𝑣 = ‖ ®𝑢‖‖ ®𝑣‖ , so cos𝜃 = 1. The vectors must point in
the same direction.
The difference is what happens with opposite directions. For example, let ®𝑢 =

[
1
0

]
and

®𝑣 =

[−1
0

]
. Then:

| ®𝑢 · ®𝑣| = 1 = ‖ ®𝑢‖‖ ®𝑣‖

but:

‖ ®𝑢 + ®𝑣‖ = 0 < 2 = ‖ ®𝑢‖ + ‖ ®𝑣‖

Activity 7

Activity 7

Let ®𝑢 =

[√
𝑎√
𝑏

]
and ®𝑣 =

[√
𝑏√
𝑎

]
.

Using the Cauchy-Schwarz inequality, prove that the geometric mean of 𝑎 and 𝑏 is less than
or equal to the arithmetic mean of 𝑎 and 𝑏.
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Solution

For 𝑎, 𝑏 ≥ 0, we want to show that
√
𝑎𝑏 ≤ 𝑎+𝑏

2 . Let’s compute the pieces of the Cauchy-
Schwarz inequality using the given vectors.
Their dot product is:

®𝑢 · ®𝑣 =
√
𝑎
√
𝑏 + √

𝑏
√
𝑎 = 2

√
𝑎𝑏

Their norms are equal:

‖ ®𝑢‖ =
√
𝑎 + 𝑏, ‖ ®𝑣‖ =

√
𝑏 + 𝑎

Substituting into | ®𝑢 · ®𝑣| ≤ ‖ ®𝑢‖‖ ®𝑣‖ gives:

2
√
𝑎𝑏 ≤ √

𝑎 + 𝑏√𝑎 + 𝑏 = 𝑎 + 𝑏

Finally, divide both sides by 2:

√
𝑎𝑏︸︷︷︸

geometric mean

≤ 𝑎 + 𝑏
2︸︷︷︸

arithmetic mean

The given vectors were chosen so that their dot product contains the geometric mean,
while the product of their norms contains the arithmetic mean.
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3.4. Projecting onto a Single Vector
The Approximation Problem
Suppose ®𝑢 and ®𝑣 are any two vectors in R𝑛 . (When I say this, I just mean that they both have the
same number of components.)
Let’s think about all possible vectors of the form 𝑘®𝑣, where 𝑘 can be any scalar. Any vector of the
form 𝑘®𝑣 is a scalar multiple of ®𝑣, and points in the same direction as ®𝑣 (if 𝑘 > 0) or the opposite
direction (if 𝑘 < 0). What is different about these scalar multiples is how long they are.

The Approximation Problem

Among all vectors of the form 𝑘®𝑣, which one is closest to ®𝑢?

To get a sense of what I mean by this, play with the slider for 𝑘 below. There are three vectors being
visualized: some ®𝑢, some ®𝑣, and 𝑘®𝑣, which depends on the value of 𝑘 you choose.

Notice that the set of vectors of the form 𝑘®𝑣 fill out a line. So really, what we’re asking is which
vector on this line is closest to ®𝑢.
In terms of angles, if 𝜃 is the angle between ®𝑢 and ®𝑣, then the angle between ®𝑢 and 𝑘®𝑣 is either 𝜃
(if 𝑘 > 0) or 180◦ − 𝜃 (if 𝑘 < 0). So changing 𝑘 doesn’t change how “similar” ®𝑢 and 𝑘®𝑣 are in the
cosine similarity sense.
But, some choices of 𝑘 will make 𝑘®𝑣 closer to ®𝑢 than others. I call this the approximation prob-
lem: how well can we recreate, or approximate, ®𝑢 using a scalar multiple of ®𝑣? It turns out that
linear regression is intimately related to this problem. Previously, we were trying to approximate
commute times as best as we could using a linear function of departure times.
Let’s be more precise by what we mean by “closer”. For any value of 𝑘, we can measure the error
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of our approximation by the length of the error vector, ®𝑒 = ®𝑢 − 𝑘®𝑣.

Continue to play with the slider above for 𝑘. How do you get the length of the error vector to be
as small as possible?
Intuitively, it seems that to get the error vector ®𝑒 to be as short as possible, we should make it
orthogonal to ®𝑣. Since we can control 𝑘, we can control ®𝑢 − 𝑘®𝑣, so we can make the error vector
orthogonal to ®𝑣 by choosing the right 𝑘.

Orthogonal Projections
Our goal is to minimize the length of the error vector ‖ ®𝑒‖ .

‖ ®𝑒‖

This is the same as minimizing

‖ ®𝑢 − 𝑘®𝑣‖

One way to approach this problem is to treat the above expression as a function of 𝑘 and find the
value of 𝑘 that minimizes it through calculus. You’ll do this in Homework 3. I’ll show you a more
geometric approach here.
We’ve guessed, but not yet shown that the shortest possible error vector is the one that is orthogonal
to ®𝑣. Let 𝑘𝑜 be the value of 𝑘 that makes the error vector ®𝑒𝑜 = ®𝑢 − 𝑘𝑜®𝑣 orthogonal to ®𝑣. Here, we’ll
prove that 𝑘𝑜 is the “best” choice of 𝑘 by showing that any other choice of 𝑘 will result in an error
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vector that is longer than ®𝑒𝑜 .
For comparison, let 𝑘′ be some other value of 𝑘, and let its error vector be ®𝑒′ = ®𝑢 − 𝑘′®𝑣.

I’ve drawn 𝑘′®𝑣 in gray. Arbitrarily, I’ve shown it as being shorter than 𝑘𝑜®𝑣, but I could have drawn
it as being longer and the argument would be the same. The prime has nothing to do with deriva-
tives, by the way – it’s just a new variable.
The vectors 𝑘′®𝑣 and 𝑘𝑜®𝑣, alongwith their corresponding error vectors, create a right-angled triangle,
shaded in gold above. This triangle has a hypotenuse of ®𝑒′ and legs of ®𝑒𝑜 and 𝑘′®𝑣 − 𝑘𝑜®𝑣.
Applying the Pythagorean theorem to this triangle gives us

‖ ®𝑒′‖2 = ‖ ®𝑒𝑜‖2 + ‖ 𝑘′®𝑣 − 𝑘𝑜®𝑣‖2︸         ︷︷         ︸
>0

‖ 𝑘′®𝑣 − 𝑘𝑜®𝑣‖2 ≥ 0, with equality only when we choose 𝑘′ = 𝑘𝑜 , but we’ve assumed that 𝑘′ ≠ 𝑘𝑜 .
This implies that

‖ ®𝑒′‖2 = ‖ ®𝑒𝑜‖2 + some positive number

which means that ‖ ®𝑒′‖2 > ‖ ®𝑒𝑜‖2.
In other words, if 𝑘′ ≠ 𝑘𝑜 , then ‖ ®𝑒′‖ > ‖ ®𝑒𝑜‖ . Thus, the error vector ®𝑒𝑜 is shorter than any other error
vector ®𝑒′, and the best choice of 𝑘 is 𝑘𝑜!
What was the point of all this again?
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The Approximation Problem

Among all vectors of the form 𝑘®𝑣, which one is closest to ®𝑢?

We know that the answer is 𝑘∗®𝑣, where 𝑘∗ is the value of 𝑘 that makes the error vector ®𝑒 = ®𝑢 − 𝑘∗®𝑣
orthogonal to ®𝑣. (I’ve switched from calling this optimal scalar 𝑘𝑜 to 𝑘∗; 𝑘𝑜 was a name I used in
the proof above, but more generally, “optimal” values are starred for our purposes).
Let’s now find the value of 𝑘∗, in terms of just ®𝑢 and ®𝑣. If ®𝑒 is orthogonal to ®𝑣, then ®𝑣 · ®𝑒 = 0.

®𝑣 · ®𝑒 = 0

®𝑣 · (®𝑢 − 𝑘∗®𝑣) = 0

®𝑣 · ®𝑢 − ®𝑣 · 𝑘∗®𝑣 = 0

®𝑣 · ®𝑢 − 𝑘∗(®𝑣 · ®𝑣) = 0

®𝑣 · ®𝑢 = 𝑘∗(®𝑣 · ®𝑣)

𝑘∗ = ®𝑢 · ®𝑣
®𝑣 · ®𝑣

The boxed value above is a scalar. It tells us the optimal amount to multiply ®𝑣 by to get the best
approximation of ®𝑢. Once we multiply that boxed scalar, 𝑘∗, by the vector ®𝑣, we get what’s called
the orthogonal projection of ®𝑢 onto ®𝑣.

Definition: Orthogonal Projection

Suppose ®𝑢 and ®𝑣 are vectors in R𝑛 . The orthogonal projection of ®𝑢 onto ®𝑣 is the vector

®𝑝 =

( ®𝑢 · ®𝑣
®𝑣 · ®𝑣

)
®𝑣

Among all vectors of the form 𝑘®𝑣, ®𝑝 above is the one that is closest to ®𝑢.
Why “orthogonal projection”? “Orthogonal” comes from the fact that ®𝑝’s error vector ®𝑒 = ®𝑢 − ®𝑝 is
orthogonal to ®𝑣. “Projection” comes from the intuition you should have that ®𝑝 is the shadow of ®𝑢
onto ®𝑣.
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We’ve defined the error vector as ®𝑒 = ®𝑢 − ®𝑝, and we know that ®𝑒 is orthogonal to ®𝑣. Rearranging
the definition of the error vector gives us

®𝑢 = ®𝑝︸︷︷︸
parallel to ®𝑣

+ ®𝑒︸︷︷︸
orthogonal to ®𝑣

All this says is that ®𝑢 is the sum of:

• ®𝑝, which is parallel to ®𝑣 (by definition of orthogonal projection)

• ®𝑒, which is orthogonal to ®𝑣 (by definition of error vector)

Sometimes, we call this the orthogonal decomposition of ®𝑢with respect to ®𝑣. I’ll speakmore about
decompositions later in this section.

Examples
Let’s make things concrete by working through several examples. Each one was carefully chosen
to illustrate something in particular.
We will work through several of these examples in lecture; attempt the ones that we don’t on your
own.

Example: Fundamentals. Let ®𝑢 =


1
2
2

 and ®𝑣 =


1
1
1

 .
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1. Find the orthogonal projection of ®𝑢 onto ®𝑣.
2. Find the error vector, i.e. the vector ®𝑒 = ®𝑢 − ®𝑝, and verify that it is orthogonal to ®𝑣.
3. What is the length of the error vector (i.e. the projection error)?

Solution

Part 1
The orthogonal projection of ®𝑢 onto ®𝑣 is given by

®𝑝 =
®𝑢 · ®𝑣
®𝑣 · ®𝑣 ®𝑣

Following the same steps as in the previous example, we have

®𝑢 · ®𝑣 =


1
2
2

 ·

1
1
1

 = 1 + 2 + 2 = 5

®𝑣 · ®𝑣 =


1
1
1

 ·

1
1
1

 = 1 + 1 + 1 = 3

So, the orthogonal projection of ®𝑢 onto ®𝑣 is

®𝑝 =
5

3


1
1
1

 =


5/3
5/3
5/3


Part 2
The error vector is

®𝑒 = ®𝑢 − ®𝑝 =


1
2
2

 −

5/3
5/3
5/3

 =


1 − 5/3
2 − 5/3
2 − 5/3

 =


−2/3
1/3
1/3


To check if it’s orthogonal to ®𝑣, we compute their dot product; we’re hoping it’s 0.

®𝑒 · ®𝑣 =


−2/3
1/3
1/3

 ·

1
1
1

 = −2/3 + 1/3 + 1/3 = 0

So, the error vector ®𝑒 is orthogonal to ®𝑣.
Part 3
The length of the error vector is

‖ ®𝑒‖ =
√
(−2/3)2 + (1/3)2 + (1/3)2

=
√
4/9 + 1/9 + 1/9

=
√
6/9 =

√
2/3
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We might say
√
2/3 is the projection error. Another way of thinking of it is as the shortest

distance from the point (1, 2, 2) to the line that passes through (0, 0, 0) and (1, 1, 1).

Example: The Line Perspective. Consider the points 𝑝1 = (1, 2, 2) and 𝑝2 = (1, 1, 1) in R3.
What is the shortest distance between 𝑝1 and the line that passes through 𝑝2 and the origin, (0, 0, 0)?

Solution

The answer is
√
2/3. This example didn’t require any addition math beyond the previous

example; it just serves to remind you of the geometry of the situation. The set of all possible
scalar multiples of ®𝑣 fill out a line in R3, and that line passes through (0, 0, 0) and 𝑝2 = (1, 1, 1).
Why does that line pass through (0, 0, 0)? Consider the vector 0®𝑣 – it’s the zero vector!

Example: Which Order?. Let ®𝑢 =


1
2
2

 and ®𝑣 =


1
1
1

 .
In the first example, we found the orthogonal projection of ®𝑢 onto ®𝑣.
Now, do the opposite: find the orthogonal projection of ®𝑣 onto ®𝑢.

Solution

Now, we’re projecting ®𝑣 onto ®𝑢, which means our answer is going to be a multiple of ®𝑢, not ®𝑣
as in the first part.
The orthogonal projection of ®𝑣 onto ®𝑢 is given by

®𝑝 =
®𝑣 · ®𝑢
®𝑢 · ®𝑢 ®𝑢

The formula for the scalar in front of ®𝑢 is the same as in Part 1, but with all ®𝑣’s replaced by ®𝑢’s
and vice versa. The numerator is the same, since ®𝑢 · ®𝑣 = ®𝑣 · ®𝑢. The denominator is different;
just remember that the denominator is the squared norm of the vector you’re projecting
onto.

®𝑣 · ®𝑢 =


1
1
1

 ·

1
2
2

 = 1 + 2 + 2 = 5

®𝑢 · ®𝑢 =


1
2
2

 ·

1
2
2

 = 1 + 4 + 4 = 9

So, the orthogonal projection of ®𝑣 onto ®𝑢 is
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®𝑝 =
®𝑣 · ®𝑢
®𝑢 · ®𝑢 ®𝑢 =

5

9


1
2
2

 =


5/9
10/9
10/9


Note that the corresponding error vector, ®𝑒 = ®𝑣 − ®𝑝, is orthogonal to ®𝑢 (not ®𝑣), since ®𝑢 is the
vector we projected onto.

Example: Unit Vectors. Let ®𝑢 =


4
−1
2

 , ®𝑣 =


2
6
−3

 and ®𝑉 =


2/7
6/7
−3/7

 .
1. Find the orthogonal projection of ®𝑢 onto ®𝑣.
2. Find the orthogonal projection of ®𝑢 onto ®𝑉 .

3. What do you notice about your answers to the above two parts?

Solution

Part 1
We know that the orthogonal projection of ®𝑢 onto ®𝑣 is given by

®𝑝 =
®𝑢 · ®𝑣
®𝑣 · ®𝑣 ®𝑣

Let’s compute the relevant dot products.

®𝑢 · ®𝑣 =


4
−1
2

 ·

2
6
−3

 = 4 · 2 + (−1) · 6 + 2 · (−3) = 8 − 6 − 6 = −4

®𝑣 · ®𝑣 =


2
6
−3

 ·

2
6
−3

 = 2 · 2 + 6 · 6 + (−3) · (−3) = 4 + 36 + 9 = 49

So, the orthogonal projection of ®𝑢 onto ®𝑣 is

®𝑝 =
−4
49


2
6
−3

 =


−8/49
−24/49
12/49


Part 2
Now, we need to find ®𝑢· ®𝑉

®𝑉 · ®𝑉
®𝑉 .

Let’s compute the relevant dot products.

®𝑢 · ®𝑉 =


4
−1
2

 ·

2/7
6/7
−3/7

 =
8

7
− 6

7
− 6

7
= −4

7
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®𝑉 · ®𝑉 =


2/7
6/7
−3/7

 ·

2/7
6/7
−3/7

 =
4

49
+ 36

49
+ 9

49
=

49

49
= 1

So, the orthogonal projection of ®𝑢 onto ®𝑉 is

®𝑝 =
−4

7

1


2/7
6/7
−3/7

 =


−8/49
−24/49
12/49


Part 3
Notice that in both parts, the orthogonal projection ®𝑝 is the same! This is not a coincidence.
Both vectors point in the same direction, meaning the set of possible vectors of the form 𝑘 ®𝑉 is
the same as the set of possible vectors of the form 𝑘®𝑣. Another way to think about this is that
they both span the same line in R3 through the origin.
The difference between ®𝑣 and ®𝑉 is that ®𝑉 is a unit vector in the direction of ®𝑣, meaning that it
points in the same direction as ®𝑣 but has ‖ ®𝑉‖ = 1 rather than ‖ ®𝑣‖ = 7.
What’s different is the scalar we need to multiply each vector by to get the orthogonal projec-
tion. In the case of the unit vector ®𝑉 , the number in front of ®𝑉 is ®𝑢· ®𝑉

®𝑉 · ®𝑉 , but since ®𝑉 · ®𝑉 = ‖ ®𝑉‖2 = 1,
this simplifies to ®𝑢 · ®𝑉 .

Example: Unit Vectors, Continued. Suppose ®𝑢, ®𝑣 ∈ R𝑛 . Let 𝜃 be the angle between ®𝑢 and ®𝑣.
Show that the orthogonal projection of ®𝑢 onto ®𝑣 is equal to

®𝑝 =
(‖ ®𝑢‖ cos𝜃) ®𝑣

‖ ®𝑣‖
This is not a formula we’d use to actually compute ®𝑝, since finding cos𝜃 is harder than using the
dot product-based formula from above. But, what does this formula tell us about the relationship
between ®𝑢 and ®𝑝?

Solution

Let’s start with the original formula for the orthogonal projection of ®𝑢 onto ®𝑣.

®𝑝 =
®𝑢 · ®𝑣
®𝑣 · ®𝑣 ®𝑣

Using the fact that ®𝑢 · ®𝑣 = ‖ ®𝑢‖‖ ®𝑣‖ cos𝜃 and ®𝑣 · ®𝑣 = ‖ ®𝑣‖2, we can rewrite the formula as

®𝑝 =
‖ ®𝑢‖‖ ®𝑣‖ cos𝜃

‖ ®𝑣‖2 ®𝑣 =
‖ ®𝑢‖ cos𝜃

‖ ®𝑣‖ ®𝑣 = (‖ ®𝑢‖ cos𝜃) ®𝑣
‖ ®𝑣‖

The parentheses around ‖ ®𝑢‖ cos𝜃 don’t change the calculation, but they help with the inter-
pretation. This shows us that we can think of the orthogonal projection of ®𝑢 onto ®𝑣 as a vector
with:
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• a length of ‖ ®𝑢‖ cos𝜃
• in the direction of ®𝑣

‖ ®𝑣‖ , which is a unit vector in the direction of ®𝑣

Example: Projecting onto an Orthogonal Vector. Let ®𝑢 =


4
−1
2

 and ®𝑣 =


−3
0
6

 .
®𝑢 and ®𝑣 are orthogonal. What does this say about the orthogonal projection of ®𝑢 onto ®𝑣?

Solution

Since ®𝑢 · ®𝑣 = 0, the orthogonal projection of ®𝑢 onto ®𝑣 is the zero vector, ®0.

𝑝 =
®𝑢 · ®𝑣
®𝑣 · ®𝑣 ®𝑣 =

0

36
®𝑣 = ®0

Intuitively, ®𝑢 and ®𝑣 travel in totally different different directions. Travelling any amount of ®𝑣
will take you further away from ®𝑢. So, it’s best to stick with the zero vector, ®0.

Orthogonal Decomposition
To motivate the next section, let’s consider another example.

Let ®𝑢 =

[
3
5

]
, ®𝑣1 =

[
6
−2

]
, and ®𝑣2 =

[
1
3

]
.
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Notice that ®𝑣1 and ®𝑣2 are orthogonal – that’s important to what we’re about to discover.
Let’s find the orthogonal projection of ®𝑢 onto ®𝑣1 (called ®𝑝1) and the orthogonal projection of ®𝑢 onto
®𝑣2 (called ®𝑝2).

®𝑝1 = ®𝑢 · ®𝑣1
®𝑣1 · ®𝑣1 ®𝑣1 =

8

40
®𝑣1 = 1

5
®𝑣1 =

[
6/5
−2/5

]

®𝑝2 = ®𝑢 · ®𝑣2
®𝑣2 · ®𝑣2 ®𝑣2 =

18

10
®𝑣2 = 9

5
®𝑣2 =

[
9/5
27/5

]
Notice that ®𝑢 is the sum of ®𝑝1 and ®𝑝2!

®𝑢 = ®𝑝1 + ®𝑝2 = 1

5
®𝑣1 + 9

5
®𝑣2︸      ︷︷      ︸

linear combination

=

[
6/5
−2/5

]
+

[
9/5
27/5

]
=

[
3
5

]

Why is the sum of ®𝑝1 and ®𝑝2 equal to ®𝑢? Earlier, I mentioned that we can use orthogonal projec-
tions to decompose vectors. Here, when we project ®𝑢 onto ®𝑣1, the corresponding error vector ®𝑒1 is
orthogonal to ®𝑣1.

®𝑢 = ®𝑝1︸︷︷︸
parallel to ®𝑣1

+ ®𝑒1︸︷︷︸
orthogonal to ®𝑣1

By projecting ®𝑢 onto ®𝑣2, we can recreate the error vector exactly, meaning ®𝑒1 = ®𝑝2.
Taking a step back, the fact that 𝑣1 and 𝑣2 are orthogonal meant that writing ®𝑢 as a linear combina-
tion of 𝑣1 and 𝑣2 was easy.
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𝑎1

[
6
−2

]
︸︷︷︸

®𝑣1

+ 𝑎2
[
1
3

]
︸︷︷︸

®𝑣2

=

[
3
5

]
︸︷︷︸

®𝑢

If 𝑣1 and 𝑣2 were not orthogonal, then writing ®𝑢 as a linear combination of 𝑣1 and 𝑣2 would have
involved solving a system of 2 equations and 2 unknowns, as we’ve had to do in previous sections.

For instance, if we keep
[
3
5

]
and look at ®𝑥1 =

[
1
2

]
and ®𝑥2 =

[
2
1

]
, we have that

• the projection of ®𝑢 onto ®𝑥1 is
( ®𝑢· ®𝑥1
®𝑥1· ®𝑥1

)
®𝑥1 = 13

5 ®𝑥1

• the projection of ®𝑢 onto ®𝑥2 is
( ®𝑢· ®𝑥2
®𝑥2· ®𝑥2

)
®𝑥2 = 11

5 ®𝑥2
but

13

5
®𝑥1 + 11

5
®𝑥2 = 13

5

[
1
2

]
+ 11

5

[
2
1

]
=

[
13/5 + 22/5
26/5 + 11/5

]
=

[
7
7.4

]
≠ ®𝑢

I’d like to provide a more general “theorem”, on when you can use orthogonal projections to more
easily write a vector ®𝑢 as a linear combination of vectors ®𝑣1, ®𝑣2, ..., ®𝑣𝑑, but we’ll need to first study
the idea of a basis. That’s to come.
This section has been light on activities, since it provided many examples that we’ll work through
in lecture. But, here’s one to tie this last point together.

Activity 1

Activity 1

Let ®𝑣1 =

−1
2
2

 , ®𝑣2 =

2
2
−1

 , and ®𝑣3 =

2
−1
2

 .
Write ®𝑢 =


1
1
1

 as a linear combination of ®𝑣1, ®𝑣2, and ®𝑣3, without solving a system of equations.
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Solution

The answer is ®𝑢 =
1

3
®𝑣1 + 1

3
®𝑣2 + 1

3
®𝑣3 .

The useful observation is that the three vectors are pairwise orthogonal:

®𝑣1 · ®𝑣2 = −2 + 4 − 2 = 0

®𝑣1 · ®𝑣3 = −2 − 2 + 4 = 0

®𝑣2 · ®𝑣3 = 4 − 2 − 2 = 0

This suggests projecting ®𝑢 onto each direction separately. For every 𝑖, ®𝑢 · ®𝑣𝑖 = 3 and
®𝑣𝑖 · ®𝑣𝑖 = 9, so each projection is:

®𝑢 · ®𝑣𝑖
®𝑣𝑖 · ®𝑣𝑖 ®𝑣𝑖 =

3

9
®𝑣𝑖 = 1

3
®𝑣𝑖

Let’s verify that adding the three projections gives all of ®𝑢:

1

3

©­«

−1
2
2

 +

2
2
−1

 +

2
−1
2

ª®¬ =
1

3


3
3
3

 =


1
1
1


So, the projections give exactly the linear combinationwe need, without solving a system
of equations.

What’s Next?
The motivating problem for this section was the approximation problem, which asked us to find
the best approximation of a vector ®𝑢 using only a scalar multiple of a vector ®𝑣.
The next natural step is to consider the case where we want to approximate ®𝑢 using a linear com-
bination of more than one vector, ®𝑣1, ®𝑣2, ..., ®𝑣𝑑. Why? Remember, this all connects back to the
problem of linear regression. The more vectors we have as “building blocks” in our linear combi-
nation, the more features our model will be able to use. (I haven’t made the connection from linear
algebra to linear regression yet, but just know this is why we’re studying projections.)

For example, let’s consider ®𝑢 =


1
3
6

 , ®𝑣1 =


1
0
1

 , and ®𝑣2 =


2
2
1

 . Among all linear combinations of ®𝑣1

and ®𝑣2, which one is closest to ®𝑢?
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To answer this question, we’d need to find the scalars 𝑎1 and 𝑎2 such that the error vector

®𝑒 = ®𝑢 − (𝑎1®𝑣1 + 𝑎2®𝑣2)

has minimal length, which presumably happens when ®𝑒 is orthogonal to both ®𝑣1 and ®𝑣2.
Travelling down this road, wemight be able to find the values of 𝑎1 and 𝑎2 that minimize the length
of ®𝑒. But then we’ll want to ask how we can do this for any ®𝑢 and any set of vectors ®𝑣1, ®𝑣2, ..., ®𝑣𝑑,
and it seems like we’ll need a more general solution. In general, to find the “best” approximation
of ®𝑢 using a linear combination of ®𝑣1, ®𝑣2, ..., ®𝑣𝑑, we’ll need to know aboutmatrices. We’ll introduce
matrices in Chapter 5.1.
Instead, in Chapter 4.1, we will set aside the goal of projections temporarily, and instead focus on
truly understanding the set of possible linear combinations of a given set of vectors. For example,

the vectors ®𝑣1 =


1
0
0

 , ®𝑣2 =


−5
1
8

 from earlier define a plane. So, asking which linear combination

of ®𝑣1 and ®𝑣2 is closest to ®𝑢 is equivalent to asking which point on the plane is closest to ®𝑢.

Chapter 4.1 will answer the questions, “why do ®𝑣1 and ®𝑣2 define a plane?”, “which plane do they
define?”, and “in general, what do ®𝑣1, ®𝑣2, ..., ®𝑣𝑑, all in R𝑛 , define?”
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4.1. Span
Overview

At the end of Chapter 3.4, we considered the problem of approximating ®𝑢 =


1
3
6

 using a linear

combination of ®𝑣1 =

1
0
1

 and ®𝑣2 =

2
2
1

 .

®𝑣1 and ®𝑣2 define a plane in R3. But not all pairs of vectors in R3 define a plane – for example,

the vectors

1
0
0

 and

2
0
0

 define a line. How do we know if a set of vectors define a plane, line, or

something else?
To motivate our discussion, let me recap “The Three Questions” involving linear combinations
from Chapter 3.1.

The Three Questions with Linear Combinations

Given a set of vectors ®𝑣1 , ®𝑣2 , . . . , ®𝑣𝑑 and a vector ®𝑏, all in R𝑛 :

1. Can we write ®𝑏 as a linear combination of ®𝑣1 , ®𝑣2 , . . . , ®𝑣𝑑?
2. If so, are the values of the scalars 𝑎1 , 𝑎2 , . . . , 𝑎𝑑 unique?

3. What is the shape of the set of all possible linear combinations of ®𝑣1 , ®𝑣2 , . . . , ®𝑣𝑑?

So far, we’ve informally answered these questions in the context of various examples and problems.
Here, I want to introduce a unifying framework for addressing these questions.
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Definition: Span

The span of a set of vectors ®𝑣1, ®𝑣2, ..., ®𝑣𝑑, each of which is in R𝑛 , is the set of all possible linear
combinations of those vectors.

span({®𝑣1 , ®𝑣2 , ..., ®𝑣𝑑}) =
{
𝑎1®𝑣1 + 𝑎2®𝑣2 + . . . + 𝑎𝑑®𝑣𝑑 | 𝑎1 , 𝑎2 , . . . , 𝑎𝑑 ∈ R

}
In this context, we might call the vectors ®𝑣1, ®𝑣2, ..., ®𝑣𝑑 the spanning set of the span.

Above, I’ve used set builder notation to describe the span of a set of vectors. You’ll notice that
I refer to ®𝑣1 , ®𝑣2 , . . . , ®𝑣𝑑 as a set of vectors, but you’ll notice that I don’t always write them inside
{set brackets}; this is just to save space. But when referring to a span, I’ll alwayswrite the spanning
set inside {set brackets}.
Let’s look at several examples of spans, introducing important geometrical objects and ideas as we
go.

Read Chapter 4.4!

Chapters 4.1-4.3 are slightly more theoretical in nature, and continue the main storyline of
the course. Chapter 4.4 is a slight detour that covers how to describe lines, planes, and hyper-
planes in R𝑛 , and is designed to complement this section. It isn’t explicitly listed as a reading
for any of the lectures, but it’s important and necessary to read. You’ll refer to it in Lab 5.

Span of a Single Vector
Suppose we have just a single vector ®𝑣 ∈ R𝑛 .
span({®𝑣}) is the set of all linear combinations of just ®𝑣. Since there is only one vector in the spanning
set, there aren’t any other vectors to add to ®𝑣, so the span is just the set of all scalar multiples of ®𝑣.

span({®𝑣}) = {
𝑎®𝑣 | 𝑎 ∈ R

}
The span of a single vector is always a line that passes through the origin and the vector’s coor-
dinates. Another way of saying this is that a single vector spans a line. In Chapter 3.4, we learned
how to project one vector onto the span of another vector.

Example in R2. For example, if we consider ®𝑣 =

[
1
2

]
in R2, the span is the line through the origin

and (1, 2), which you might also recognize as the line 𝑦 = 2𝑥.
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There are infinitelymany vectors in span({
[
1
2

]
}), including

[
2
4

]
and

[−1
−2

]
, and the line shown above

contains all of them. Notationally, we could say[
2
4

]
∈ span({

[
1
2

]
})

Example in R3. As another example, consider ®𝑣 =


2
−1
3

 in R3. The span of ®𝑣 is the line through

the origin and (2,−1, 3).

The two marked points above are at the origin and (2,−1, 3); I’ve marked them to emphasize that
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span({

2
−1
3

}) is the unique line that passes through both (2,−1, 3) and the origin. There are in-

finitelymany lines that pass through (2,−1, 3), but only one of those also passes through the origin.
Note that lines are 1-dimensional objects, regardless of the dimension of the space they live in.
The line shown above is 1-dimensional in the sense that any point on the line can be described
using a single variable. That variable is 𝑎 from the definition of the span:

span({

2
−1
3

}) =
𝑎


2
−1
3

 | 𝑎 ∈ R


Give me an 𝑎, and I’ll give you a point on the line.

Generalization toR𝑛 . The fact that a single vector spans a line is true, regardless of the dimension

of the vectors themselves. The span of the vector


1
2
...

100

 ∈ R100 is the line through the origin and

(1, 2, . . . , 100) in R100. We can’t visualize what a line in 100-dimensional space looks like, but we
know that it exists in this abstract sense.

Finally, I’ll say that in the edge case where ®𝑣 =


0
0
...
0

 = ®0, span({®0}) =
{®0} is just the single point

corresponding to the origin, not a line.
The fact that a single vector spans a linemotivates a discussion in Chapter 4.4 about how to describe
lines in R𝑛 . The short answer is that the form 𝑦 = 𝑚𝑥 + 𝑏 only applies to lines in R2, and lines in
R3 and higher must be described in parametric form.

𝐿 = ®𝑝0 + 𝑡𝑣, 𝑡 ∈ R

Again, Chapter 4.4 has more details.

Span of Two Vectors
Instead of considering just a single vector, let’s now consider the span of two vectors.

Examples in R2. Let’s start with a simple example: the span of two vectors in R2. Consider

®𝑣1 =
[
2
0

]
, ®𝑣2 =

[
3
5

]
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span({®𝑣1 , ®𝑣2}) is the set of all possible linear combinations of ®𝑣1 and ®𝑣2.

span({®𝑣1 , ®𝑣2}) =
{
𝑎1®𝑣1 + 𝑎2®𝑣2 | 𝑎1 , 𝑎2 ∈ R

}

What is the set of all possible linear combinations of ®𝑣1 and ®𝑣2? Using ®𝑣1 and ®𝑣2 as building blocks,
what are all possible vectors we can reach?
Since ®𝑣1 and ®𝑣2 point in different directions, we can reach any point in R2 by choosing appropriate
values of 𝑎1 and 𝑎2.
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So, if ®𝑣1 =
[
2
0

]
and ®𝑣2 =

[
3
5

]
, span({®𝑣1 , ®𝑣2}) = R2, meaning that ®𝑣1 and ®𝑣2 span the entire 𝑥𝑦-plane.

Equivalently, for any vector ®𝑏 ∈ R2, there exist 𝑎1 and 𝑎2 such that 𝑎1®𝑣1 + 𝑎2®𝑣2 = ®𝑏.
But, not every pair of vectors in R2 spans the entire plane. For example, consider the vectors

®𝑣1 =
[
1
1

]
, ®𝑣2 =

[
2
2

]
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®𝑣1 and ®𝑣2 are scalarmultiples of each other – i.e. they are collinear – so they only span a line, despite
there being two vectors. They span the same line that either one of them spans individually, which
is the line through the origin, (1, 1), and (2, 2).
If we start with just ®𝑣1, the vector ®𝑣2 doesn’t “unlock” or “contribute” any new vectors to the span,
since ®𝑣2 is just a scalar multiple of ®𝑣1. As we will soon see, this means that the vectors ®𝑣1 and ®𝑣2
are linearly dependent.
If we didn’t immediately recognize that ®𝑣2 is just a scalar multiple of ®𝑣1 and tried to write (for
example)

®𝑏 =
[
8
11

]
as a linear combination of ®𝑣1 and ®𝑣2, wemight think it’s possible, sincewe’reworkingwith a system
of two equations and two unknowns.

𝑎1

[
1
1

]
+ 𝑎2

[
2
2

]
=

[
8
11

]
But, when you go to solve, you’ll find

𝑎1 + 2𝑎2 = 8
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𝑎1 + 2𝑎2 = 11

which is a contradiction, since 8 ≠ 11, meaning we can’t make ®𝑏 as a linear combination of ®𝑣1 and
®𝑣2.
And, for the vectors ®𝑏 that are in span({®𝑣1 , ®𝑣2}), there are infinitely many ways to write them as
linear combinations of ®𝑣1 and ®𝑣2. For example,

1

[
1
1

]
+ 3

[
2
2

]
=

[
7
7

]

7

[
1
1

]
+ 0

[
2
2

]
=

[
7
7

]

−35
[
1
1

]
+ 21

[
2
2

]
=

[
7
7

]
When solving for 𝑎1 and 𝑎2, I like to avoid situationswhere there are infinitelymany solutions, since
I’d like tomake sure that if we all solve the same problem, we’ll all get the same answer. Remember
that all of this connects back to linear regression and machine learning; the analog of 𝑎1 and 𝑎2 are
the parameters of a linear model, and we’d like to have interpretable parameter values so that we
can see how the inputs of a model relate to the outputs.
Back to the main idea. In R2, the span of two vectors is a line if the vectors are collinear, and the
entire 𝑥𝑦-plane otherwise.

Example in R3. Similar results hold for the span of two vectors in R3. Hopefully I’ve convinced
you that

span({

5
2
1

 ,

10
4
2

}) = span({

5
2
1

})︸         ︷︷         ︸
a line in R3

since

10
4
2

 is just a scalar multiple of

5
2
1

 .
Let’s see a more interesting example. Consider the vectors

®𝑣1 =

5
2
1

 , ®𝑣2 =

−2
3
0


You’ll see them below, along with some of their linear combinations.
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As was the case in R2, since ®𝑣1 and ®𝑣2 aren’t collinear, they span a plane. In R2, there was only one
possible plane that two vectors could span, because all of R2 itself is a plane, but in R3 there are
infinitely many planes.
A plane is a flat surface that extends infinitely in all directions, with the property that if you connect
any two points on the plane, the line connecting them lies entirely on the plane.

So,

span({®𝑣1 , ®𝑣2}) = {𝑎1®𝑣1 + 𝑎2®𝑣2 | 𝑎1 , 𝑎2 ∈ R}︸                           ︷︷                           ︸
the plane above

I hope to have convinced you earlier that lines are 1-dimensional objects, since you only need a
single “variable” to describe any point on a given line.
Similarly, planes are 2-dimensional objects, since you need two “variables” to describe any point
on a given plane. In the standard 𝑥𝑦-plane, all you need to describe a point is an 𝑥 coordinate and a
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𝑦 coordinate. Effectively, every vector in R2 can be written as a linear combination of the “default”

(formally basis) vectors
[
1
0

]
and

[
0
1

]
.

any point in R2 = 𝑥

[
1
0

]
+ 𝑦

[
0
1

]
The plane shown above is also 2-dimensional, despite living inR3, since all I need are two variables
to describe any point on it. The variables I need are 𝑎1 and 𝑎2, which are the multipliers on ®𝑣1 and
®𝑣2, respectively.

any point in span({®𝑣1 , ®𝑣2}) = 𝑎1


5
2
1

 + 𝑎2

−2
3
0


Think of ®𝑣1 and ®𝑣2 as defining a new coordinate system for the plane that they span, where the
coordinates themselves are the scalars 𝑎1 and 𝑎2. 𝑎1 and 𝑎2 can be arbitrarily large or small, which
is what allows the plane to extend infinitely.
The picture above makes clear that there are many vectors in span({®𝑣1 , ®𝑣2}), but also many vectors
in R3 that are not in the span. 𝑎1®𝑣1 + 𝑎2®𝑣2 = ®𝑏 has a solution for 𝑎1 and 𝑎2 if and only if ®𝑏 lies in the
plane above.

Again, Read Chapter 4.4!

To actually find the equation of the plane above in standard form,

𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 + 𝑑 = 0

we need a tool called the cross product. We talk about this, and other details about lines and
planes, in Chapter 4.4. (I know I already said this, but it’s really important!)

Subspaces of R𝑛 . What if we’re dealing with two vectors in some arbitrary R𝑛? Consider

®𝑣1 =


5
1
3
2
−8


, ®𝑣2 =


0
1
4
0
1


These vectors live in R5, but what they span is a “plane” in R5. The more typical way of phrasing
this is that these vectors span a 2-dimensional subspace of R5.
We will formally define vector spaces and subspaces in Chapter 4.3, but for now, think of a sub-
space as a flat object that passes through the origin and contains all linear combinations of some
set of vectors.

• A line through the origin is a 1-dimensional subspace.

• A plane through the origin is a 2-dimensional subspace.
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• In higher dimensions, we’ll have 3-dimensional subspaces, 4-dimensional subspaces, and so
on.

(A line that doesn’t pass through the origin is still a line, but isn’t a subspace, since subspaces must
pass through the origin.)
Such a line is an affine line: a translated one-dimensional subspace. We’ll introduce affine lines,
planes, and subspaces in Chapter 4.4.
The dimension of a subspace is the number of coordinates you need to describe any point in the
subspace.

So although ®𝑣1 =


5
1
3
2
−8


and ®𝑣2 =


0
1
4
0
1


sit inside R5, what they span is not all of R5, but rather a

2-dimensional “slice” of it, consisting of all linear combinations of ®𝑣1 and ®𝑣2. Any point in that
subspace can be described using two coordinates, like 𝑎1 and 𝑎2 in

any point in span({®𝑣1 , ®𝑣2}) = 𝑎1


5
1
3
2
−8


+ 𝑎2


0
1
4
0
1



Span of Three Vectors
So far, as special cases, we’ve considered the span of one vector and the span of two vectors. The
case of three vectors is the last special case I’ll cover, and then we’ll generalize to any number of
vectors in any R𝑛 .

Examples in R2. Suppose we have three vectors in R2. What are their possible arrangements?

1. All three are the zero vector, ®0.
2. All three are collinear, meaning they lie on the same line.

3. Two are collinear, and the third points in a different direction.

4. All three point in different directions.

In all of these cases, the “largest” their span can be is all of R2. Case 3 and Case 4 are shown below,
on the left and right, respectively.
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In the left example, ®𝑣3 =

[−3
0

]
travels in a direction that ®𝑣1 =

[
1
1

]
and ®𝑣2 =

[
2
2

]
don’t, so removing

®𝑣3 would impact the span (it would drop from R2 to a line). But, we don’t need both ®𝑣1 and ®𝑣2 to
span R2, since ®𝑣1 already travels in the direction of ®𝑣2.
In the right example, where

®𝑣1 =
[
1
1

]
, ®𝑣2 =

[−1
2

]
, ®𝑣3 =

[−3
0

]
Any two of these vectors will span the entirety of R2, meaning that if you pick any two of them,
you can recreate the third one. These three vectors are linearly dependent.

span({®𝑣1 , ®𝑣2 , ®𝑣3}) = span({®𝑣1 , ®𝑣2}) = span({®𝑣1 , ®𝑣3}) = span({®𝑣2 , ®𝑣3}) = R2

Examples in R3. Moving on up to R3, instead of considering all possible arrangements, let me
enumerate their possible spans.

1. All three are the zero vector, ®0. (Annoying edge case, but I’m including it for completeness.)

2. All three are collinear, meaning they span a line.

3. All three are on the same plane, meaning they span that same plane.

4. None of the above, meaning they span all of R3.

As before, Case 1 and Case 2 are easy enough to reason about. First, let’s consider Case 3. Suppose

®𝑣1 =

1
1
1

 , ®𝑣2 =

1
−2
−3

 , ®𝑣3 =

−3
0
1





Chapter 4. Linear Independence 175

Notice that all three vectors lie on the same plane, even though they all “point in different direc-
tions”. As we saw earlier, you only need two vectors to span a plane. If you remove any one of
these three vectors, the remaining two will still span the exact same plane.
This is a consequence of the fact that you can write ®𝑣3 as a linear combination of ®𝑣1 and ®𝑣2.

®𝑣1 =

1
1
1

 , ®𝑣2 =

1
−2
−3

 , ®𝑣3 =

−3
0
1


®𝑣3 = −2®𝑣1 − ®𝑣2

Starting from ®𝑣1 and ®𝑣2 alone, adding ®𝑣3 doesn’t unlock any new directions, since it’s already a
linear combination of ®𝑣1 and ®𝑣2.
There is nothing “especially wrong” about ®𝑣3. We can rearrange the above to get

®𝑣2 = −2®𝑣1 − ®𝑣3
and

®𝑣1 = −1

2
®𝑣2 − 1

2
®𝑣3

too; any one of these three vectors can be written as a linear combination of the other two, meaning
if we remove any one of them, the span of the remaining two will still be the plane you see above.
As we saw earlier in the case of two collinear vectors in R2, having a vector that can be written as a
linear combination of the other vectors in the set means that when we go to write other vectors as
linear combinations of the vectors in the set, if it’s possible, there are infinitely many solutions.

If we let ®𝑏 =

𝑏1
𝑏2
𝑏3

 be any arbitrary vector in R3, then the system
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𝑎1®𝑣1 + 𝑎2®𝑣2 + 𝑎3®𝑣3 = ®𝑏

either has no solutions, if ®𝑏 is not on the plane defined by span({®𝑣1 , ®𝑣2 , ®𝑣3}), or it has infinitely
many.

Activity 1

Activity 1

Let’s work with the same 3 vectors from above,

®𝑣1 =

1
1
1

 , ®𝑣2 =

1
−2
−3

 , ®𝑣3 =

−3
0
1


Suppose that ®𝑏 ∈ span({®𝑣1 , ®𝑣2 , ®𝑣3}). Here’s one way of expressing ®𝑏 as a linear combination
of ®𝑣1, ®𝑣2, and ®𝑣3.

®𝑏 = 2®𝑣1 + 3®𝑣2 − 4®𝑣3
Find anotherway of expressing ®𝑏 as a linear combination of ®𝑣1, ®𝑣2, and ®𝑣3, where the coefficient
on ®𝑣2 is 5.

Solution

We’d like the coefficient on ®𝑣2 to be 5. Right now, it’s 3. So, to boost it to 5, we can add
and subtract 2®𝑣2 to the right-hand side above.

®𝑏 = 2®𝑣1 + 3®𝑣2 − 4®𝑣3 + 2®𝑣2 − 2®𝑣2︸     ︷︷     ︸
adding 0

= 2®𝑣1 + 5®𝑣2 − 4®𝑣3 − 2®𝑣2
To get rid of the−2®𝑣2 term, we can replace ®𝑣2 with−2®𝑣1−®𝑣3, which is a linear combination
of ®𝑣1 and ®𝑣3. Substituting this above gives us

®𝑏 = 2®𝑣1 + 5®𝑣2 − 4®𝑣3 − 2(−2®𝑣1 − ®𝑣3)
= 6®𝑣1 + 5®𝑣2 − 2®𝑣3

Let’s now consider Case 4, from the 4 cases above.

1. All three are the zero vector, ®0. (Annoying edge case, but I’m including it for completeness.)

2. All three are collinear, meaning they span a line.

3. All three are on the same plane, meaning they span that same plane.
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4. None of the above, meaning they span all of R3.

Consider

®𝑣1 =

1
1
1

 , ®𝑣2 =

1
4
−3

 , ®𝑣3 =

−3
0
1



Drag the plot around to see the space from different angles. If we look at any pair of these vectors,
we see they span a plane. But, since neither is a linear combination of the other two, all three of
them bring something new to the span; none are redundant.
So, the span of these three vectors is all of R3! You can think of these three vectors as defining a
new coordinate system for R3.
The default coordinate system in R3 uses three numbers to describe any point in R3. Those three
numbers are used to take a linear combination of the default basis vectors,

any point in R3 = 𝑥


1
0
0

 + 𝑦

0
1
0

 + 𝑧

0
0
1


The coordinate system defined by ®𝑣1, ®𝑣2, and ®𝑣3 also uses three numbers to describe any point in
R3, it’s just that the coordinates used multiply vectors other than the default ones.

any point in R3 = 𝑎1


1
1
1

 + 𝑎2

1
4
−3

 + 𝑎3

−3
0
1


So, any vector ®𝑏 ∈ R3 can be written as a linear combination of ®𝑣1, ®𝑣2, and ®𝑣3.

Generalization to R𝑛 . Consider the following vectors in R5.
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®𝑣1 =


5
1
3
2
−8


, ®𝑣2 =


0
1
4
0
1


, ®𝑣3 =


1
0
0
0
0


None of these vectors are a linear combination of the other two. So what do they span? A 3-
dimensional subspace of R5.
That subspace is a 3-dimensional slice of the 5-dimensional space that is R5, and any vector in that
subspace can be written using three coordinates.

any point in span({®𝑣1 , ®𝑣2 , ®𝑣3}) = 𝑎1®𝑣1 + 𝑎2®𝑣2 + 𝑎3®𝑣3

If, say, ®𝑣3 was a linear combination of ®𝑣1 and ®𝑣2, then the span would be a 2-dimensional subspace
of R5.

Thinking in Higher Dimensions
Let’s generalize what we’ve discussed so far. What I’m about to say is abstract, but try and keep
track of how it relates to the examples we’ve seen so far. If ever in doubt, plug in numbers for 𝑑
and 𝑛 to help make sense of it.
Remember that I’ve told you to think of a subspace as a flat object that passes through the origin
and contains all linear combinations of some set of vectors. The dimension of a subspace is the
number of coordinates you need to describe any point in the subspace; for instance, a line through
the origin is a 1-dimensional subspace, and a plane through the origin is a 2-dimensional subspace.
Suppose we have 𝑑 vectors, all in R𝑛 , labeled ®𝑣1, ®𝑣2, ..., ®𝑣𝑑. Then,

• If we have fewer than 𝑛 vectors, i.e. 𝑑 < 𝑛, then the vectors span a 0, or 1, or 2, or 3, ..., or
𝑑-dimensional subspace of R𝑛 .

• If we have at least 𝑛 vectors, i.e. 𝑑 ≥ 𝑛, then the vectors span a 0, or 1, or 2, or 3, ..., or
𝑛-dimensional subspace of R𝑛 . (An 𝑛-dimensional subspace of R𝑛 is all of R𝑛 .)

Or, put succinctly:

The dimension of a subspace

The dimension of the subspace spanned by the vectors is between 0 and min(𝑑, 𝑛).
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Activity 2

Activity 2

Find an example of 6 vectors in R4 that span a 3-dimensional subspace of R4.

Solution

• One idea is to pick three vectors that we know aren’t linear combinations of each
other, and then add three vectors that are linear combinations of the first three.
For instance,



1
0
0
0

 ,

3
0
0
0

 ,

0
1
0
0

 ,

0
5
0
0

 ,

0
0
100
0

 ,

0
0

−15
0




The first, third, and fifth vectors are linearly independent, and the second, fourth,
and sixth vectors are scalar multiples of them, respectively.

• Another example is



1
0
0
0

 ,

0
1
0
0

 ,

0
0
1
0

 ,

2
0
0
0

 ,

3
0
0
0

 ,

4
0
0
0




The first three vectors give us three independent directions, and the last three are
all multiples of the first. These vectors span the same 3-dimensional subspace as
the original example: all vectors in R4 whose fourth component is zero.

• For a different 3-dimensional subspace, consider



1
0
0
0

 ,

0
1
1
0

 ,

0
0
0
1

 ,

1
1
1
1

 ,

17
44
44
12

 ,

7
0
0
0




Call the first three vectors ®𝑢1, ®𝑢2, and ®𝑢3. They are linearly independent. The re-
maining vectors are ®𝑢1 + ®𝑢2 + ®𝑢3, 17®𝑢1 + 44®𝑢2 + 12®𝑢3, and 7®𝑢1, so they don’t add any
newdirections. This set spans all vectors inR4 whose second and third components
are equal.

In general, given a set of 𝑑 vectors in R𝑛 , actually finding the dimension of the subspace they span
involves solving a system of equations and unknowns. Chapter 4.2 introduces an algorithm for
finding this dimension by hand. But for now, know that numpy can help us.
For example, suppose we have 𝑑 = 5 vectors in R7, given by
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®𝑣1 =



5
3
2
0
14
3
1


, ®𝑣2 =



2
0
0
3
19
0
0


, ®𝑣3 =



3
3
2
−3
−5
3
1


, ®𝑣4 =



3
2
−3
1
0
0
5


, ®𝑣5 =



0
−3
11
3
52
3

−14


If we store all 5 vectors as arrays, and use the magical np.linalg.matrix_rank function, we get
back the dimension of the subspace they span.

import numpy as np

v1 = np.array([5, 3, 2, 0, 14, 3, 1])
v2 = np.array([2, 0, 0, 3, 19, 0, 0])
v3 = np.array([ 3, 3, 2, -3, -5, 3, 1])
v4 = np.array([3, 2, -3, 1, 0, 0, 5])
v5 = np.array([ 0, -3, 11, 3, 52, 3, -14])

np.linalg.matrix_rank(np.array([v1, v2, v3, v4, v5]).T)

3

We’ll explore matrices soon. The rank of a matrix is the dimension of the subspace spanned
by its columns. Since np.linalg.matrix_rank returned 3, the vectors ®𝑣1 , ®𝑣2 , ®𝑣3 , ®𝑣4 , ®𝑣5 span a 3-
dimensional subspace of R7.
Don’t stop reading here: Chapter 4.2 directly follows from this section. It formalizes an idea we’ve
implicitly used throughout this section, that of linear independence.

One Final Reminder: Read Chapter 4.4!

Chapter 4.2 directly follows from this section, but don’t forget to also read Chapter 4.4, which
you are now ready to read too.
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4.2. Linear Independence
Introduction
There’s an idea we used all throughout Chapter 4.1 that we haven’t given a name to.

Definitions.
Definition: Linear Independence

A set of vectors ®𝑣1, ®𝑣2, ..., ®𝑣𝑑 is linearly independent if either of the following equivalent
conditions hold:

1. None of the vectors can be written as a linear combination of the others.

2. The only way to create the zero vector as a linear combination of the vectors is if all the
coefficients are zero. In other words, the only solution to

𝑎1®𝑣1 + 𝑎2®𝑣2 + . . . + 𝑎𝑑®𝑣𝑑 = ®0

is 𝑎1 = 𝑎2 = . . . = 𝑎𝑑 = 0.

If a set of vectors is not linearly independent, it is linearly dependent.

Intuitively, if a set of vectors is linearly dependent, then at least one of the vectors is a linear com-
bination of the others. If we think of vectors as building blocks, if a set of vectors is linearly depen-
dent, then at least one of the building blocks is redundant, because you can create it from the other
building blocks.
Equivalently, if a set of vectors is linearly dependent, there’s a non-trivial linear combination of
the vectors that equals the zero vector (by non-trivial, I mean that at least one of the coefficients is
non-zero).
Why are these two conditions equivalent? Here’s one way to see it. Suppose ®𝑣1 = 𝛼®𝑣2 + 𝛽®𝑣3,
meaning that ®𝑣1 can be written as a linear combination of ®𝑣2 and ®𝑣3. Rearranging the equation
above gives us

®𝑣1 − 𝛼®𝑣2 − 𝛽®𝑣3 = ®0

which shows us a non-trivial linear combination of ®𝑣1 , ®𝑣2 , ®𝑣3 that gives ®0. The converse (reverse
direction) is true too: if you start with a non-trivial linear combination of ®𝑣1 , ®𝑣2 , . . . , ®𝑣𝑑 that gives
®0, then you can rearrange it to get ®𝑣1 = some linear combination of ®𝑣2 , . . . , ®𝑣𝑑.

Examples. Let’s look at several sets of vectors and comment on their linear independence (or lack
thereof).
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Figure 4.1: Here, ®𝑣1 =

[
2
1

]
, ®𝑣2 =

[
0
1

]
, and ®𝑣3 =

[
4
−3

]
. There are two perspectives on this picture:

(1) ®𝑣3 = 2®𝑣1 − 5®𝑣2, so ®𝑣3 is a linear combination of ®𝑣1 and ®𝑣2. (2) 2®𝑣1 − 5®𝑣2 − ®𝑣3 = ®0: following the
arrows tip to tail takes us back to where we started.

Vectors Linearly... Why?
1
0
3

 ,

2
1
5

 Independent Neither is a multiple of the
other.

1
0
3

 ,

2
1
5

 ,

5
2
10

 ,

1
1
1

 Dependent These vectors live inR3, which
is a universe that only has 3 in-
dependent directions, so you
only need 3 vectors to span it.
Give 4 vectors, we can write at
least one of them as a linear
combination of the others.

1
0
3

 ,

2
1
5

 ,

5
2
13

 Dependent first vector +
2(second vector) =
third vector

1
0
3

 ,

2
1
5

 ,

5
2
10

 Independent The first two were already lin-
early independent from the
first example, and we can’t
write the third as a linear com-
bination of the first two.

Note that if a set of vectors is linearly dependent, it doesn’t mean that every vector in the set can be
written as a linear combination of the others. It just means that there’s at least one vector that can
bewritten as a linear combination of the others. A good go-to example for this is the one below – ®𝑣1
and ®𝑣2 are scalar multiples of each other, making the entire set of three vectors linearly dependent,
but ®𝑣3 is not a linear combination of ®𝑣1 and ®𝑣2.
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Unique Linear Combinations

Fact: If a set of vectors ®𝑣1 , ®𝑣2 , . . . , ®𝑣𝑑 ∈ R𝑛 is linearly independent, then any vector ®𝑏 ∈ R𝑛 in the
span of the vectors can be written as a unique linear combination of the vectors.
We’ve built intuition for this above; now let’s give a formal proof. But first, note that the statement
assumes that ®𝑏 ∈ span({®𝑣1 , ®𝑣2 , . . . , ®𝑣𝑑}) to begin with: it is not saying that if ®𝑣1 , ®𝑣2 , . . . , ®𝑣𝑑 ∈ R𝑛 are
linearly independent, then any ®𝑏 ∈ R𝑛 can be written as a linear combination of the vectors. That’s

not true. The vectors ®𝑣1 =


1
0
0

 and ®𝑣2 =


0
1
0

 are linearly independent, but ®𝑏 =


0
0
1

 is not a linear

combination of the first two. Hopefully, the fact above is a little more clear now. (Re-read it again
before proceeding to the next paragraph.)

Let’s imagine an alternate universe where ®𝑏 ∈ span({®𝑣1 , ®𝑣2 , . . . , ®𝑣𝑑}) can bewritten as two different
linear combinations of the vectors. (We’re doing a proof by contradiction, if you’re familiar with
the idea.) In other words, suppose

𝑎1®𝑣1 + 𝑎2®𝑣2 + . . . + 𝑎𝑑®𝑣𝑑 = ®𝑏

and
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𝑐1®𝑣1 + 𝑐2®𝑣2 + . . . + 𝑐𝑑®𝑣𝑑 = ®𝑏

and not all of the 𝑎𝑖 and 𝑐𝑖 are equal, meaning there’s at least one 𝑖 such that 𝑎𝑖 ≠ 𝑐𝑖 .
What happens if we subtract the two equations?

(𝑎1 − 𝑐1)®𝑣1 + (𝑎2 − 𝑐2)®𝑣2 + . . . + (𝑎𝑑 − 𝑐𝑑)®𝑣𝑑 = ®0

Since ®𝑣1 , ®𝑣2 , . . . , ®𝑣𝑑 are linearly independent, the only way this equation can hold is if all of the
coefficients on the ®𝑣𝑖 are zero. In other words, we’d need

𝑎1 − 𝑐1 = 0𝑎2 − 𝑐2 = 0 . . . 𝑎𝑑 − 𝑐𝑑 = 0

But if that’s the case, then 𝑎𝑖 = 𝑐𝑖 for all 𝑖, which contradicts our assumption that not all of the 𝑎𝑖
and 𝑐𝑖 are equal.

So, this means that it can’t be the case that ®𝑏 can be written as two different linear combinations of
the vectors. In other words, if ®𝑏 ∈ span({®𝑣1 , ®𝑣2 , . . . , ®𝑣𝑑}) and ®𝑣1 , ®𝑣2 , . . . , ®𝑣𝑑 are linearly independent,
then ®𝑏 can be written as a unique linear combination of the vectors.
Linearly independent vectors are desirable, since there’s only one way to use them as building
blocks to create any other vector in their span.

Activity 1

Activity 1

Suppose ®𝑣1 , ®𝑣2 , . . . , ®𝑣𝑑 ∈ R𝑛 are an orthogonal set of vectors, meaning that for any 𝑖 ≠ 𝑗,
®𝑣𝑖 · ®𝑣 𝑗 = 0. (Assume that the vectors are non-zero.)
In Lab 5, you’ll show that any vector ®𝑏 ∈ span({®𝑣1 , ®𝑣2 , . . . , ®𝑣𝑑}) can be written as a linear
combination of the vectors by projecting ®𝑏 onto each of the vectors ®𝑣𝑖 .
Here, prove that the vectors ®𝑣1 , ®𝑣2 , . . . , ®𝑣𝑑 are linearly independent. By doing this, you are
showing that orthogonality is a stronger condition than linear independence.
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Solution

In order for ®𝑣1 , ®𝑣2 , . . . , ®𝑣𝑑 to be linearly independent, we need to show that the only solu-
tion to

𝑎1®𝑣1 + 𝑎2®𝑣2 + . . . + 𝑎𝑑®𝑣𝑑 = ®0

is 𝑎1 = 𝑎2 = . . . = 𝑎𝑑 = 0. Otherwise, there must exist some other non-zero solution for
the 𝑎𝑖’s.
Let’s start with the equation above and take the dot product of both sides with ®𝑣1.

(𝑎1®𝑣1 + 𝑎2®𝑣2 + . . . + 𝑎𝑑®𝑣𝑑) · ®𝑣1 = ®0 · ®𝑣1
This expands to

𝑎1(®𝑣1 · ®𝑣1) + 𝑎2(®𝑣2 · ®𝑣1) + . . . + 𝑎𝑑(®𝑣𝑑 · ®𝑣1) = 0

Since ®𝑣1 , ®𝑣2 , . . . , ®𝑣𝑑 are orthogonal, we know that ®𝑣𝑖 · ®𝑣 𝑗 = 0 for all 𝑖 ≠ 𝑗. This means that
the only non-zero term in the equation above is 𝑎1(®𝑣1 · ®𝑣1). So, we’re left with

𝑎1(®𝑣1 · ®𝑣1) = 0

Since ®𝑣1 is non-zero, we can divide both sides by ®𝑣1 · ®𝑣1 to get 𝑎1 = 0.
We can repeat this process for each of the vectors ®𝑣2 , . . . , ®𝑣𝑑 to show that 𝑎2 = . . . = 𝑎𝑑 = 0,
meaning that the only solution to 𝑎1®𝑣1 + 𝑎2®𝑣2 + . . . + 𝑎𝑑®𝑣𝑑 = ®0 is 𝑎1 = 𝑎2 = . . . = 𝑎𝑑 = 0,
meaning that ®𝑣1 , ®𝑣2 , . . . , ®𝑣𝑑 are linearly independent.

Algorithm for Finding Linearly Independent Subsets with the Same Span
Given a set of vectors ®𝑣1 , ®𝑣2 , . . . , ®𝑣𝑑 ∈ R𝑛 , we’d like to find a subset of the vectors that is linearly
independent and has the same span as the original set of vectors. In Chapter 4.3, we’ll call this
subset a basis for the span of the original set of vectors.
In other words, we’d like to “drop” the vectors that are linearly dependent on the others. For
example, if we have 3 vectors in R3 and they span a plane, we can drop one of them and still span
the same plane (not just any plane), because a plane is a 2-dimensional space, and you only need
2 vectors to span a plane.
In the example below, we can remove any one of the three vectors (which all point in different
directions), and the span of the remaining two is still the exact same plane!
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Dropping any “unnecessary” vectors will give us the desirable property that any vector in the
span of the original set of vectors can be written as a unique linear combination of the vectors in
the subset. (Remember that this has a connection to finding optimal model parameters in linear
regression – this is not just an arbitrary exercise in theory.)
One way to produce a linear independent subset is to execute the following algorithm:

given v_1, v_2, ..., v_d
initialize linearly independent set S = {v_1}
for i = 2 to d:

if v_i is not a linear combination of S:
add v_i to S

The vectors we add to S are a basis for the span of the original set of vectors. The number of vectors
we’re left with is the dimension of the span of the original set of vectors. Again, these are ideas we
formalize in Chapter 4.3.
Let’s evaluate this algorithm on the following set of vectors:

®𝑣1 =

3
4
0

 , ®𝑣2 =

0
1
1

 , ®𝑣3 =

−3
−2
2

 , ®𝑣4 =

6
5
−3

 , ®𝑣5 =

2
5
1


First, we start with 𝑆 = {®𝑣1}.

• Iteration 1 (𝑖 = 2): Is ®𝑣2 a linear combination of the vectors in 𝑆?
No, since ®𝑣2 is not a multiple of ®𝑣1. The first components (3 in ®𝑣1, 0 in ®𝑣2) imply that if ®𝑣2
were a multiple of ®𝑣1 it’d need to be 0®𝑣1, but the other components of ®𝑣2 are non-zero.

Outcome: Add ®𝑣2 to 𝑆. Now, 𝑆 = {®𝑣1 , ®𝑣2}.

• Iteration 2 (𝑖 = 3): Is ®𝑣3 a linear combination of the vectors in 𝑆?
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To determine the answer, we need to try and find scalars 𝑎1 and 𝑎2 such that 𝑎1®𝑣1+ 𝑎2®𝑣2 = ®𝑣3.

𝑎1


3
4
0

 + 𝑎2

0
1
1

 =


−3
−2
2

 =⇒

3𝑎1 + 0𝑎2 = −3
4𝑎1 + 1𝑎2 = −2
0𝑎1 + 1𝑎2 = 2

The first equation implies 𝑎1 = −1 and the third equation implies 𝑎2 = 2. Plugging both
into the second equation gives 4(−1) + 1(2) = −2, which is consistent. This means that
®𝑣3 = −®𝑣1 + 2®𝑣2, so ®𝑣3 is a linear combination of ®𝑣1 and ®𝑣2, and we should not add it to
𝑆.

Outcome: Leave 𝑆 unchanged. Now, 𝑆 = {®𝑣1 , ®𝑣2}.

• Iteration 4 (𝑖 = 4): Is ®𝑣4 a linear combination of the vectors in 𝑆?
To determine the answer, we need to try and find scalars 𝑎1 and 𝑎2 such that 𝑎1®𝑣1+ 𝑎2®𝑣2 = ®𝑣4.

𝑎1


3
4
0

 + 𝑎2

0
1
1

 =


6
5
−3

 =⇒

3𝑎1 + 0𝑎2 = 6

4𝑎1 + 1𝑎2 = 5

0𝑎1 + 1𝑎2 = −3
Similarly, we see that 𝑎1 = 2 (from the first equation) and 𝑎2 = −3 (from the third equation)
are consistent with the second equation. This means that ®𝑣4 = 2®𝑣1 − 3®𝑣2, so ®𝑣4 is a linear
combination of ®𝑣1 and ®𝑣2, and we should not add it to 𝑆.

Outcome: Leave 𝑆 unchanged. Now, 𝑆 = {®𝑣1 , ®𝑣2}.

• Iteration 5 (𝑖 = 5): Is ®𝑣5 a linear combination of the vectors in 𝑆?
To determine the answer, we need to try and find scalars 𝑎1 and 𝑎2 such that 𝑎1®𝑣1+ 𝑎2®𝑣2 = ®𝑣5.

𝑎1


3
4
0

 + 𝑎2

0
1
1

 =


2
5
1

 =⇒

3𝑎1 + 0𝑎2 = 2

4𝑎1 + 1𝑎2 = 5

0𝑎1 + 1𝑎2 = 1

The first equation implies 𝑎1 = 2
3 and the third equation implies 𝑎2 = 1. Plugging both into

the second equation gives 4(23 ) + 1(1) = 11
3 ≠ 5, which means the system is inconsistent. So,

®𝑣5 is not a linear combination of ®𝑣1 and ®𝑣2, and we should add it to 𝑆.

Outcome: Add ®𝑣5 to 𝑆. Now, 𝑆 = {®𝑣1 , ®𝑣2 , ®𝑣5}.

®𝑣1 , ®𝑣2 , ®𝑣5 are linearly independent vectors that have the same span as the original set of vectors.
And since these are 3 linearly independent vectors in R3, their span is all of R3, since R3 is 3-
dimensional and only has 3 independent directions to begin with! If there were more vectors in
our list, they would surely be linearly dependent on 𝑆 = {®𝑣1 , ®𝑣2 , ®𝑣5}, and so we wouldn’t need to
consider them.
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Note that the subset that this algorithm produces is not unique, meaning that there exist other
subsets of 3 of {®𝑣1 , ®𝑣2 , ®𝑣3 , ®𝑣4 , ®𝑣5} that are also linearly independent and have the same span as all of
{®𝑣1 , ®𝑣2 , ®𝑣3 , ®𝑣4 , ®𝑣5} do (which is also the span of {®𝑣1 , ®𝑣2 , ®𝑣5}) If you started with ®𝑣5, then considered
®𝑣4, then considered ®𝑣3, and so on, you’d end up with a subset that includes ®𝑣4, for instance.
What is fixed, though, is how many linearly independent vectors you need to span the entire sub-
space that these five vectors span, and the answer to that is 3.
Homework 4 and Lab 5 will have you practice this algorithm several times, though – as mentioned
above – we’ll use the power of Python to handle some of this for us, soon.

Activity 2

Activity 2

To recap what we’ve covered in this section, answer the following questions.

1. Can any three vectors in R2 be linearly independent?

2. Must any two vectors in R2 be linearly independent?

3. If two vectors in R3 are linearly independent, what do they span?

4. If three vectors in R3 are linearly independent, what do they span?

5. Given 𝑑 vectors inR𝑛 , whatmust be true about 𝑑 and 𝑛 for it to be possible for the vectors
to be linearly independent?

Solutions

1. Can any three vectors in R2 be linearly independent? No. Any three vectors in R2

must be linearly dependent, since R2 is only 2-dimensional. Intuitively, R2 only has
two independent directions, and so you only need two vectors to reach every vector
in it. Given a third, you can always write it as a linear combination of the first two.

2. Must any two vectors in R2 be linearly independent? No. They could be collinear,

like with
[
1
2

]
and

[
2
4

]
.

3. If two vectors in R3 are linearly independent, what do they span? A plane.

4. If three vectors in R3 are linearly independent, what do they span? All of R3.

5. Given 𝑑 vectors in R𝑛 , what must be true about 𝑑 and 𝑛 for it to be possible for the
vectors to be linearly independent? 𝑑 ≤ 𝑛. If 𝑑 > 𝑛, then at least one of them must
be a linear combination of the others, since R𝑛 only has 𝑛 independent directions.

Here’s one final abstract activity to think about.
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Activity 3

Activity 3

1. Suppose we have 8 vectors in R17.

• Could they be linearly independent?
• Could they span all of R17?

2. Suppose we have 17 vectors in R8.

• Could they be linearly independent?
• Could they span all of R8?

Solution

1. Eight vectors in R17.

• They could be linearly independent. For example, use the first eight coordi-
nate directions: the vector with a 1 in the first component and 0 elsewhere, the
vector with a 1 in the second component, and so on through the eighth.

• They can’t span all of R17. Eight vectors can provide at most eight indepen-
dent directions, while R17 has 17.

2. Seventeen vectors in R8.

• They can’t be linearly independent: there are only eight independent direc-
tions available in R8.

• They could span all ofR8. For example, include all eight coordinate directions,
then add nine other vectors. The first eight already span the whole space;
adding more vectors doesn’t take any linear combinations away.

Notice the word could. Having enough vectors makes spanning possible, but doesn’t
guarantee it. Seventeen vectors that all lie on one line still only span that line!
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4.3. Vector Spaces, Basis, and Dimension
In Chapter 4.1 and Chapter 4.2, I introduced the key ideas of span and linear independence. In this
section, we’ll revisit these ideas from a more abstract and rigorous perspective.

Context
Youmight be wondering what the point of all of this is – spans, linear independence, vector spaces,
etc. What does any of this have to do with machine learning, or more specifically, that problem of
predicting commute times given departure times from Chapter 1.2?
Remember, what we’re working towards is being able to build hypothesis functions that use mul-
tiple features to make predictions.

predicted commute time𝑖 = ℎ(departure hour𝑖 , day of month𝑖 , day of week𝑖 , gas left in tank𝑖 , ...)

As we’ll see in Chapter 7, such a hypothesis function involves computing a linear combination of
the features. To find the best possiblemodel, we’ll need to find the best possible linear combination
of the features, and to do so, we’ll need to think about the space of all possible linear combinations
of the features – or the span of those features.
At times, what I’m discussing will sound abstract, pedantic, and disconnected from our overarch-
ing focus on machine learning. But bear with me – I promise it’ll all come together soon.

Vector Spaces
When we first introduced vectors back in Chapter 3.1, I mentioned that they support two key op-
erations: addition and scalar multiplication. These two operations combine through linear com-
binations, as we’ve seen repeatedly throughout Chapter 3 so far.
So far, we’ve mostly dealt with Euclidean vectors, which are the vectors that we’ve treated as
ordered lists of numbers in R𝑛 . (The term “Euclidean” refers to the fact that the vectors have some
geometric meaning; we have thought of a vector as an arrow from the origin to a point in space.
The term Euclidean is named after the Greek mathematician Euclid, who was one of the pioneers
of the study of geometry.)

®𝑣 =


3
−2
8
5
3


, ®𝑥 =


𝑥1
𝑥2
...
𝑥𝑛

︸                      ︷︷                      ︸
Euclidean vectors

However, it’s sometimes useful to consider vectors in a more abstract setting. Euclidean vectors
are not the only mathematica objects that support addition and scalar multiplication!
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Definition: Vector Space

A vector space is a set of objects 𝑉 where:

1. We can add any two elements of 𝑉 and the result is also an element of 𝑉 .

®𝑢, ®𝑣 ∈ 𝑉 =⇒ ®𝑢 + ®𝑣 ∈ 𝑉

2. We can multiply any element of 𝑉 by a scalar 𝑐 and the result is also an element of 𝑉 .

®𝑣 ∈ 𝑉, 𝑐 ∈ R =⇒ 𝑐®𝑣 ∈ 𝑉

Together, the two properties above tell us that any linear combination of vectors in 𝑉 is also a
vector in 𝑉 .

®𝑢, ®𝑣 ∈ 𝑉, 𝑐, 𝑑 ∈ R =⇒ 𝑐®𝑢 + 𝑑®𝑣 ∈ 𝑉

R2 is a vector space: if you take any two vectors in R2 and add them together, you will still have a
vector in R2. Multiply a vector in R2 by a scalar, and you’ll still have a vector in R2.

®𝑢 =

[
3
4

]
, ®𝑣 =

[−1
2

]
︸                    ︷︷                    ︸

two vectors in R2

2®𝑢 − 3®𝑣 =

[
9
2

]
︸           ︷︷           ︸
also a vector in R2!

The same holds for R3, R4, and more generally, R𝑛 . These are all examples of vector spaces.
What might be a vector space that isn’t made up of our regular Euclidean vectors? One possible
vector space is the set of all polynomials with a degree less than or equal to 3 (i.e. degree “at most
3”). This vector space, denoted by P3, is the set of all polynomials of the form

𝑝(𝑥) = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3

where 𝑎3 , 𝑎2 , 𝑎1 , 𝑎0 are real numbers (potentially equal to 0).

𝑢(𝑥) = 2𝑥3 − 16𝑥2 + 7𝑥 − 1

𝑣(𝑥) = 3𝑥3 − 4𝑥2 + 2𝑥 + 5
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𝑤(𝑥) = 𝑥 + 4

𝑢(𝑥), 𝑣(𝑥), and 𝑤(𝑥) are all elements of P3; think of each of these polynomials as a vector in P3.
Why is P3 a vector space? If you add any two polynomials with a degree of at most 3 together, you
will still have a polynomial with degree at most 3. Likewise, if you multiply a polynomial with
degree at most 3 by a scalar, you will still have a polynomial with degree at most 3.

Activity 1

Activity 1

Why are the set of polynomials of degree exactly 3 not a vector space?

Solution

It’s possible to add two polynomials with degree exactly 3 together, and get a polynomial
with degree 2, which would mean that the result is not in the set of polynomials with
degree exactly 3.

𝑢(𝑥) = 𝑥3 + 𝑥2 − 15

𝑣(𝑥) = −𝑥3 + 4

Here, 𝑢(𝑥) + 𝑣(𝑥) = 𝑥2 + 11, which is not a polynomial with degree exactly 3.

There are other examples of abstract vector spaces, too, like the set of all matrices with real entries,
or the set of all continuous functions from R to R. In the definition of a vector space, I mentioned
that the objects in the space should support addition and scalar multiplication. We know how
these operations work for our traditional definition of vectors, but what do these operations look
like for generic mathematical objects?

Vector Space Properties

In order for a set of objects 𝑉 to be a vector space, their definitions of addition and scalar
multiplication must satisfy the following 8 properties, for elements ®𝑢, ®𝑣, ®𝑤 ∈ 𝑉 and scalars
𝑐, 𝑑 ∈ R.
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Property Description
1 ®𝑢 + ®𝑣 = ®𝑣 + ®𝑢 Addition is commutative,

i.e. you can swap the order
of addition

2 (®𝑢 + ®𝑣) + ®𝑤 = ®𝑢 + (®𝑣 + ®𝑤) Addition is associative, i.e.
it doesn’t matter how you
group the vectors you’re
adding

3 There exists an element ®0 ∈
𝑉 such that ®𝑣 + ®0 = ®𝑣 for all
®𝑣 ∈ 𝑉

There exists an additive
identity, i.e. a zero vector

4 For every ®𝑣 ∈ 𝑉 , there exists
an element −®𝑣 ∈ 𝑉 such that
®𝑣 + (−®𝑣) = ®0

There exist additive in-
verses, i.e. subtracting a
vector is the same as adding
its negative

5 1®𝑢 = ®𝑢 Existence of amultiplicative
identity, i.e. multiplying a
vector by the scalar 1 doesn’t
change the vector

6 (𝑐𝑑)®𝑣 = 𝑐(𝑑®𝑣) Scalar multiplication is as-
sociative, i.e. it doesn’t
matter how you group the
scalars you’re multiplying
by

7 𝑐(®𝑢 + ®𝑣) = 𝑐®𝑢 + 𝑐®𝑣 Scalar multiplication
distributes over vector
addition, i.e. you can dis-
tribute a scalar over a sum
of vectors

8 (𝑐 + 𝑑)®𝑣 = 𝑐®𝑣 + 𝑑®𝑣 Scalar addition distributes
over scalar multiplication,
i.e. you can distribute a sum
of scalars over a vector

Technically, we could be even more abstract and not restrict the scalars to be real numbers, and in-
stead allow them to be complex numbers. Such a vector space is called a complex vector space. But,
we’ll stick with real vector spaces in this class, where the scalars involved in scalar multiplication
are real numbers.
And even more practically, we’ll stick to focusing on the vector space R𝑛 . Still, I wanted to provide
you with some context for how to generalize these ideas.
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Activity 2

Activity 2

1. Suppose we try to create a new vector space in which vector addition is defined in the
following way: [

𝑢1
𝑢2

]
+

[
𝑣1
𝑣2

]
=

[
𝑢1 + 𝑣2
𝑢2 + 𝑣1

]
So for example

[
1
2

]
+

[
3
4

]
=

[
1 + 4
2 + 3

]
=

[
5
5

]
.

Suppose we stick with the usual definition of scalar multiplication. Which of the 8 con-
ditions above are not satisfied?

2. Suppose we consider the set of vectors with two components, where scalar multiplica-
tion is defined as

𝑘

[
𝑣1
𝑣2

]
=

[
𝑘𝑣1
𝑣2

]
Suppose we stick with the usual definition of vector addition. Which of the 8 conditions
above are not satisfied?
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Solution

1. Modified addition. Write ⊕ for the new addition rule, so we can distinguish it from
ordinary addition. The properties that fail are 1, 2, and 8.

For a counterexample to Property 1, take ®𝑢 =

[
1
0

]
and ®𝑣 =

[
0
0

]
. Then:

®𝑢 ⊕ ®𝑣 =

[
1
0

]
, ®𝑣 ⊕ ®𝑢 =

[
0
1

]
For Property 2, take ®𝑢 = ®𝑣 =

[
0
0

]
and ®𝑤 =

[
1
0

]
. Then:

(®𝑢 ⊕ ®𝑣) ⊕ ®𝑤 =

[
0
1

]
, ®𝑢 ⊕ (®𝑣 ⊕ ®𝑤) =

[
1
0

]
For Property 8, take 𝑐 = 𝑑 = 1 and ®𝑣 =

[
1
0

]
. Then:

(𝑐 + 𝑑)®𝑣 =

[
2
0

]
, 𝑐®𝑣 ⊕ 𝑑®𝑣 =

[
1
1

]
What about the other properties? Be careful to use the statements as written in the table.

Property 3 holds because ®𝑣 ⊕
[
0
0

]
= ®𝑣. Property 4 also holds: for ®𝑣 =

[
𝑎
𝑏

]
, the vector

[−𝑏
−𝑎

]
satisfies: [

𝑎
𝑏

]
⊕

[−𝑏
−𝑎

]
=

[
0
0

]
Here, the symbol−®𝑣 in Property 4 denotes an additive inverse for the new rule; it need not
be the usual componentwise negative. Properties 5 and 6 hold because scalar multiplica-

tion is unchanged. Property 7 holds becausemultiplying
[
𝑢1 + 𝑣2
𝑢2 + 𝑣1

]
by 𝑐 gives

[
𝑐𝑢1 + 𝑐𝑣2
𝑐𝑢2 + 𝑐𝑣1

]
,

which is also 𝑐®𝑢 ⊕ 𝑐®𝑣.
2. Modified scalar multiplication. Write � for this rule. Only Property 8 fails. Its two
sides are:

(𝑐 + 𝑑) �
[
𝑎
𝑏

]
=

[(𝑐 + 𝑑)𝑎
𝑏

]
𝑐 �

[
𝑎
𝑏

]
+ 𝑑 �

[
𝑎
𝑏

]
=

[
𝑐𝑎
𝑏

]
+

[
𝑑𝑎
𝑏

]
=

[(𝑐 + 𝑑)𝑎
2𝑏

]
These aren’t equal when 𝑏 ≠ 0. Properties 1-4 hold because addition is unchanged. Mul-
tiplication by 1 preserves both components, successive multiplication by 𝑑 and 𝑐 gives[
𝑐𝑑𝑎
𝑏

]
, and distributing 𝑐 over a vector sum works component by component. So, Prop-

erties 5-7 hold as well.
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Subspaces
As I emphasized above, we’ll stick to working with vector spaces of the form R𝑛 , made up of Eu-
clidean vectors.
A theme that we’ve studied over the past few sections is that of a subspace: a subset of a vector
space.

• The span of one vector in R2 is a line through the origin, which is a 1-dimensional subspace
of R2.

• The span of two non-collinear vectors in R3 is a plane through the origin, which is a 2-
dimensional subspace of R3.

Let me be a bit more precise with what a subspace is, given our new framing of vector spaces.

Definition: Subspace

A subspace 𝑆 of a vector space 𝑉 is a set of vectors in 𝑉 where:

1. The zero vector is in 𝑆.

®0 ∈ 𝑆

2. We can add any two elements of 𝑆 and the result is also an element of 𝑆.

®𝑢, ®𝑣 ∈ 𝑆 =⇒ ®𝑢 + ®𝑣 ∈ 𝑆

3. We can multiply any element of 𝑆 by a scalar 𝑐 and the result is also an element of 𝑆.

®𝑢 ∈ 𝑆, 𝑐 ∈ R =⇒ 𝑐®𝑢 ∈ 𝑆

The last two properties together tell us that 𝑆 must be “closed” under addition and scalar
multiplication, i.e. the must satisfy the “closure” property.

The simpler way of thinking of Properties 2 and 3 above is that if you take any two vectors
®𝑢, ®𝑣 ∈ 𝑆, then any linear combination 𝑐®𝑢 + 𝑑®𝑣 must also be in 𝑆. If you combine elements in a
subspace, they can’t “escape” the subspace.
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Properties 2 and 3 above sound familiar, since they were the defining properties of a vector space.
Indeed, a subspace is a vector space on its own, it’s just that it’s also a subset of a larger vec-
tor space, meaning all of its elements are also in 𝑉 . The “sub” in “subspace” means “under” or
“within”. A subspace can also just be the entire vector space itself – R2 is a subspace of R2, for
example – which is why I’ll usually phrase definitions and theorems in terms of subspaces, rather
than vector spaces.
Sometimes, other math texts will use set notation to denote subspaces, like 𝑆 ⊆ 𝑉 , but I’ll try and
avoid unnecessary notation like that here.
Many years ago, one of the great math teachers I had used the following example to explain what
the term closure meant:

If you put two elephants in a cage, and one day a third animal comes out, that third
animal must still be an elephant. - J. Bruce White, 1938-2025

The point is not just that elephants are animals, but that if you take any two elephants and add
them together, you’ll still have an elephant.
Let’s look at several possible subspaces of larger vector spaces, and see if they are subspaces (and if
not, why not).

https://www.familiesfirst.ca/memorials/j-bruce-white/5608620/
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Try these examples yourself before looking at the solutions!

While these examples aren’t framed as activities, if you’re reviewing after lecture or lab, try
and determine whether each of these sets are subspaces without reading my answer.

Example: First Component is 1 False. Is the set of all vectors in R2 whose first component is 1 a
subspace of R2? (Notice that when I ask whether a set is a subspace, I have to specify the vector
space it’s possibly a subspace of.)
In set notation, I could write this set as

{
[
1
𝑦

]
| 𝑦 ∈ R}

When I’m presented with a set like this, I like to think of some example vectors in the set, and see if
those examples satisfy the properties of a subspace. If those examples satisfy the properties, then
I’ll try and prove that the properties hold for any two vectors in the set.

This set contains vectors like
[
1
2

]
and

[
1
−5

]
. Remember, for this set to be a subspace, it must be

closed under addition and scalar multiplication. But, if I add these two example vectors together,
I get [

1
2

]
+

[
1
−5

]
=

[
2
−3

]
which is not a vector in the set, since its first component is not 1. So, this set is not closed under
addition, and so it is not a subspace of R2. I don’t need to prove anything in a more general form
here, since I’ve found a counterexample.

Also, this set doesn’t contain the zero vector
[
0
0

]
, which it needs to in order to be a subspace.

Example: First Component is 0 True. Is the set of all vectors in R2 whose first component is 0 a
subspace of R2? This is the set

{
[
0
𝑦

]
| 𝑦 ∈ R}

This set does contain the zero vector
[
0
0

]
, which is a good start.

Some example vectors in this set are
[
0
2

]
and

[
0
−5

]
. Adding these vectors together gives

[
0
−3

]
, which

is also in the set.
That’s a good start – but can we verify that any linear combination of vectors in the set is another
vector in the set?

To do so, let’s pick two arbitrary vectors in the set, ®𝑢 =

[
0
𝑥

]
and ®𝑣 =

[
0
𝑦

]
. A linear combination of
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these two vectors is 𝑐®𝑢 + 𝑑®𝑣, or

𝑐

[
0
𝑥

]
+ 𝑑

[
0
𝑦

]
=

[
0

𝑐𝑥 + 𝑑𝑦
]

No matter what scalars 𝑐 and 𝑑 we pick, and no matter what the values of scalars 𝑥 and 𝑦 are, the
sum 𝑐®𝑢+𝑑®𝑣 is always a vector in R2 with a first component of 0 and a second component of 𝑐𝑥+𝑑𝑦.
In other words, any linear combination of vectors in the set is also a vector in the set. So, this set is
closed under addition and scalar multiplication, and so it is a subspace of R2.

Example: Unit Vectors False. Is the set of all unit vectors inR5 a subspace ofR5? (There’s nothing
special about R5; I just wanted to move away from examples in R2.) This is the set

{®𝑣 ∈ R5 | ‖ ®𝑣‖ = 1}

This is not a subspace of R5, which we can identify quickly by realizing it doesn’t contain the zero

vector


0
0
0
0
0


.

If we instead changed the set to be all vectors in R5 with a norm of less than or equal to 1, i.e.

{®𝑣 ∈ R5 | ‖ ®𝑣‖ ≤ 1}

the resulting set would contain the zero vector in R5, but still wouldn’t be a subspace, since it’s not

closed under addition or scalar multiplication.


1
0
0
0
0


is in the set, but if we multiply it by 2, we get


2
0
0
0
0


, which is not in the set.

Example: Non-Negative Coordinates False. Is the set of all vectors in R2 with non-negative co-
ordinates a subspace of R2? This is the set

{
[
𝑥
𝑦

]
| 𝑥 ≥ 0, 𝑦 ≥ 0}

Graphically, this set represents the top-right quadrant (also known as the first quadrant) of the 𝑥𝑦-
plane. If we add two vectors in this set, the third vector will also be in the set, since the sum of two
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non-negative numbers is non-negative. However, if we multiply a vector in this set by a negative
scalar, the resulting vector will not be in the set.

Example: Line through Origin True. Consider the set of all vectors in R3 that lie on the line

spanned by

1
−3
2

 . Is this a set a subspace of R3? This is the set

{

1
−3
2

 | 𝑡 ∈ R}

Visually, this line looks like
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If we pick any two vectors on this line, any of their linear combinations will also lie on this line.

Any vector on this line is a scalar multiple of

1
−3
2

 , so two arbitrary vectors on this line might look

like

®𝑢 = 𝑎


1
−3
2

 , ®𝑣 = 𝑏


1
−3
2


Then, a linear combination of ®𝑢 and ®𝑣 is

𝑐®𝑢 + 𝑑®𝑣 = 𝑐𝑎


1
−3
2

 + 𝑑𝑏

1
−3
2

 = (𝑐𝑎 + 𝑑𝑏)

1
−3
2


which is just another vector on the line! So, since the set is closed under linear combinations, it is
a subspace of R3.

Example: Cubic Polynomials False. We’ve spent time considering lines that do and don’t pass
through the origin. What about functions inR2 that aren’t lines? Consider the degree 3 polynomial

𝑓 (𝑥) = 0.18𝑥3 − 0.95𝑥2 + 1.4𝑥

The set of all points in R2 that lie on the graph of the function is

𝐶 =

{[
𝑥

0.18𝑥3 − 0.95𝑥2 + 1.4𝑥

]
| 𝑥 ∈ R

}
𝐶 is a subset of R2. Again, we’re sort of blending the definition of a vector and a point. For every
point on the curve, include the vector whose tail is at the origin and whose endpoint is that point.
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(This is implicitly what we did in the previous example too. By saying that a vector lives on a line,
I meant that its endpoint is on that line.)

Even though this is a subset of R2 and it contains ®0 =

[
0
0

]
, it is not a subspace of R2.

Why? It is not closed under addition. If you pick two vectors that live on this curve and add them,
the result is not necessarily on the curve, as shown above.

Spans are Subspaces, and Vice Versa

The last example we walked through above, {

1
−3
2

 | 𝑡 ∈ R}, is a subspace of R3. It is also the span

of the vector

1
−3
2

 . It turns out that this correspondence between spans and subspaces is true in

general.
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Spans are Subspaces

If ®𝑣1 , ®𝑣2 , . . . , ®𝑣𝑑 are vectors in R𝑛 , then the span (i.e. set of all possible linear combinations) of
these vectors is a subspace of R𝑛 .
In other words,

span({®𝑣1 , ®𝑣2 , . . . , ®𝑣𝑑}) =
{
𝑎1®𝑣1 + 𝑎2®𝑣2 + · · · + 𝑎𝑑®𝑣𝑑

�� 𝑎1 , 𝑎2 , . . . , 𝑎𝑑 ∈ R
}

is a subspace of R𝑛 .

This is true essentially by the definition of a span. The span of a collection of vectors is defined to be
the set of all of their possible linear combinations. If you pick any two vectors in the span, they’re
both made of the same building blocks (spanning vectors), so if you make a linear combination of
these two new vectors, that’ll still be made up of the same building blocks.

Example: Span of Two Vectors in R3 True. As an example, consider the span of the vectors

®𝑢 =


2
6
−3

 , ®𝑣 =


1
5
0


span({ ®𝑢, ®𝑣}) contains all vectors of the form 𝑐®𝑢 + 𝑑®𝑣. Let’s pick two such vectors, say

®𝑥 = 2®𝑢 + 3®𝑣, ®𝑦 = 4®𝑢 − 2®𝑣

Both ®𝑥 and ®𝑦 are in span({ ®𝑢, ®𝑣}). Now, let’s take a linear combination of these two new vectors, say,
5®𝑥 − 1

2 ®𝑦, and check if that’s also in span({ ®𝑢, ®𝑣}). This linear combination is

5®𝑥 − 1

2
®𝑦 = 5(2®𝑢 + 3®𝑣) − 1

2
(4®𝑢 − 2®𝑣)

But, simplifying this expression shows us that it’s equivalent to

5®𝑥 − 1

2
®𝑦 = 10®𝑢 + 15®𝑣 − 2®𝑢 + ®𝑣 = 8®𝑢 + 16®𝑣

which clearly shows that a linear combination of ®𝑥 and ®𝑦 is really just a linear combination of ®𝑢
and ®𝑣.
All of this is to say, if you pick any two vectors in span({ ®𝑢, ®𝑣}), their linear combinationswill also be
in span({ ®𝑢, ®𝑣}), so span({ ®𝑢, ®𝑣}) is closed under addition and scalar multiplication. It also contains
the zero vector (since you could take 0®𝑢 + 0®𝑣 = ®0), so this span is a subspace of R3.
Let’s not forget that the span of two non-collinear vectors in R3 is a plane. So, since span({ ®𝑢, ®𝑣})
is a subspace, the corresponding plane is also a subspace of R3 (because it’s the same thing as the
span of the vectors).
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Chapter 4.4 shows us how to find the equation of a plane in standard form (𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 + 𝑑 = 0)
given two non-collinear vectors in the plane. That specific equation in this case happens to be

15𝑥 − 3𝑦 + 4𝑧 = 0, which means the set of vectors

𝑥
𝑦
𝑧

 that satisfy this equation form a subspace of

R3.

Example: Plane 𝑥 + 𝑦 + 𝑧 = 0 True. What if we’re instead given a plane, rather than the span of
a collection of vectors?

Subspaces are Spans, Too!

Given any subspace 𝑆 of a vector space 𝑉 , there exists some collection of vectors in 𝑉 such
that 𝑆 = span({®𝑣1 , ®𝑣2 , . . . , ®𝑣𝑑}).

It turns out that not only is every span a subspace, but every subspace can be spanned by some
collection of vectors. The plane 𝑥 + 𝑦 + 𝑧 = 0 is a subspace of R3. Can we write it as the span of a
collection of vectors? Sure we can. We know that it only takes two non-collinear vectors to span a
plane, so all we need to do is pick two vectors that lie in 𝑥 + 𝑦 + 𝑧 = 0.

Arbitrarily, let’s pick the vectors

1
−1
0

 and

2
1
−3

 . These vectors aren’t collinear (as a reminder, this

means that one is not a scalar multiple of the other), so they span a plane.

So, the plane 𝑥 + 𝑦 + 𝑧 = 0 is the span of the vectors

1
−1
0

 and

2
1
−3

 , and so it’s a subspace of R3.

These are not the only two vectors that span this plane; there are infinitely many pairs of vectors
that can be said to span this plane. I just picked a pair that happens to have nice numbers.
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I’ve plotted the plane below, without the vectors

1
−1
0

 and

2
1
−3

 , to emphasize that you should

think of planes through the origin as subspaces in their own right.

Example: Plane 𝑥 + 𝑦 + 𝑧 = 5 False. What about a plane that doesn’t pass through the origin? Is
the plane 𝑥 + 𝑦 + 𝑧 = 5 a subspace of R3?

Remember, subspaces must contain the zero vector, but the vector

0
0
0

 doesn’t satisfy 𝑥 + 𝑦 + 𝑧 = 5.

So, the plane 𝑥 + 𝑦 + 𝑧 = 5 is not a subspace of R3.
Equivalently, you know that the span of any set of vectors must also always contain the zero vector,
since you’re always able to create the zero vector by taking 0 of each of the spanning vectors, 0®𝑣1 +
0®𝑣2 + · · · + 0®𝑣𝑑 = ®0. So, if a set does not contain the zero vector, it can’t be the span of any set of
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vectors, but as we just saw, all subspaces must be spanned by some set of vectors. If it can’t be a
span, it can’t be a subspace, and so the plane 𝑥 + 𝑦 + 𝑧 = 5 is not a subspace of R3.

Basis and Dimension
In Chapter 4.2, we looked at how to find linearly independent subsets with the same span as a
given set of vectors. We like the vectors we’re dealing with to be linearly independent, so that any
of their linear combinations are unique and can only be created in one way. (This was proved in
Chapter 4.2.)
The specific example we looked at was

®𝑣1 =

3
4
0

 , ®𝑣2 =

0
1
1

 , ®𝑣3 =

−3
−2
2

 , ®𝑣4 =

6
5
−3

 , ®𝑣5 =

2
5
1


And, through the algorithm introduced at the bottom of that section, we found that the vectors
®𝑣1 , ®𝑣2 , ®𝑣5 alone have the same span as the original set of 5 vectors, but are also linearly independent.

span({®𝑣1 , ®𝑣2 , ®𝑣5}) = span({®𝑣1 , ®𝑣2 , ®𝑣3 , ®𝑣4 , ®𝑣5})

The vectors ®𝑣3 and ®𝑣4 can be written as linear combinations of ®𝑣1 , ®𝑣2 , ®𝑣5, so they are not needed to
describe the span of the original set of 5 vectors. In particular,

®𝑣3 = −®𝑣1 + 2®𝑣2 , ®𝑣4 = 2®𝑣1 − 3®𝑣2

There is a special name for a set of vectors that are both linearly independent and span a subspace,
like ®𝑣1 , ®𝑣2 , ®𝑣5 above.

Definition: Basis

A basis for a subspace 𝑆 is a set of vectors that:

1. span all of 𝑆.

2. are linearly independent.

In the example above, the vectors ®𝑣1 , ®𝑣2 , ®𝑣5 are a basis for the span of the original set of 5 vectors,
or equivalently, a basis for the subspace of R3 containing all of the vectors that can be written as
linear combinations of the original 5 vectors.
Think of a basis as the minimum set of vectors you need to describe every vector in a subspace:

• If you remove a vector from a basis, you’ll no longer be able to reach every vector in the
subspace.

• If you add an extra vector to a basis, the new set will no longer be linearly independent.
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Definition: Dimension

The dimension of a subspace 𝑆, denoted dim(𝑆), is the number of vectors in a basis for 𝑆.
All bases for a subspace have the same number of vectors; this number is the dimension.

Again, continuing with the example above, since we’ve found a basis containing 3 vectors for the
span of the original set of 5 vectors, the dimension of the span of the original set of 5 vectors is 3
(not 5). So, I might say

dim(span({®𝑣1 , ®𝑣2 , ®𝑣3 , ®𝑣4 , ®𝑣5})) = 3

A basis for a subspace is not unique. Sure, ®𝑣1 , ®𝑣2 , ®𝑣5 is a basis for the span of the original set of 5
vectors, but so is ®𝑣3 , ®𝑣4 , ®𝑣5, another collection of 3 vectors.
And, since both of these bases (®𝑣1 , ®𝑣2 , ®𝑣5 and ®𝑣3 , ®𝑣4 , ®𝑣5) involve 3 linearly independent vectors inR3,
they span all of R3. What’s another set of linearly independent vectors in R3 that span R3? There’s

the easy choice, of

1
0
0

 ,

0
1
0

 ,

0
0
1

 .

Standard Basis for R𝑛 . We say the standard basis for R𝑛 is the set of vectors


1
0
0
...
0


,


0
1
0
...
0


, . . . ,


0
0
0
...
1


.

Sometimes these vectors are written as ®𝑒1 , ®𝑒2 , . . . , ®𝑒𝑛 . In addition to being a basis for R𝑛 , they’re
also unit vectors, and orthogonal.
Since the standard basis for R𝑛 is, well, a basis, and any basis for a subspace has the same number
of elements, we know that R𝑛 is 𝑛-dimensional.

In R2, the standard basis consists of ®𝑒1 =

[
1
0

]
and ®𝑒2 =

[
0
1

]
. ®𝑒1 and ®𝑒2 are linearly independent

(neither is a scalar multiple of the other), and they span all of R2, which means that any other
vector in R2 can be written as a linear combination of them.

Pick your favorite vector with two components, say
[
5

−12
]
, and you’ll be able to write it as a linear

combination of the standard basis.[
5

−12
]
= 5

[
1
0

]
− 12

[
0
1

]
= 5®𝑣1 − 12®𝑣2︸      ︷︷      ︸

linear combination of standard basis

Let’s look at a few more examples of possible bases for given subspaces.
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QuickExamples.

Vectors Are they a basis for... Answer Why?[
1
0

]
,

[
1
5

]
R2 Yes They’re linearly inde-

pendent, and span all
of R2.

1
0
0

 ,

0
1
0

 R3 No They’re linearly inde-
pendent, but don’t
span all of R3, since
no linear combination

of them can equal

0
0
1


(or any other vector
with a non-zero third
component).

1
0
0

 ,

0
1
0

 ,

3
4
5

 R3 Yes They’re linearly inde-
pendent, and span all
of R3. They’re not the
standard basis, but
they’re still a basis.

1
0
0

 ,

0
1
0

 ,

0
0
1

 ,

3
4
5

 R3 No They span all of R3

but they’re not lin-
early independent.
R3 has dimension 3,
so a basis for R3 must
have 3 vectors.

Finding a Basis for a Subspace. Often, we’ll need to find a basis for a given subspace. If the
subspace in question is the span of a set of vectors, we can use the algorithm from the bottom of
Chapter 4.2 to find a basis.

given v_1, v_2, ..., v_d
initialize linearly independent set S = {v_1}
for i = 2 to d:

if v_i is not a linear combination of S:
add v_i to S

All this algorithmdoes is remove linearly dependent vectors from left to right, so that the remaining
vectors are linearly independent.
For example, if

®𝑣1 =

1
1
1

 , ®𝑣2 =

1
−2
−3

 , ®𝑣3 =

−3
0
1





Chapter 4. Linear Independence 209

A basis for span
({®𝑣1 , ®𝑣2 , ®𝑣3}) is {®𝑣1 , ®𝑣2}, since these two vectors are linearly independent and span

the same subspace as the original three vectors; ®𝑣3 is a linear combination of ®𝑣1 and ®𝑣2, specifically
®𝑣3 = −2®𝑣1 − ®𝑣2.
Equivalently, {®𝑣1 , ®𝑣3} is also a basis for the same subspace, since we can equivalently say ®𝑣2 =
−2®𝑣1 − ®𝑣3. Either way, dim

(
span

({®𝑣1 , ®𝑣2 , ®𝑣3}) ) = 2.
See the bottom of Chapter 4.2 for another worked example.
What about subspaces that aren’t expressed explicitly as a span – how do we find a basis for them?

For instance, consider the subspace of R3 containing vectors

𝑥
𝑦
𝑧

 such that 2𝑥 − 3𝑦 + 4𝑧 = 0. This is

a plane through the origin, and so we know it’s spanned by two non-collinear vectors in R3.
Some subspaces aren’t explicitly expressed as a span, but we can still find a basis for them. We
looked at an example of this earlier in this section, before we knew what a basis was. Specifically,

we saw the plane of points

𝑥
𝑦
𝑧

 such that 𝑥 + 𝑦 + 𝑧 = 0 is spanned by

1
−1
0

 and

2
1
−3

 . Since these

two vectors are linearly independent, they form a basis for the subspace (a basis of dimension 2).

Example: Equal Second and Fourth Components True. Consider the set

𝑆 =



𝑥1
𝑥2
𝑥3
𝑥4
𝑥5


∈ R5 | 𝑥2 = 𝑥4


𝑆 contains all vectors in R5 whose second and fourth components are equal. 𝑆 is a subspace of R5.
Any vector in 𝑆 can be written as


𝑎
𝑏
𝑐
𝑏
𝑑


for some scalars 𝑎, 𝑏, 𝑐, 𝑑.

• The zero vector is in 𝑆, since


0
0
0
0
0


has equal second and fourth components.
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• If ®𝑢 =


𝑎
𝑏
𝑐
𝑏
𝑑


and ®𝑣 =



𝑒
𝑓
𝑔
𝑓
ℎ


, then for any scalars 𝛼, 𝛽,

𝛼®𝑢 + 𝛽®𝑣 =



𝛼𝑎 + 𝛽𝑒
𝛼𝑏 + 𝛽 𝑓
𝛼𝑐 + 𝛽𝑔
𝛼𝑏 + 𝛽 𝑓
𝛼𝑑 + 𝛽ℎ


and the second and fourth components are still equal. This means that 𝑆 is closed under
addition and scalar multiplication.

Now that we know 𝑆 is a subspace, let’s find a basis for it. Since vectors in 𝑆 have the form


𝑎
𝑏
𝑐
𝑏
𝑑


, any

vector in 𝑆 can be decomposed as follows:
𝑎
𝑏
𝑐
𝑏
𝑑


= 𝑎


1
0
0
0
0


+ 𝑏


0
1
0
1
0


+ 𝑐


0
0
1
0
0


+ 𝑑


0
0
0
0
1


Notice above that only the second vector has a non-zero second and fourth component, which
forces the second and fourth components of any vector written in the form above to be equal – the
other three vectors contribute 0 to the second and fourth components.
So,

𝑆 = span

©­­­­­­­­­­­«



1
0
0
0
0


,


0
1
0
1
0


,


0
0
1
0
0


,


0
0
0
0
1


︸                     ︷︷                     ︸

basis for 𝑆

ª®®®®®®®®®®®¬
The collection of vectors



1
0
0
0
0


,


0
1
0
1
0


,


0
0
1
0
0


,


0
0
0
0
1




is linearly independent, so they form a basis for 𝑆.

Hence,
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dim(𝑆) = 4

Activity 3

Activity 3

For each of the following subspaces, find two possible bases and state the dimension.

1. The subspace of R3 containing vectors

𝑥
𝑦
𝑧

 such that 2𝑥 − 3𝑦 + 4𝑧 = 0.

2. The subspace of R6 containing vectors in which the third and fourth coordinates are 0.
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Solution

1. The plane 2𝑥 − 3𝑦 + 4𝑧 = 0. Solving for 𝑥 gives 𝑥 = 3
2 𝑦 − 2𝑧. So, every vector on the

plane can be written as: 
𝑥
𝑦
𝑧

 =
𝑦
2


3
2
0

 + 𝑧

−2
0
1


These two vectors span the plane and aren’t scalar multiples of each other, so one basis
is: 


3
2
0

 ,

−2
0
1




For a second basis, replace the second vector by the sum of the two:

3
2
0

 ,

1
2
1




The new pair still spans the original vectors, since subtracting the first from the second

recovers

−2
0
1

 . The newvectors aren’t scalarmultiples either. Both bases have twovectors,

so the dimension is 2 .

2. The subspace inR6. Ageneral vector has the form



𝑎
𝑏
0
0
𝑐
𝑑


. We can choose each of 𝑎, 𝑏, 𝑐, 𝑑

freely, so a natural basis is: 



1
0
0
0
0
0


,



0
1
0
0
0
0


,



0
0
0
0
1
0


,



0
0
0
0
0
1




Multiplying these by 𝑎, 𝑏, 𝑐, 𝑑, respectively, and adding gives every vector in the subspace.
The only way their linear combination can be ®0 is if all four coefficients are 0, so they’re
linearly independent.
Another basis is: 



1
1
0
0
0
0


,



0
1
0
0
0
0


,



0
0
0
0
1
1


,



0
0
0
0
0
1




To produce



𝑎
𝑏
0
0
𝑐
𝑑


, use coefficients 𝑎, 𝑏 − 𝑎, 𝑐, 𝑑 − 𝑐 in that order. These coefficients are

uniquely determined, so the new set also spans the subspace and is linearly independent.
The dimension is 4 .
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Orthogonal Complements
To wrap up, let me introduce an idea that we’ll rely on heavily once we get to Chapter 5.4.

Definition: Orthogonal Complement

If 𝑆 is a subspace of R𝑛 , then the orthogonal complement of 𝑆, denoted 𝑆⊥, is

𝑆⊥ = { ®𝑥 ∈ R𝑛 | ®𝑥 · ®𝑠 = 0 for every ®𝑠 ∈ 𝑆}

𝑆⊥ contains all vectors that are orthogonal to every vector in 𝑆; 𝑆⊥ is also a subspace of R𝑛 .

For example, suppose 𝑆 is the span of the vectors

−2
3
1

 and

−2
0
1

 .
𝑆 = span ©­«



−2
3
1

 ,

−2
0
1


ª®¬

𝑆 is a plane through the origin. Then, 𝑆⊥ is the set of vectors perpendicular to this plane. What is
𝑆⊥? It is a line through the origin. The direction vector that defines this line is the cross product of
the two spanning vectors of 𝑆.

Any vector that lives on the line is orthogonal to any vector that lives on the plane, which is what
makes the line and plane orthogonal complements of each other.
When we get to Chapter 5.4, we’ll see that matrices contain several subspaces and their orthog-
onal complements. Our knowledge of orthogonal complements will help us understand these
subspaces better, which will be useful when we revisit the problem of finding optimal model pa-
rameters for regression models.
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The gist of the connection for now is this: given a subspace 𝑆, any vector in R𝑛 can be written as
the sum of a vector in 𝑆 and a vector in 𝑆⊥. This relates to the idea of orthogonal projections from
Chapter 3.4, where the error vector when projecting ®𝑢 onto ®𝑣 is orthogonal to ®𝑣. More in due time!

Activity 4

Activity 4

For any subspace 𝑆, what is 𝑆 ∩ 𝑆⊥, i.e. the intersection of 𝑆 and its orthogonal complement?

Solution

𝑆 ∩ 𝑆⊥ = {®0}.

Activity 5

Activity 5

Find the orthogonal complement of the span of

1
2
3

 .
Solution

We’re looking for the subspace containing all vectors inR3 that are orthogonal to

1
2
3

 (and

all scalar multiples of this vector). This is the plane

𝑥 + 2𝑦 + 3𝑧 = 0

Why? If we inspect the equation above, we see that any vector

𝑥
𝑦
𝑧

 that satisfies this

equation is orthogonal to

1
2
3

 , since 𝑥 + 2𝑦 + 3𝑧 = 0 is the dot product of

𝑥
𝑦
𝑧

 and

1
2
3

 .

../03_vectors/04-projecting-onto-a-vector.ipynb


Chapter 4. Linear Independence 215

4.4. Lines, Planes, Hyperplanes, and the Cross Product
Think of this section as a brief detour from the main storyline of the course. Here, I’ll cover how to
describe lines, planes, and hyperplanes in R𝑛 , and how they relate to our understanding of spans
and subspaces from earlier in this chapter.

Lines
Intuition in R2 and R3. We’re very familiar with lines in R2. The line 𝑦 = 2𝑥 + 3, in R2, is the set
of all (𝑥, 𝑦) coordinates that satisfy the equation 𝑦 = 2𝑥 + 3.
The line 𝑦 = 2𝑥 + 3 is in slope-intercept form, which more generally looks like 𝑦 = 𝑤0 + 𝑤1𝑥.
Sometimes, wemaywrite lines in standard form, like 2𝑥−𝑦+3 = 0, ormore generally, 𝑎𝑥+𝑏𝑦+𝑐 = 0.
Let’s kick things up a notch and consider lines in R3. What is the equation of the line below?

Aswe saw in Chapter 4.1, the line shown above is the span of the vector ®𝑣 =


2
−1
3

 . It passes through
the origin, (0, 0, 0), and passes through the point (2,−1, 3).
Ideally, we’d be able to express the line as a function

𝑧 = 𝑓 (𝑥, 𝑦)

as we did in the R2 case, where 𝑦 = 𝑓 (𝑥) = 𝑚𝑥 + 𝑏.
Unfortunately, there is no way to express the lines in R3, or R4, or R𝑛 for 𝑛 > 2 as a simple function.
Why not? If there were some formula for 𝑧 (the height of the line) in terms of 𝑥 and 𝑦, that would
imply that we should be able to plug in any 𝑥 and any 𝑦 to get an output 𝑧. But, the line above only
works for very specific combinations of 𝑥 and 𝑦. For instance, there’s no point on the line above
that has 𝑥 = 1 and 𝑦 = 1. Rather, when 𝑥 = 1, 𝑦 is forced to be −1

2 , and 𝑧 is forced to be 3
2 .

The key idea that I stressed in Chapter 4.1 is that lines are 1-dimensional objects, meaning that
the location of any point on the line can be described using a single free variable.
So, the equation of the line above is
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𝐿 = 𝑡


2
−1
3

 , 𝑡 ∈ R

𝑡 here is a free variable – sometimes called a parameter (though this term is confusing in the context
of our course) – meaning we can set it to whatever we’d like. The line is the set of all points that
can be reached by plugging in different values of 𝑡.
Since the line is really a set of points, I should have written it as

𝐿 = {𝑡

2
−1
3

 | 𝑡 ∈ R}

but I’ll use the former notation for brevity.
Equivalently, you can think of the line as three separate functions of 𝑡. Pick a 𝑡. Then, 𝐿 is

𝑥 = 2𝑡

𝑦 = −𝑡
𝑧 = 3𝑡

Drag the value of 𝑡 below to see how 𝑡 allows us to move along the line.

The line 𝐿 above passes through the origin, since if we set 𝑡 = 0, we get the point (0, 0, 0). This
matches what we’d expect out of the span of a single vector, since 0®𝑣 = ®0.
But how dowe express a line that passes through some other fixed point that isn’t the origin? Such
a line might not be the span of a single vector, since the span of a single vector is always a line that
passes through the origin. But, it’s good to know how to think about lines in this more general
form.
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Lines in Parametric Form.
Definition: Line

A line in R𝑛 that passes through the point ®𝑝0 and is parallel to the vector ®𝑣 can be described
as:

𝐿 = ®𝑝0 + 𝑡®𝑣, 𝑡 ∈ R

This is sometimes called the parametric form of the line, since 𝑡 can be thought of as a param-
eter.

An affine subspace is a translated subspace: a set of the form {®𝑝0+®𝑠 | ®𝑠 ∈ 𝑆}, where 𝑆 is a subspace.
When 𝑆 is one-dimensional, this is an affine line; when 𝑆 is two-dimensional, it is an affine plane.
Unlike a linear subspace, an affine subspace need not contain the origin.
The definition above is not specific to 2-dimensional or 3-dimensional space – it works in any R𝑛 .
(Technically, I’mmixing the meaning of a point and a vector here, but as long as we remember that
points describe positions and vectors describe directions, we should be fine.) Here’s a line in R100:

𝐿 =



1
2
3
4
...

100


+ 𝑡



−11
12
−13
14
...

110


, 𝑡 ∈ R

Note that the parametric form of a line is not unique! Since the parametric definition of a line
depends on a “starting point” ®𝑝0, we can pick any starting point we’d like. We can also scale the
direction vector by any non-zero scalar. So,

𝐿1 =

[
1
2

]
+ 𝑡

[−3
4

]
, 𝑡 ∈ R

is the same line as

𝐿2 =

[−2
6

]
+ 𝑡

[
6
−8

]
, 𝑡 ∈ R

once you consider all possible values of 𝑡 in both cases. (I know this is a little confusing, since
plugging the same value of 𝑡 into 𝐿1 and into 𝐿2 will give you different points, but remember that
𝐿1 and 𝐿2 are sets, and so we need to consider all possible values of 𝑡.)

Below is a plot of 𝐿1 =
[
1
2

]
+ 𝑡

[−3
4

]
, 𝑡 ∈ R.
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And here’s 𝐿2 =
[−2
6

]
+ 𝑡

[
6
−8

]
, 𝑡 ∈ R.

Note that we end up with the same line, despite the different starting points and direction vectors!
The proceeding activities give you some practice with the parametric form of a line.
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Activity 1

Activity 1

Write the line 𝑦 = −3𝑥 + 5 in parametric form. There are multiple (infinitely many!) possible
answers; give just one.

Solution

The line above passes through the point (0, 5) and is parallel to the vector
[
1
−3

]
, since for

every 1 unit we move in the 𝑥-direction, we move -3 units in the 𝑦-direction. So, the line
is:

𝐿 =

[
0
5

]
+ 𝑡

[
1
−3

]
, 𝑡 ∈ R

To verify that we got the right line, let’s plug in a few values of 𝑡 and verify that they
match the equation 𝑦 = −3𝑥 + 5.

• When 𝑡 = 0, we get the point (0, 5), and −3(0) + 5 = 5 True.

• When 𝑡 = 1, we get the point (1, 2), and −3(1) + 5 = 2 True.

• When 𝑡 = −10, we get the point (−10, 35), and −3(−10) + 5 = 35 True.

(We only need to check two points, since if two lines have the same two points, they must
be the same line.)

Activity 2

Activity 2

Find the equation of the line, in parametric form, of the line in R4 that passes through the
points (5,−1, 3, 2) and (10,−2, 3, 0).
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Solution

We know one point on the line; we just need to find a direction vector. One way to do
this is to subtract the coordinates of the two points:

10
−2
3
0

 −

5
−1
3
2

 =


5
−1
0
−2


So, the line is:

𝐿 =


5
−1
3
2

 + 𝑡

5
−1
0
−2

 , 𝑡 ∈ R

Plugging in 𝑡 = 0 and 𝑡 = 1 should give us the two points we know are on the line.

Activity 3

Activity 3

Could the line you found in Activity 2 be described as the span of a single vector? Why or
why not?
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Solution

No, because it doesn’t pass through the origin, and the span of a single vector is always
a line that passes through the origin.
Let’s look at 𝐿 once more:

𝐿 =


5
−1
3
2

 + 𝑡

5
−1
0
−2

 , 𝑡 ∈ R

Just by looking at the equation above, we don’t know for a fact that it doesn’t pass through
the origin, (0, 0, 0, 0). The fixed point that it is defined relative to, (5,−1, 3, 2), is not the
origin, but the origin might still be on the line if we pick the right value of 𝑡.
But, we can verify that that’s not the case by plugging in 𝑡 = −1, which gives us a 0 in the
first two coordinates, but non-zero values in the other coordinates. At 𝑡 = −1:

𝐿 =


5
−1
3
2

 − 1


5
−1
0
−2

 =


0
0
3
4


There’s no value of 𝑡 other than -1 such that 5 + 𝑡(5) = 0, so no other value of 𝑡 will give
us the point (0, 0, 0, 0).

Activity 4

Activity 4

Find the equation of the line, in standard form, that is orthogonal to the line

3𝑥 + 4𝑦 + 12 = 0

and passes through the point (9, 5).
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Solution

What does it mean for two lines to be orthogonal? In R2 or R3, it’s sufficient to say that
they’re orthogonal if they intersect at a right angle, because this is an idea we can visual-
ize.
But more generally, we should think of two lines as orthogonal if their direction vectors
are orthogonal when written in parametric form.
That is, 𝐿1 = ®𝑝0 + 𝑡®𝑣1 and 𝐿2 = ®𝑞0 + 𝑠®𝑣2 are orthogonal if ®𝑣1 · ®𝑣2 = 0. The values of the
starting points don’t change whether the lines are orthogonal, that just changes where
they intersect.
Let’s return to our problem, which involves finding a line orthogonal to 3𝑥 + 4𝑦 + 12 = 0.
What is this line in parametric form? Rearranging it to slope-intercept form gives us

𝑦 = −3

4
𝑥 − 3

which means that for every 1 unit we move in the 𝑥-direction, we move −3
4 units in the

𝑦-direction. So, the direction vector of the line is
[
1
−3

4

]
, or equivalently,

[
4
−3

]
(I multiplied

by 4 to get nice numbers in the direction vector; as we saw earlier, any non-zero scalar
multiple of a direction vector will give us the same line).
Youmight notice a general pattern from this: the direction vector for the line 𝑎𝑥+𝑏𝑦+𝑐 = 0

is
[
𝑏
−𝑎

]
. I’d avoid memorizing this, though, and would rather you derive it from scratch

every time (it’s not a good use of your memory to memorize this).
We want a line orthogonal to 3𝑥 + 4𝑦 + 12 = 0, so we need a direction vector orthogonal

to
[
4
−3

]
. A natural choice is to create a direction vector of

[
3
4

]
, since

[
3
4

]
·
[
4
−3

]
= 0.

So, in parametric form, one way to express the line we’re looking for is

𝐿 =

[
9
5

]
+ 𝑡

[
3
4

]
, 𝑡 ∈ R

But we want our new line in standard form, i.e. 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0. To get this, we can look

at the direction vector of the new line,
[
3
4

]
and recognize that it’s saying to move 4 units

in the 𝑦-direction for every 3 units wemove in the 𝑥-direction, implying a slope of 4
3 . The

new line we’re looking for then is 𝑦 = 4
3𝑥 + 𝑤0, or equivalently 4𝑥 − 3𝑦 + 𝑐 = 0.

To find 𝑐, we can plug in the point (9, 5) into the equation:

4(9) − 3(5) + 𝑐 = 0 =⇒ 36 − 15 + 𝑐 = 0 =⇒ 𝑐 = −21

So, the line we’re looking for is 4𝑥 − 3𝑦 − 21 = 0 .
You might also notice that the original line 3𝑥 + 4𝑦 + 12 = 0 has coefficients of 3 and 4 on

𝑥 and 𝑦, and the direction vector of the line orthogonal to it is
[
3
4

]
. Keep this in mind, as

it’ll be useful in the section below on planes.
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Planes
Lines are 1-dimensional objects, whether they exist in R2, or R3, or R47, or in general R𝑛 .
Similarly, planes are 2-dimensional objects. In R2, since there only exist two dimensions in the first
place, the entirety of the coordinate system is one single plane, which we call the 𝑥𝑦-plane.
Let’s start by building intuition for planes in R3, the most natural setting for them, and then gener-
alize.

Planes in R3.
Definition: Standard Form of a Plane in R3

A plane in R3 is the set of all points (𝑥, 𝑦, 𝑧) that satisfy the equation

𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 + 𝑑 = 0

where 𝑎, 𝑏, 𝑐, 𝑑 ∈ R.
Note that the above equation can also be written in the form

𝑧 = 𝐴𝑥 + 𝐵𝑦 + 𝐶

where 𝐴 = − 𝑎
𝑐 , 𝐵 = − 𝑏

𝑐 , and 𝐶 = − 𝑑
𝑐 .

For example, let’s draw:

1. 3𝑥 + 4𝑦 − 5𝑧 − 12 = 0, or equivalently 𝑧 = 3
5𝑥 + 4

5 𝑦 + 12
5

2. −5𝑥 − 3𝑦 − 𝑧 = 0, or equivalently 𝑧 = −5𝑥 − 3𝑦

You’ll notice that they intersect at a line. This is not a coincidence; any two non-parallel planes in
R3 will intersect at a line.
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Note that both planes are flat surfaces that extend infinitely in all directions. The fact that the
blue plane is cut off at the edges is just due to how I’m plotting the planes, not that there’s some
boundary within which the plane is defined.
You’ll notice that the blue plane is relatively shallow, while the orange plane is relatively steep.
Why?
I find the form 𝑧 = 𝐴𝑥 + 𝐵𝑦 + 𝐶 easier to understand intuitively, since it shows the rate of change
of 𝑧 with respect to 𝑥 and 𝑦 more clearly. Starting with 𝑧 = 𝐴𝑥 + 𝐵𝑦 + 𝐶, we have that

𝜕𝑧
𝜕𝑥

= 𝐴,
𝜕𝑧
𝜕𝑦

= 𝐵

In this example, the blue plane has 𝐴 = 3
5 and 𝐵 = 4

5 , while the orange plane has 𝐴 = −5 and
𝐵 = −3, which explains their relative steepness.
That said, be careful, since a plane need not have a non-zero coefficient on 𝑧. For example, 3𝑥+4𝑦 =
0 and 3𝑥 + 4𝑦 = 5 is are perfectly valid planes, and they happen to be parallel.

A key property of planes is that they are flat. Sure, we know that intuitively, but what does it
actually mean?

Planes Contain all Secant Lines

Recall from Appendix 2 that a secant line is a line that connects two points on the graph of a
function.
A key property of planes is that if you pick any two points on the plane, the secant line
connecting them is entirely on the plane. This is true for planes in any R𝑛 , not just planes in
R3.

This property is not true in general for other surfaces.
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The Cross Product. I first mentioned planes back in Chapter 3.1, when we intuitively discussed
the fact that the set of all linear combinations of two non-collinear vectors in R3 forms a plane. We
discussed this idea at length in Chapter 4.1, too.

So, given two vectors ®𝑢 =


𝑢1
𝑢2
𝑢3

 , ®𝑣 =


𝑣1
𝑣2
𝑣3

 ∈ R3, how do we find the equation of the plane they span,

in standard form?

The standard form of a plane in R3 is

𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 + 𝑑 = 0

Weknow that the plane spanned by two vectors inR3 must contain the zero vector, since 0®𝑢+0®𝑣 = ®0.
This means that the point (𝑥, 𝑦, 𝑧) = (0, 0, 0) must satisfy the equation of the plane. Plugging in
(𝑥, 𝑦, 𝑧) = (0, 0, 0) into 𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 + 𝑑 = 0 gives us 𝑑 = 0.
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So, I’m searching for a plane of the form 𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 = 0. Plugging in ®𝑢 =


𝑢1
𝑢2
𝑢3

 tells me that 𝑎, 𝑏,

and 𝑐 must satisfy

𝑎𝑢1 + 𝑏𝑢2 + 𝑐𝑢3 = 0

Similarly, 𝑎, 𝑏, and 𝑐 must also satisfy

𝑎𝑣1 + 𝑏𝑣2 + 𝑐𝑣3 = 0

Look closely. The left-hand side of both equations looks a lot like the dot product of

𝑎
𝑏
𝑐

 with each

of ®𝑢 and ®𝑣. Since those dot products must both be 0 (coming from the right-hand side of each

equation), we’re really just looking for a vector

𝑎
𝑏
𝑐

 that’s orthogonal to both ®𝑢 and ®𝑣.

There are infinitely many vectors orthogonal to a particular pair of vectors ®𝑢 and ®𝑣, meaning there
are infinitely many possible values of 𝑎, 𝑏, and 𝑐 that satisfy the above equations. (There are 2
equations but 3 unknowns, so we’d expect there to be infinitely many solutions.)

But, one property that all of these vectors share is that they all point in the same direction – if

𝑎
𝑏
𝑐


is orthogonal to ®𝑢 and ®𝑣, then so is any non-zero scalar multiple of


𝑎
𝑏
𝑐

 .

One particular vector (i.e. set of coefficients 𝑎, 𝑏, and 𝑐) that satisfies the above equations is the
cross product of ®𝑢 and ®𝑣.
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Definition: Cross Product

Suppose ®𝑢 =


𝑢1
𝑢2
𝑢3

 and ®𝑣 =


𝑣1
𝑣2
𝑣3

 are in R3. (Note that the cross product is only defined for two

vectors in R3!)
Then, the cross product of ®𝑢 and ®𝑣 is given by

®𝑢 × ®𝑣 =


𝑢2𝑣3 − 𝑢3𝑣2
𝑢3𝑣1 − 𝑢1𝑣3
𝑢1𝑣2 − 𝑢2𝑣1


There’s a lot of meaning baked into the definition of the cross product, but most of it is more
relevant in a traditional engineering or physics context. For example, the cross product is anticom-
mutative, meaning that the order you compute it in matters.

®𝑢 × ®𝑣 = −(®𝑣 × ®𝑢)

That’s the type of statementwewon’t bother investigating further here. The key fact that is relevant
for us right now is that the vector ®𝑢 × ®𝑣 is orthogonal to both ®𝑢 and ®𝑣.
Activity 5

Activity 5

Verify that the cross product of ®𝑢 and ®𝑣 is orthogonal to both ®𝑢 and ®𝑣.
Solution

To show that two vectors are orthogonal, we need to show that their dot product is 0.
Let’s expand both dot products using the definition of the cross product.
For ®𝑢:

(®𝑢 × ®𝑣) · ®𝑢 = (𝑢2𝑣3 − 𝑢3𝑣2)𝑢1 + (𝑢3𝑣1 − 𝑢1𝑣3)𝑢2 + (𝑢1𝑣2 − 𝑢2𝑣1)𝑢3
= 𝑢1𝑢2𝑣3 − 𝑢1𝑢3𝑣2 + 𝑢2𝑢3𝑣1 − 𝑢1𝑢2𝑣3 + 𝑢1𝑢3𝑣2 − 𝑢2𝑢3𝑣1
= 0

Every positive term has an identical negative term. The same cancellation happens for ®𝑣:
(®𝑢 × ®𝑣) · ®𝑣 = (𝑢2𝑣3 − 𝑢3𝑣2)𝑣1 + (𝑢3𝑣1 − 𝑢1𝑣3)𝑣2 + (𝑢1𝑣2 − 𝑢2𝑣1)𝑣3

= 𝑢2𝑣1𝑣3 − 𝑢3𝑣1𝑣2 + 𝑢3𝑣1𝑣2 − 𝑢1𝑣2𝑣3 + 𝑢1𝑣2𝑣3 − 𝑢2𝑣1𝑣3
= 0

So, ®𝑢 × ®𝑣 is orthogonal to both original vectors. This holds for any ®𝑢, ®𝑣 ∈ R3, not just for
a particular numerical example.
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Activity 6

Activity 6

Suppose ®𝑢, ®𝑣, ®𝑤 are non-zero vectors in R3. Show that ®𝑢, ®𝑣, ®𝑤 are linearly independent if and
only if (®𝑢 × ®𝑣) · ®𝑤 ≠ 0.

Solution

Let ®𝑛 = ®𝑢 × ®𝑣. From Activity 5, ®𝑛 is orthogonal to both ®𝑢 and ®𝑣.
We’ll also use the fact that the cross product of two linearly independent vectors is non-
zero. Here’s a way to justify it from the formula. If the cross product were zero, all three
expressions 𝑢𝑖𝑣 𝑗−𝑢𝑗𝑣𝑖 would be zero. Choose a non-zero component 𝑢𝑖 . Then 𝑢𝑖𝑣 𝑗 = 𝑢𝑗𝑣𝑖
gives 𝑣 𝑗 = 𝑣𝑖

𝑢𝑖
𝑢𝑗 for every 𝑗, making ®𝑣 a scalar multiple of ®𝑢.

First, suppose ®𝑛 · ®𝑤 ≠ 0. This tells us ®𝑛 ≠ ®0, so ®𝑢 and ®𝑣 aren’t scalar multiples. To check
independence of all three vectors, suppose:

𝑎®𝑢 + 𝑏®𝑣 + 𝑐 ®𝑤 = ®0

Take the dot product with ®𝑛:

𝑎(®𝑢 · ®𝑛) + 𝑏(®𝑣 · ®𝑛) + 𝑐( ®𝑤 · ®𝑛) = 0

The first two terms vanish, leaving 𝑐( ®𝑤 · ®𝑛) = 0. Since ®𝑤 · ®𝑛 ≠ 0, we get 𝑐 = 0. Then
𝑎®𝑢 + 𝑏®𝑣 = ®0 forces 𝑎 = 𝑏 = 0, because ®𝑢 and ®𝑣 are linearly independent. So, all three
vectors are linearly independent.
Now, suppose ®𝑢, ®𝑣, ®𝑤 are linearly independent. Then ®𝑢 and ®𝑣 span a plane, and ®𝑛 ≠ ®0 is
perpendicular to that plane. The vectors orthogonal to ®𝑛 form a 2-dimensional subspace,
so that subspace is exactly span({ ®𝑢, ®𝑣}).
If ®𝑛 · ®𝑤 were 0, ®𝑤 would lie in this plane and would be a linear combination of ®𝑢 and ®𝑣.
That contradicts independence. Hence, ®𝑛 · ®𝑤 ≠ 0.
We’ve proved both directions, as required.

Let’s use the cross product to concretely find the equation of the plane planned by two vectors in

R3. Suppose ®𝑢 =


5
2
1

 and ®𝑣 =


−2
3
0

 .
The cross product of ®𝑢 and ®𝑣 is given by

®𝑢 × ®𝑣 =


2 · 0 − 1 · 3

1 · (−2) − 5 · 0
5 · 3 − 2 · (−2)

 =


−3
−2
19


The equation of the plane spanned by ®𝑢 and ®𝑣 is then given by
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−3𝑥 − 2𝑦 + 19𝑧 = 0

The vector that the cross product returns is sometimes called the normal vector of the plane. Nor-
mal is another term for orthogonal or perpendicular. For the plane −3𝑥 − 2𝑦 + 19𝑧 = 0, the normal

vector is

−3
−2
19

 , as that vector is orthogonal to the two vectors ®𝑢 and ®𝑣 that span the plane. When

we’re looking at the standard form of the equation of a plane in R3, the normal vector is just the
coefficients of 𝑥, 𝑦, and 𝑧 in the equation 𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 = 0.
There are infinitelymany normal vectors for a given plane, sincewe canmultiply any normal vector

by a scalar and still get a normal vector. For example,

−3
−2
19

 is a normal vector for the plane −3𝑥 −

2𝑦 + 19𝑧 = 0, and so is

−6
−4
38

 and


1
2/3

−19/3

 . Equivalently, −6𝑥 − 4𝑦 + 38𝑧 = 0 and 𝑥 + 2
3 𝑦 − 19

3 𝑧 = 0

are ways to write the same plane we’ve been looking at.

Activity 7

Activity 7

1. Find the equation, in standard form, of the plane spanned by

3
2
0

 and

−1
1
0

 . Why did

you not need to compute the cross product?

2. Find the equation, in standard form, of the plane spanned by

3
2
4

 and

−1
1
2

 .
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Solution

1. The first plane is 𝑧 = 0 . Both vectors have third component 0, so every linear combi-
nation does too. They aren’t scalar multiples of each other, so they span an entire plane,
rather than just a line. That plane must be the 𝑥𝑦-plane.
This is why we didn’t need the cross product: we could identify the plane directly from
the coordinates and linear independence.
2. For the second pair, compute a normal vector:

3
2
4

 ×

−1
1
2

 =


2(2) − 4(1)
4(−1) − 3(2)
3(1) − 2(−1)


=


0

−10
5


The plane is a span, so it passes through the origin. Its equation is therefore−10𝑦+5𝑧 = 0,
or, dividing by 5:

−2𝑦 + 𝑧 = 0

As a check, both original vectors satisfy 𝑧 = 2𝑦: 4 = 2(2) and 2 = 2(1).

Planes in Parametric Form. The cross product is a construct that only exists in 3-dimensions.
Why is that? The cross product relies on the fact that the vectors ®𝑢 and ®𝑣 are linearly independent,
meaning they span a plane, and that there is only one direction in R3 that is orthogonal to that
plane. The cross product returns a vector in that direction. But, given twovectors inR4, for instance,
there are infinitely many directions that are orthogonal to both of those two vectors, so it’s hard to
think of an operation that returns any one of them.
All of that is to say, in R4 and above, we can’t express planes in standard form, the same way we
can’t express lines in R3 in standard form. Instead, we’ll need to resort to their parametric form.

Definition: Parametric Form of a Plane

Aplane inR𝑛 , 𝑛 ≥ 3, can be described as the set of all points (𝑥1 , 𝑥2 , . . . , 𝑥𝑛) that can bewritten
as

𝑃 = ®𝑝0 + 𝑠 ®𝑢 + 𝑡®𝑣, 𝑠, 𝑡 ∈ R

where ®𝑝0 , ®𝑢, ®𝑣 ∈ R𝑛 . ®𝑝0 is a point on the plane, and ®𝑢 and ®𝑣 are two linearly independent
direction vectors.

Again, the formal way of stating this definition is to treat the plane like a set of points that obeys
an inclusion condition.
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𝑃 =
{®𝑝0 + 𝑠 ®𝑢 + 𝑡®𝑣 | 𝑠, 𝑡 ∈ R

}
This definition is very similar to the definition of the parametric form of a line in R𝑛 , it’s just that
instead of one direction vector, we have two. For instance,

𝑃 =



3
8
1
2
−7
𝜋


+ 𝑠



1
0
2
−1
0
0


+ 𝑡



5
2
−1
3
1
0


is a plane in R6, and you should think of it as a 2-dimensional “slice” of 6-dimensional space.

Activity 8

Activity 8

What would happen if the two direction vectors that define a plane weren’t linearly indepen-
dent?

Solution

The set would describe a line, or a single point if both direction vectors were zero.
Suppose at least one direction vector is non-zero; call it ®𝑢. Since the two vectors are
linearly dependent, we can write ®𝑣 = 𝑐®𝑢. Then:

®𝑝0 + 𝑠 ®𝑢 + 𝑡®𝑣 = ®𝑝0 + 𝑠 ®𝑢 + 𝑡𝑐®𝑢 = ®𝑝0 + (𝑠 + 𝑐𝑡)®𝑢

As 𝑠 and 𝑡 vary, 𝑠 + 𝑐𝑡 can be any real number. So, this is just the line through ®𝑝0 in
direction ®𝑢.
If both direction vectors are zero, every choice of 𝑠 and 𝑡 gives ®𝑝0. This explains why we
require two linearly independent directions in the definition of a plane.

Activity 9

Activity 9

Prove that if you pick any two points on a plane in R𝑛 , the line connecting the two points is
contained entirely on the plane.
Hint: Start by picking two points on the plane. Both of themmust satisfy the parametric equation above,
just with different values of 𝑠 and 𝑡. Then, using what you’ve learned about parametric equations of
lines, find the equation of the line connecting the two. What do you notice about that line?
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Solution

Let the plane be 𝑃 = {®𝑝0 + 𝑠 ®𝑢 + 𝑡®𝑣 | 𝑠, 𝑡 ∈ R}. Pick two distinct points on it, and call them
®𝑝1 and ®𝑝2. Since they’re on the plane, there are scalars 𝑠1 , 𝑡1 , 𝑠2 , 𝑡2 such that:

®𝑝1 = ®𝑝0 + 𝑠1®𝑢 + 𝑡1®𝑣, ®𝑝2 = ®𝑝0 + 𝑠2®𝑢 + 𝑡2®𝑣

The line connecting them has starting point ®𝑝1 and direction ®𝑝2 − ®𝑝1. A general point on
this line is:

®𝑝1 + 𝜆(®𝑝2 − ®𝑝1) = ®𝑝0 + 𝑠1®𝑢 + 𝑡1®𝑣 + 𝜆
((𝑠2 − 𝑠1)®𝑢 + (𝑡2 − 𝑡1)®𝑣

)
= ®𝑝0 +

(
𝑠1 + 𝜆(𝑠2 − 𝑠1)

)︸              ︷︷              ︸
a real scalar

®𝑢 + (
𝑡1 + 𝜆(𝑡2 − 𝑡1)

)︸              ︷︷              ︸
a real scalar

®𝑣

Notice that this has exactly the form ®𝑝0 + 𝑠 ®𝑢 + 𝑡®𝑣, so it lies on 𝑃 for every 𝜆 ∈ R. That
proves that the entire line lies on the plane, including the parts beyond the two selected
points.

Activity 10

Activity 10

Consider the points (3, 4, 5), (1, 9,−2), and (2, 2, 0). Find the equation of the plane that passes
through all three points, and express that plane in both parametric form and standard form,
𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 + 𝑑 = 0.
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Solution

Start by picking one of the three points; we’ll use (3, 4, 5). Then, subtract this point from
the other two points to find two direction vectors on the plane:

®𝑢 =


1
9
−2

 −

3
4
5

 =


−2
5
−7


®𝑣 =


2
2
0

 −

3
4
5

 =


−1
−2
−5


So, the plane in parametric form is

𝑃 =


3
4
5

 + 𝑠

−2
5
−7

 + 𝑡

−1
−2
−5

 , 𝑠 , 𝑡 ∈ R

To find the standard form, compute the cross product of the two direction vectors:

®𝑢 × ®𝑣 =


5(−5) − (−7)(−2)

(−7)(−1) − (−2)(−5)
(−2)(−2) − 5(−1)

 =


−39
−3
9


This gives a vector orthogonal to the plane, so the plane has the form

−39𝑥 − 3𝑦 + 9𝑧 + 𝑑 = 0

Plug in (3, 4, 5) to solve for 𝑑:

−39(3) − 3(4) + 9(5) + 𝑑 = 0

−117 − 12 + 45 + 𝑑 = 0

𝑑 = 84

So, one standard-form equation is

−39𝑥 − 3𝑦 + 9𝑧 + 84 = 0

Equivalently, dividing by -3 gives

13𝑥 + 𝑦 − 3𝑧 − 28 = 0
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Hyperplanes
So far, we’ve learned how to think of lines and planes in arbitrarily high dimensions. We can’t visu-
alize a plane in R76, but we have some intuition that it’s a 2-dimensional “slice” of 76-dimensional
space.
On the topic of slices:

• A line is a 1-dimensional “slice” of 2-dimensional space.

• A plane is a 2-dimensional “slice” of 3-dimensional space.

In general, a hyperplane is an (𝑛 − 1)-dimensional “slice” of 𝑛-dimensional space.

Definition: Hyperplane

A hyperplane in R𝑛 is the set of all points (𝑥1 , 𝑥2 , . . . , 𝑥𝑛) that satisfy the equation

𝑎1𝑥1 + 𝑎2𝑥2 + · · · + 𝑎𝑛𝑥𝑛 + 𝑏 = ®𝑎 · ®𝑥 + 𝑏 = 0

where ®𝑎, ®𝑥 ∈ R𝑛 and 𝑏 ∈ R.

The most common way of representing a hyperplane is the form ®𝑎 · ®𝑥 + 𝑏 = 0.

• Example: 2𝑥1 + 3𝑥2 − 5 = 0 is a hyperplane in R2, defined by the vector ®𝑎 =

[
2
3

]
and 𝑏 = −5.

This is just a line in R2. (If it helps to see that this is a line, relabel 𝑥1 and 𝑥2 as 𝑥 and 𝑦.)

• Example: 𝑥1+ 𝑥2+ 𝑥3 = 0 is a hyperplane in R3, defined by the vector ®𝑎 =

1
1
1

 and 𝑏 = 0. This

is just a plane in R3.

Hyperplanes are hugely important in machine learning, particularly in the context of classifica-
tion. You should think of a hyperplane in R𝑛 as a boundary that divides all of R𝑛 into two halves:
everything is either above it or below it.

For example, the hyperplane

−3
−2
19

 · ®𝑥 = 0 is shown below. Any point in R3 is either above it,

meaning

−3
−2
19

 · ®𝑥 > 0, or below it, meaning

−3
−2
19

 · ®𝑥 < 0. (Yes, this hyperplane is just the plane

−3𝑥 − 2𝑦 + 19𝑧 = 0 from earlier!)
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Another more concrete example of a hyperplane comes from looking at the diabetes classification
problem first introduced in Homework 3. There, we explored a dataset of several patients, each of
which had two features – a glucose level and a body mass index (BMI) – along with a binary label
indicating whether they have diabetes or not.

In a homework assignment, we introduce the 𝑘-nearest neighbors (k-NN) classifier. You might
recall that the decision boundary of a 𝑘-NN classifier looks like a bunch of irregularly shaped
blobs in the feature space (R2 here).
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Another common family of classifiers is linear classifiers, where the decision boundary is a hyper-
plane. One such linear classifier is the logistic regression classifier. On this dataset, its decision
boundary is plotted below.

Here the decision boundary looks like a line because the data is only 2-dimensional, but in general
(with more than two features) a linear classifier’s decision boundary is a hyperplane in R𝑛 . The ®𝑤
in the decision boundary equation ®𝑤 · ®𝑥 + 𝑏 = 0 comes from minimizing empirical risk, for some
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model and loss function!
We can even peek at the decision boundary:

model = LogisticRegression()
model.fit(X_train, y_train)

LogisticRegression()

In a Jupyter environment, please rerun this cell to show the HTML representation or trust the
notebook.
On GitHub, the HTML representation is unable to render, please try loading this page with
nbviewer.org.
[x] LogisticRegression?Documentation for LogisticRegressioniFitted

LogisticRegression()

model.coef_

array([[0.04, 0.08]])

model.intercept_

array([ -7.85])

This is telling us that the decision boundary is of the form

0.04 · Glucose𝑖 + 0.08 · BMI𝑖 − 7.85 = 0

or [
0.04
0.08

]
︸ ︷︷ ︸

®𝑤∗

·
[
Glucose𝑖
BMI𝑖

]
︸       ︷︷       ︸

®𝑥𝑖

−7.85 = 0

If this classifier used more features, then the decision boundary would involve more terms. Either
way, it would be a hyperplane in R𝑑, where 𝑑 is the number of features used. Here, 𝑑 = 2, so the
decision boundary is a (𝑑 − 1)-dimensional hyperplane in R2, i.e. a line in R2.
The specifics of logistic regression and how it works are beyond the scope of our course, and cer-
tainly not relevant to this section of the notes. I’ve provided this example here just to give you
context for where hyperplanes come up in machine learning.

https://scikit-learn.org/1.5/modules/generated/sklearn.linear_model.LogisticRegression.html
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5.1. Matrix Operations
Introduction
In Chapter 4, we focused on understanding the subspace of R𝑛 spanned by a set of vectors. I’ve
been alluding to the fact that to solve the regression problem in higher dimensions, we’d need to
be able to project a vector onto the span of a set of vectors. (To be clear, we haven’t done this yet.)
Matrices will allow us to achieve this goal elegantly. It will take a few sections to get there:

• In Chapter 5.1, we’ll define matrices and learn to perform basic operations on them.

• In Chapter 5.3, we’ll define the column space, row space, null space, and rank of a matrix,
while introducing the CR decomposition along the way.

• In Chapter 6.1, we’ll understand matrix-vector multiplication as a transformation of the vec-
tor, and in Chapter 6.2 we’ll learn how to invert a matrix and compute its determinant.

• In Chapter 6.3, we’ll learn to project a vector onto the span of the columns of a matrix, closing
the loop with Chapter 3.4.

Just remember that all of this is for machine learning.
For now, let’s consider the following three vectors in R4:

®𝑣1 =

3
2
0
2

 , ®𝑣2 =

1
1
−1
−2

 , ®𝑣3 =

4
9
0
0


If we stack these vectors horizontally, we produce a matrix:


| | |
®𝑣1 ®𝑣2 ®𝑣3
| | |

 =


3 1 4
2 1 9
0 −1 0
2 −2 0


Definition: Matrix

A matrix is a rectangular array of numbers, organized into rows and columns.
In this class, we’ll typically use uppercase letters to denote matrices. For example:

𝐴 =


3 1 4
2 1 9
0 −1 0
2 −2 0


𝐴 is a matrix with 4 rows and 3 columns, so we might say that 𝐴 is a 4× 3matrix, or that 𝐴 ∈ R4×3.
It’s common to use the notation 𝐴𝑖 𝑗 to denote the entry in the 𝑖-th row and 𝑗-th column of 𝐴, e.g.
𝐴23 = 9.
In numpy, you can access the entry in the 2nd row and 3rd column of the 2D matrix A using A[1,
2], once we account for the fact that numpy uses 0-based indexing.
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Activity 1

Activity 1

In the cell above, try and find the bottom-right entry of A, first using positive indexing and
then using negative indexing.

I’ve introduced matrices in a very particular way, because I’d like for you to think of them as a
collection of vectors, sometimes called column vectors. We’ll come back to this in just a moment.
You can also think of a matrix as a collection of row vectors; the example 𝐴 defined above consists
of four row vectors in R3 stacked horizontally.
When we introduced vectors, 𝑛 was typically the placeholder we’d use for the number of compo-
nents of a vector. With matrices, I like using 𝑛 for the number of rows, and 𝑑 for the number of
columns. This means that, in general, a matrix is of shape 𝑛 × 𝑑 and is a member of the set R𝑛×𝑑.
This makes clear that when we’ve collected data, we store each of our 𝑛 observations in a row
of our matrix. Just be aware that using 𝑛 × 𝑑 to denote the shape of a matrix is a little unorthodox;
most other textbooks will use 𝑚 × 𝑛 to denote the shape of a matrix. Of course, this is all arbitrary.
Suppose 𝐴 has 𝑛 rows and 𝑑 columns, i.e. 𝐴 ∈ R𝑛×𝑑.

• If 𝑛 > 𝑑, we say that 𝐴 is tall.

• If 𝑛 = 𝑑, we say that 𝐴 is square.

• If 𝑛 < 𝑑, we say that 𝐴 is wide.


5 3
2 1
−1 1

3
3 6
0 1

︸    ︷︷    ︸
tall


3 0 4
4 −𝜋 0
1
2 0 1

︸         ︷︷         ︸
square


1 0 3 2 −1
1
9 3 0 0 2
9 0 0 6 −3

︸                 ︷︷                 ︸
wide

As we’ll see in the coming sections, square matrices are the most flexible – there are several prop-
erties and operations that are only defined for them. Unfortunately, not every matrix is square.
Remember, matrices are used for storing data, and the number of observations, 𝑛 and number of
features, 𝑑, don’t need to be the same. (In practice, we’ll often have very tall matrices, i.e. 𝑛 � 𝑑,
but this is not always the case.)

Addition and Scalar Multiplication
Like vectors, matrices support addition and scalar multiplication out-of-the-box, and both behave
as you’d expect.
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Definition: Addition

Suppose 𝐴 and 𝐵 are matrices with the same shape, i.e. 𝐴, 𝐵 ∈ R𝑛×𝑑. Then, the sum of 𝐴 and
𝐵 is the matrix 𝐶 with entries 𝐶𝑖 𝑗 = 𝐴𝑖 𝑗 + 𝐵𝑖 𝑗 for all 𝑖, 𝑗.
That is, the sum is performed element-wise. The sum is also commutative:

𝐴 + 𝐵 = 𝐵 + 𝐴

Definition: Scalar Multiplication

Suppose 𝐴 is a matrix and 𝑐 is a scalar. Then, the scalar multiple of 𝐴 by 𝑐 is the matrix 𝐵
with entries 𝐵𝑖 𝑗 = 𝑐𝐴𝑖 𝑗 for all 𝑖 , 𝑗.

Let’s see an example. Consider the matrices 𝐴 and 𝐵 (where 𝐴 is the same as in the previous
example):

𝐴 =


3 1 4
2 1 9
0 −1 0
2 −2 0

 , 𝐵 =


1 2 3
4 5 6
7 8 9
10 11 12


Then, the operation 3𝐴 − 𝐵 is well-defined – it is a linear combination of 𝐴 and 𝐵. Its result is the
matrix

3𝐴 − 𝐵 = 3


3 1 4
2 1 9
0 −1 0
2 −2 0

 −

1 2 3
4 5 6
7 8 9
10 11 12

 =


8 1 9
2 −2 21

−7 −11 −9
−4 −17 −12


I’ve colored the entry at position (3, 2) blue to help you trace the computation.

3 · (−1) − 8 = −11

Matrix-Vector Multiplication
Great – we know how to add two matrices, and how to multiply a matrix by a scalar. The natural
next step is to figure out how – and why – to multiply two matrices together.
First, a definition.

Golden Rule of Matrix Multiplication

Suppose 𝐴 and 𝐵 are two matrices. In order for the product 𝐴𝐵 to be valid, the number of
columns in 𝐴must equal the number of rows in 𝐵.
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# columns in 𝐴 = # rows in 𝐵

In other words, the inner dimensions of 𝐴 and 𝐵 must match.

Let’s use the Golden Rule. First – as the title of this subsection suggests – we’ll start by computing
the product of a matrix and a vector.
Let’s suppose 𝐴 is the same 4 × 3 matrix we’ve become familiar with:

𝐴 =


3 1 4
2 1 9
0 −1 0
2 −2 0


And let’s suppose ®𝑥 is some vector. Note that we can think of an 𝑛-dimensional vector as a matrix
with 𝑛 rows and 1 column. In order for the product 𝐴®𝑥 to be valid, ®𝑥 must have 3 elements in it, by
the Golden Rule above. To make the example concrete, let’s suppose:

®𝑥 =


1
0
3


How do we multiply 𝐴®𝑥? The following key definition will help us.

Definition: Matrix-Vector Multiplication

If 𝐴 is a 𝑛 × 𝑑matrix and ®𝑥 ∈ R𝑑 is a vector, then the product 𝐴®𝑥 is a vector in R𝑛 that contains
the dot product of each row of 𝐴 with ®𝑥.

Let me say a little more about the dimensions of the output. Below, I’ve written the dimensions
of 𝐴 (4 × 3) and ®𝑥 (3 × 1) next to each other. By the Golden Rule, the inner dimensions, both of
which are bolded, must be equal in order for the multiplication to be valid. The dimensions of the
output will be the result of looking at the outer dimensions , which here are 4 × 1.

𝐴︸︷︷︸
4 ×3

®𝑥︸︷︷︸
3× 1

= output︸ ︷︷ ︸
4×1

So, the result of multiplying 𝐴®𝑥 will be 4 × 1 matrix, or in other words, a vector in R4. Indeed, the
result of multiply a matrix by a vector always results in another vector, and this act of multiplying
a matrix by a vector is often thought of as transforming the vector from R𝑑 to R𝑛 .
So, how do we find those 4 components? As mentioned earlier, we compute each component by
taking the dot product of a row in 𝐴 with ®𝑥.
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𝐴 =


3 1 4
2 1 9
0 −1 0
2 −2 0

 , ®𝑥 =


1
0
3


Let’s start with the top row of 𝐴,


3
1
4

 . The dot product of two vectors is only defined if they have

equal lengths. This is why we’ve instituted the Golden Rule! The Golden Rule tells us we can
only multiply 𝐴 and ®𝑥 if the number of columns in 𝐴 is the same as the number of components in
®𝑥, which is true here (both of those numbers are 3).
Then, the dot product of the first row of 𝐴 with ®𝑥 is:

3
1
4

 ·

1
0
3

 = 3 · 1 + 1 · 0 + 4 · 3 = 15

Nice! We’re a quarter of the way there. Now, we just need to compute the remaining three dot
products:

• The dot product of the second row of 𝐴 with ®𝑥 is

2
1
9

 ·

1
0
3

 = 29.

• The dot product of the third row of 𝐴 with ®𝑥 is

0
−1
0

 ·

1
0
3

 = 0.

• And finally, the dot product of the fourth row of 𝐴 with ®𝑥 is

2
−2
0

 ·

1
0
3

 = 2.

The result of our matrix-vector multiplication, then, is the result of stacking all 4 dot products

together into the vector


15
29
0
2

 . To summarize:

𝐴®𝑥 =


3 1 4
2 1 9
0 −1 0
2 −2 0



1
0
3

 =


15
29
0
2


Refer to this example if you’re ever confused on how to multiply a matrix by a vector.
We can’t visualize the output vector as it’s in 4 dimensions, but we can look at the 4 row vectors of
𝐴 and the vector ®𝑥 in 3D space.
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Above, you’ll notice that ®𝑥 and the third row vector,

0
−1
0

 , are orthogonal (rotate the plot so that

you can see this), so the third component in

𝐴®𝑥 =


15
29
0
2


is 0.

Activity 2

Activity 2

We’ll try not to bore youwithmundane calculations in the future, but it’s important to perform
matrix-vector multiplication by hand a few times to understand how it works.
In each part, perform the matrix-vector multiplication by hand or state that it cannot be done.

1. 
7 8 −1
0 1 2
9 0 1

2



5
4
8


2. [

7 8 −1
0 1 2

] [
5
4

]
3. 

4 2 3
1 0 1
5 4 3
0 0 1



5
4
8


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4. 
4 2 3
1 0 1
5 4 3
0 0 1



7 8 −1
0 1 2
9 0 1

2



5
4
8


(While we haven’t yet looked at how to compute the product of two matrices, you can
still answer this just using what you know about matrix-vector multiplication.)

In the cell below, use numpy to verify your answers. You’ll need to define the matrices and
vectors as numpy arrays, and use the @ operator to perform the matrix-vector multiplication.

The Linear Combination Interpretation
We’ve described matrix-vector multiplication as the result of taking the dot product of each row of
𝐴 with ®𝑥, and indeed this is the easiest way to actually compute the output. But, there’s another
more important interpretation. In the above dot products, you may have noticed:

• Entries in the first column of 𝐴 (3, 2, 0, and 2) were always multiplied by the first element of
®𝑥 (1).

• Entries in the second column of 𝐴 (1, 1, -1, and -2) were always multiplied by the second
element of ®𝑥 (0).

• Entries in the third column of 𝐴 (4, 9, 0, and 0) were always multiplied by the third element
of ®𝑥 (3).

In other words:

𝐴®𝑥 =


3 1 4
2 1 9
0 −1 0
2 −2 0



1
0
3

 = 1


3
2
0
2

 + 0


1
1
−1
−2

 + 3


4
9
0
0

︸                      ︷︷                      ︸
linear combination of columns of A

=


15
29
0
2


At the start of this section, we defined 𝐴 by stacking the vectors ®𝑣1, ®𝑣2, and ®𝑣3 side-by-side, and I
told you to think of a matrix as a collection of column vectors. The above result is precisely why –
it’s because when we multiply 𝐴 by ®𝑥, we’re computing a linear combination of the columns of 𝐴,
where the weights are the components of ®𝑥!
Since 𝐴®𝑥 produces a linear combination of the columns of 𝐴, a natural question to ask at this point
is whether the columns of 𝐴 are all linearly independent. 𝐴 only has 3 columns, each of which is in
R4, so while they may or may not be linearly independent (are they?), we know they cannot span
all of R4, as we’d need at least 4 vectors to reach every element in R4.
This is the type of thinking we’ll return to in Chapter 5.3. This will lead us to define the rank of a
matrix, perhaps the single most important number associated with a matrix.
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The Two Pictures

Any time you see a matrix-vector product, like 𝐴®𝑥, you should think of it not as a random
operation, but as:

1. (More Important) A linear combination of the columns of 𝐴, where the weights are the
components of ®𝑥.

𝐴®𝑥 = 𝑥1 (column 1 of 𝐴) + 𝑥2 (column 2 of 𝐴) + . . . + 𝑥𝑑 (column 𝑑 of 𝐴)

2. A dot product of the rows of 𝐴 with ®𝑥.

𝐴®𝑥 =


(row 1 of 𝐴) · ®𝑥
(row 2 of 𝐴) · ®𝑥

...
(row n of 𝐴) · ®𝑥


Activity 3

Activity 3

Consider the matrix 𝑀 defined below.

𝑀 =

[
2 −1 3 0 4
1 5 −2 1 0

]
In each of the following parts, write out ®𝑢 concretely, compute 𝑀 ®𝑢, and explain the result in
English.

1. A vector whose second component is 1, and whose other components are 0.

2. A vector containing all 1s.

3. A vector containing all 1
5s.

4. A vector whose components sum to 1, whose first component is 3
5 , and whose other

components are all equal to one another.

Matrix Multiplication
Matrix-matrix multiplication – or just “matrix multiplication” – is a generalization of matrix-vector
multiplication. Let’s present matrix multiplication in its most general terms.

Definition.
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Definition: Matrix Multiplication

Suppose:

• 𝐴 is a 𝑛 × 𝑑 matrix.

• 𝐵 is a 𝑑 × 𝑝 matrix.

Then, 𝐴𝐵 is a 𝑛 × 𝑝 matrix such that

• the element in row 𝑖 and column 𝑗 of 𝐴𝐵 is

• the dot product of row 𝑖 of 𝐴 and column 𝑗 of 𝐵, for 𝑖 = 1, 2, ..., 𝑛 and 𝑗 = 1, 2, ..., 𝑝.

In other words,

(𝐴𝐵)𝑖 𝑗 = (row 𝑖 of 𝐴) · (column 𝑗 of 𝐵
)
=

𝑑∑
𝑘=1

𝐴𝑖𝑘𝐵𝑘 𝑗

Note that if 𝑝 = 1, this reduces to the matrix-vector multiplication case from before. In that case,
the only possible value of 𝑗 is 1, since the output only has 1 column, and the element in row 𝑖 of
the output vector is the dot product of row 𝑖 in 𝐴 and the vector 𝐵 (which we earlier referred to as
®𝑥 in the less general case).
For a concrete example, suppose 𝐴 and 𝐵 are defined below:

𝐴 =


3 1 4
2 1 9
0 −1 0
2 −2 0

 𝐵 =


1 2
0 7
3 2


The number of columns of 𝐴 must equal the number of rows of 𝐵 in order for the product 𝐴𝐵 to
be defined, as the Golden Rule tells us. That is fortunately the case here. Since 𝐴 has shape 4 × 3

and 𝐵 has shape 3 × 2 , the output matrix will have shape 4 × 2. Each of those 4 · 2 = 8 elements
will be the dot product of a row in 𝐴 with a column in 𝐵.
Here is the product of 𝐴 and 𝐵:

𝐴𝐵 =


3 1 4
2 1 9
0 −1 0
2 −2 0



1 2
0 7
3 2

 =


15 21
29 29
0 −7
2 −10


Let’s see if we can audit where these numbers came from. Let’s consider (𝐴𝐵)32, which is the
element in row 3 and column 2 of the output. It should have come from the dot product of row 3
of 𝐴 and column 2 of 𝐵.

𝐴𝐵 =


3 1 4
2 1 9

0 −1 0
2 −2 0



1 2

0 7

3 2

 =


15 21
29 29

0 −7
2 −10


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And indeed, -7 is the dot product of

0
−1
0

 and

2
7
2

 .
You should notice that many of the numbers in the output 𝐴𝐵 look familiar. That’s because we
used the same 𝐴 as we did earlier in the section, and the first column of 𝐵 is just ®𝑥 from the matrix-

vector example. So, the first column in 𝐴𝐵 is the same as the vector 𝐴®𝑥 =


15
29
0
2

 as we computed

earlier. The difference now is that the output 𝐴𝐵 isn’t just a single vector, but is a matrix with 2

columns. The second column,


21
29
−7
−10

 , comes from multiplying 𝐴 by the second column in 𝐵,

2
7
2

 .
Note that as we add columns to 𝐵, we’d add columns to the output. If 𝐵 had 10 columns, then 𝐴𝐵
would have 10 columns, too, without 𝐴 needing to change. As long as the Golden Rule – that the
number of columns in 𝐴 equals the number of rows in 𝐵 – holds, the product 𝐴𝐵 can be computed,
and it has shape (number of rows in 𝐴) × (number of columns in 𝐵).

Properties.
Properties of Matrix Multiplication

• Matrix multiplication is associative. That is, (𝐴𝐵)𝐶 = 𝐴(𝐵𝐶) for any matrices 𝐴, 𝐵, and
𝐶 that are of the appropriate shapes.

• Matrix multiplication is distributive. That is, 𝐴(𝐵 + 𝐶) = 𝐴𝐵 + 𝐴𝐶 for any matrices 𝐴,
𝐵, and 𝐶 that are of the appropriate shapes.

• Matrix multiplication is not commutative! That is, in general, 𝐴𝐵 ≠ 𝐵𝐴 for anymatrices
𝐴 and 𝐵 that are of the appropriate shapes.

The first two properties – associativity and distributivity – match standard arithmetic properties
that we’ve become accustomed to. The associative property allows you to, for example, compute
𝐴𝐵®𝑥 only by using matrix-vector multiplications, since you can first multiply 𝐵®𝑥, which results in
a vector, and then multiply 𝐴 by that vector. (I had you do this in Activity 2 earlier in this section
– I hope you did it! �)
The fact that matrix multiplication is not commutative may come as a surprise, as every other form
ofmultiplication you’ve learned about up until this point has been commutative (including the dot
product).

In general, 𝐴𝐵 ≠ 𝐵𝐴.

In fact, if 𝐴𝐵 exists, 𝐵𝐴 may or may not! If 𝐴 is 𝑛 × 𝑑 and 𝐵 is 𝑑 × 𝑝, then 𝐵𝐴 only exists if 𝑛 = 𝑝.
But even then, 𝐴𝐵 ≠ 𝐵𝐴 in general.
For example, if 𝐴 is 2 × 3 and 𝐵 is 3 × 2, then 𝐴𝐵 is 2 × 2 and 𝐵𝐴 is 3 × 3; here, both products exist,
but they cannot be equal since they have different shapes.
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Even if 𝐴 and 𝐵 are both squarematrices with the same shape, 𝐴𝐵 ≠ 𝐵𝐴 in general. For illustration,
consider:

𝐴 =

[
1 2
3 4

]
, 𝐵 =

[
5 6
7 8

]
Then,

𝐴𝐵 =

[
19 22
43 50

]
≠ 𝐵𝐴 =

[
23 34
31 46

]
Activity 4

Activity 4

Activity 4.1

Let 𝑃 =


0 0 1
1 0 0
0 1 0

 , 𝑆 =


4 0 0
0 1

2 0
0 0 3

 , and ®𝑥 =


4
6
12

 .
1. Evaluate 𝑃 ®𝑥 and 𝑆 ®𝑥. Then, explain in words what multiplying 𝑃 and 𝑆 by ®𝑥 does to ®𝑥.
2. Evaluate 𝑃𝑆 ®𝑥 and 𝑆𝑃 ®𝑥. The results should be different, as we’d expect, since matrix

multiplication is not commutative in general. Explain the difference intuitively, given
the “operations” 𝑃 and 𝑆 perform on ®𝑥.

𝑃 is called a permutation matrix, and 𝑆 is called a diagonal matrix.
Activity 4.2
The famous Fibonacci sequence of integers, 𝐹0 , 𝐹1 , 𝐹2 , . . ., is defined as follows:

𝐹0 = 0, 𝐹1 = 1, 𝐹𝑛 = 𝐹𝑛−1 + 𝐹𝑛−2 for 𝑛 ≥ 2

The first few terms in the sequence are 0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, . . ..
It turns out you can compute the 𝑛th term in the sequence using matrix multiplication.

1. Find a 2 × 2 matrix 𝐴 such that 𝐴
[
𝐹𝑛−1
𝐹𝑛−2

]
=

[
𝐹𝑛
𝐹𝑛−1

]
. The answer uses relatively small

numbers.

2. Compute 𝐴
[
1
0

]
, i.e. the product of 𝐴 and the vector

[
1
0

]
.

3. Since 𝐴 is square, we can multiply it by itself. Compute 𝐴2

[
1
0

]
and 𝐴3

[
1
0

]
.

If you continue this process, you’ll find that 𝐴𝑛
[
1
0

]
is a vector containing the 𝑛th and (𝑛−1)th

terms in the Fibonacci sequence!
Activity 4.3
Using the same matrices 𝑃 and 𝑆 from Activity 4.1, compute (𝑃 − 𝑆)®𝑥 and 𝑃 ®𝑥 − 𝑆 ®𝑥. Are both
the results the same? If so, what property of matrix multiplication guarantees this?
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Is the result of (𝑃 − 𝑆)®𝑥 interpretable, in the same way that the results of 𝑃 ®𝑥 and 𝑆 ®𝑥 were in
Activity 4.1?

Computation. I’ve shown you the naïve – and by far most common – algorithm for matrix mul-
tiplication. If 𝐴 and 𝐵 are both square 𝑛 × 𝑛 matrices, then the runtime of the naïve algorithm is
𝑂(𝑛3).
However, there exist more efficient algorithms for matrix multiplication. Strassen’s algorithm is
one such example; it describes how to multiply two square 𝑛 × 𝑛 matrices in 𝑂(𝑛2.807) time. The
study of efficient algorithms for matrix multiplication is an active area of research; if you’re inter-
ested in learning more, look here.
Matrix multiplication, I might argue, is one of the reasons NVIDIA is the most valuable company
in the world. Modern machine learning is built on matrix multiplication, and GPUs are optimized
for it. Why? This comment from Reddit does a good job of explaining:

Imagine you have 1 million math assignments to do, they are very simple assignments,
but there are a lot that need to be done, they are not dependent on each other so they
can be done on any order.
You have two options, distribute them to 10 thousand people to do it in parallel or give
them to 10 math experts. The experts are very fast, but hey, there are only 10 of them,
the 10 thousand are more suitable for the task because they have the “brute force” for
this.
GPUs have thousands of cores, CPUs have tens.

On that note, the @ operator in numpy is used formatrixmultiplication; it is a shorthand for np.matmul.
You can also use it to multiply a matrix by a vector.

The * Operator is Not Matrix Multiplication!

The * operator in numpy is used for element-wise multiplication, not matrix multiplication. If
you want to multiply two matrices, you must use the @ operator.
In the cell above, try and compute the product A * B using the * operator. What happens?

Chapter 5.2 has two goals: first, it’ll introduce the tranpose of a matrix, an important operation
we’ve yet to cover. Then, it will briefly introduce several “special” matrices that we’ll use through-
out the rest of the course.

https://en.wikipedia.org/wiki/Computational_complexity_of_matrix_multiplication
https://www.reddit.com/r/explainlikeimfive/comments/zpso6w/eli5_what_about_gpu_architecture_makes_them/
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5.2. Transpose and Special Matrices
There’s an important operation on matrices that we haven’t discussed yet. Let me introduce it, and
then walk through a few types of matrices that are important enough to be given names.

Transpose

Definition: Transpose

The transpose of a matrix 𝐴 is the matrix 𝐴𝑇 with entries 𝐴𝑇𝑖𝑗 = 𝐴 𝑗𝑖 for all 𝑖 , 𝑗.
Intuitively, the transpose results from replacing the rows of 𝐴 with the columns of 𝐴 and
vice-versa.

To illustrate, let’s start with our familiar matrix 𝐴:

𝐴 =


3 1 4
2 1 9
0 −1 0
2 −2 0


The transpose of 𝐴 is:

𝐴𝑇 =


3 2 0 2
1 1 −1 −2
4 9 0 0


Note that 𝐴 ∈ R4×3 and 𝐴𝑇 ∈ R3×4.

Why would we ever need to do this? To illustrate, suppose ®𝑢 =


𝑢1
𝑢2
𝑢3
𝑢4

 , and that we’d like to compute

the product 𝐴𝑇 ®𝑢. (Note that ®𝑢 must be in R4 in order for 𝐴𝑇 ®𝑢 to be defined, unlike ®𝑥 ∈ R3 in the
product 𝐴®𝑥). Then:

𝐴𝑇 ®𝑢 =


3 2 0 2
1 1 −1 −2
4 9 0 0



u1
u2
u3
u4


= u1


3
1
4

 + u2


2
1
9

 + u3


0
−1
0

 + u4


2
−2
0


This is a linear combination of the rows of 𝐴, where the weights are the components of ®𝑢. Remem-
ber, the standard product 𝐴®𝑥 is a linear combination of the columns of 𝐴, so the transpose helps us
if we want to compute a linear combination of the rows of 𝐴. (Equivalently, it helps us if we want
to compute the dot product of the columns of 𝐴with ®𝑢 – see the linear combination interpretation
section of Chapter 5.1.)
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The transpose also gives us another way of expressing the dot product of two vectors. If ®𝑢 and
®𝑣 are two vectors in R𝑛 , then ®𝑢𝑇 is a row vector with 1 row and 𝑛 columns. Multiplying ®𝑢𝑇 by ®𝑣
results in a 1 × 1 matrix, which is just the scalar ®𝑢 · ®𝑣.

®𝑢𝑇®𝑣 =
[
𝑢1 𝑢2 . . . 𝑢𝑛

] 
𝑣1
𝑣2
...
𝑣𝑛

 = 𝑢1𝑣1 + 𝑢2𝑣2 + . . . + 𝑢𝑛𝑣𝑛 = ®𝑢 · ®𝑣 = ®𝑣 · ®𝑢 = ®𝑣𝑇 ®𝑢

Transpose, or Dot, but Not Both!

The following are all valid ways of computing the dot product of ®𝑢 and ®𝑣, assuming they have
the same number of components:

®𝑢 · ®𝑣 = ®𝑢𝑇®𝑣 = ®𝑣𝑇 ®𝑢 = ®𝑣 · ®𝑢

However, ®𝑢𝑇 · ®𝑣 is not defined. The dot product is only defined for two vectors of the same
dimensions, but ®𝑢𝑇 is a row vector with 𝑛 columns, and ®𝑣 is a column vector with 𝑛 rows.

The benefit of using the transpose to express the dot product is that it allows us to write the dot
product of two vectors in terms of matrix multiplication, rather than being an entirely different
type of operation. (In fact, as we’ve seen here, matrix multiplication is just a generalization of the
dot product.)
There are other uses for the transpose, too, so it’s a useful tool to have in your toolbox.

Properties.
Properties of the Transpose

• (𝐴𝑇)𝑇 = 𝐴, i.e. the transpose of the transpose of a matrix is the original matrix.

• (𝐴 + 𝐵)𝑇 = 𝐴𝑇 + 𝐵𝑇 .
• (𝑐𝐴)𝑇 = 𝑐𝐴𝑇 for any scalar 𝑐 ∈ R.

• (𝐴𝐵)𝑇 = 𝐵𝑇𝐴𝑇 .

The first three properties are relatively straightforward. The last property is a bit more subtle. Try
and reason as to why it’s true on your own, then peek into the box below to verify your reasoning
and to see an example.

Why is (𝐴𝐵)𝑇 = 𝐵𝑇𝐴𝑇?

Let’s start with just (𝐴𝐵)𝑇 and reason our way from there. Define 𝐶 = (𝐴𝐵)𝑇 . 𝐶 is presumably
the product of two matrices 𝑋 and 𝑌, we just don’t know what 𝑋 and 𝑌 are. By the definition
of matrix multiplication, we know that 𝐶𝑖 𝑗 is the dot product of the 𝑖th row of 𝑋 and the 𝑗th
column of 𝑌. How can we express the product 𝐶 = 𝑋𝑌 in terms of 𝐴 and 𝐵?
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Let’s work backwards. Since 𝐶𝑖 𝑗 = (𝐴𝐵)𝑇𝑖𝑗 = (𝐴𝐵)𝑗𝑖 by the definition of the transpose, we know
that:

𝐶𝑖 𝑗 = (𝐴𝐵)𝑗𝑖 =
(
row 𝑗 of 𝐴

) · (column 𝑖 of 𝐵) = (column 𝑖 of 𝐵) · (row 𝑗 of 𝐴
)

This is a little backwards relative to the definition of matrix multiplication, which says that:

𝐶𝑖 𝑗 = (𝑋𝑌)𝑖 𝑗 = (row 𝑖 of 𝑋) · (column 𝑗 of 𝑌
)

In order for the two definitions of 𝐶𝑖 𝑗 to be consistent, we must have:

(column 𝑖 of 𝐵) · (row 𝑗 of 𝐴
)
= (row 𝑖 of 𝑋) · (column 𝑗 of 𝑌

)
• Row 𝑖 of 𝑋 is the same as column 𝑖 of 𝐵, if 𝑋 = 𝐵𝑇 .

• Column 𝑗 of 𝑌 is the same as row 𝑗 of 𝐴, if 𝑌 = 𝐴𝑇 .

Putting this together, we have:

𝐶 = (𝐴𝐵)𝑇 = 𝐵𝑇𝐴𝑇

as we hoped!
To make things concrete, let’s consider two new matrices 𝐴 and 𝐵:

𝐴 =


0 −1
4 2
3 9
0 1

 𝐵 =

[
1 2 3
−1 −2 4

]
Then,

𝐴𝐵 =


0 −1
4 2
3 9
0 1


[
1 2 3
−1 −2 4

]
=


1 2 −4
2 4 20

−6 −12 45
−1 −2 4


And:

𝐵𝑇𝐴𝑇 =


1 −1
2 −2
3 4


[
0 4 3 0
−1 2 9 1

]
=


1 2 −6 −1
2 4 −12 −2
−4 20 45 4


𝐵𝑇𝐴𝑇 is the transpose of 𝐴𝐵. Both 𝐴𝐵 and 𝐵𝑇𝐴𝑇 have 12 elements, both computed using the
same 12 dot products.

The fact that (𝐴𝐵)𝑇 = 𝐵𝑇𝐴𝑇 comes in handy when finding the norm of a matrix-vector product. If
𝐴 is an 𝑛 × 𝑑 matrix and ®𝑥 ∈ R𝑑, then:
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‖𝐴®𝑥‖2 = (𝐴®𝑥)𝑇(𝐴®𝑥) = ®𝑥𝑇𝐴𝑇𝐴®𝑥

Aswe’ll soon see, somematrices 𝐴 have special properties that make this computation particularly
easy.
In numpy, the T attribute is used to compute the transpose of a 2D array.

Activity 1

Activity 1

Activity 1.1
In the cell above:

1. Define x to be an array corresponding to the vector ®𝑥 =


1
0
3

 .
2. Find the norm of the product 𝐴®𝑥 using np.linalg.norm.

3. Find the norm of the product 𝐴®𝑥 using the fact that ‖𝐴®𝑥‖2 = ®𝑥𝑇𝐴𝑇𝐴®𝑥, and verify that
you get the same answer.

Activity 1.2
Suppose 𝑀 ∈ R𝑛×𝑑 is a matrix, ®𝑣 ∈ R𝑑 is a vector, and 𝑠 ∈ R is a scalar.
Determine whether each of the following quantities is a matrix, vector, scalar, or undefined.
If the result is a matrix or vector, determine its dimensions.

1. 𝑀®𝑣
2. ®𝑣𝑀
3. ®𝑣2
4. 𝑀𝑇𝑀

5. 𝑀𝑀𝑇

6. ®𝑣𝑇𝑀®𝑣
7. (𝑠𝑀®𝑣) · (𝑠𝑀®𝑣)
8. (𝑠®𝑣𝑇𝑀𝑇)𝑇
9. ®𝑣𝑇𝑀𝑇𝑀®𝑣

10. ®𝑣®𝑣𝑇 +𝑀𝑇𝑀

11. 𝑀®𝑣
‖ ®𝑣‖ + (®𝑣𝑇𝑀𝑇𝑀®𝑣)𝑀®𝑣

Activity 1.3

Let 𝐴 =


2 1
3 4
−1 1

 , 𝐵 =

[
1 0 2
2 1 3

]
, and 𝐶 =


1 0 2 −1
0 1 1 1
1 1 0 −1

 .
1. Compute 𝐴𝐵, then multiply the result by 𝐶.



Chapter 5. Matrices 255

2. Compute 𝐴, then multiply the result by 𝐵𝐶. Do you get the same result as above? If so,
what property of matrix multiplication guarantees this?

3. Determine a formula for (𝐴𝐵𝐶)𝑇 , and verify that your result works. (Hint: Start with
the fact that (𝐴𝐵)𝑇 = 𝐵𝑇𝐴𝑇 .)

The Identity Matrix
Now, I’ll introduce several “special” types of matrices that will come in handy at various points
throughout our journey.

Definition: Identity Matrix

The identity matrix is the square matrix 𝐼 with ones on the diagonal and zeros everywhere
else.

𝐼 =


1 0 . . . 0
0 1 . . . 0
...

...
. . .

...
0 0 . . . 1


Saying “the identity matrix” is a bit ambiguous, as there are infinitely many identity matrices –
there’s a 1 × 1 identity matrix, a 2 × 2 identity matrix, a 3 × 3 identity matrix, and so on. Often,
the dimension of the identity matrix is implied by context, and if not, we might provide it as a
subscript, e.g. 𝐼𝑛 for the 𝑛 × 𝑛 identity matrix.
Why is the identity matrix defined this way? It’s the matrix equivalent of the number 1 in scalar
multiplication, also known as the multiplicative identity. If 𝑐 is a scalar, then 𝑐 · 1 = 𝑐 and 1 · 𝑐 = 𝑐.
(0 is known as the additive identity in scalar multiplication.)
Similarly, if 𝐴 is square 𝑛 × 𝑛 matrix and ®𝑥 ∈ R𝑛 is a vector, then the 𝑛 × 𝑛 identity matrix 𝐼 is the
unique matrix that satisfies:

• 𝐼 ®𝑥 = ®𝑥 for all ®𝑥 ∈ R𝑛 .

• 𝐼𝐴 = 𝐴𝐼 = 𝐴 for all 𝐴 ∈ R𝑛×𝑛 .

A good exercise is to verify that the identity matrix satisfies these properties.

Activity 2
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Activity 2

Let 𝑋 =


1 −2
−1 3
2 0
0 −1
3 2


.

1. Compute 𝑋𝑇𝑋.

2. Then, compute the transpose of 𝑋𝑇𝑋. What do you notice? (𝑋𝑇𝑋 is called a symmetric
matrix, as we’ll discuss below.)

3. Compute 𝑋𝑇𝑋 + 1
2 𝐼.

Symmetric Matrices

Definition: Symmetric Matrix

A matrix 𝐴 is symmetric if 𝐴 = 𝐴𝑇 . More formally, 𝐴 is symmetric if 𝐴𝑖 𝑗 = 𝐴 𝑗𝑖 for all 𝑖 , 𝑗.
In order for 𝐴 = 𝐴𝑇 , 𝐴 and 𝐴𝑇 must have the same dimensions, so 𝐴must be square.

For example, 𝐴 below is symmetric, but 𝐵 is not.

𝐴 =

[
1 4
4 3

]
, 𝐴𝑇 =

[
1 4
4 3

]
= 𝐴︸                                        ︷︷                                        ︸

symmetric

𝐵 =

[
1 4
−2 3

]
, 𝐵𝑇 =

[
1 −2
4 3

]
≠ 𝐵︸                                           ︷︷                                           ︸

not symmetric

A symmetric matrix is such that row 1 is the same as column 1, row 2 is the same as column 2, and
so on. We’ll see several applications of symmetric matrices later in the course – for example, they
are easy to work with in multivariate calculus.
But, where do they come from? Data usually isn’t symmetric: if 𝑋 is a matrix in which each row is
a data point and each column is a feature, then usually 𝑋 is very tall, and thus can’t be symmetric.
Here’s the key: for any 𝑛 × 𝑑 matrix 𝑋, 𝑋𝑇𝑋 is a symmetric 𝑑 × 𝑑 matrix.We can verify this using
the fact that (𝐴𝐵)𝑇 = 𝐵𝑇𝐴𝑇 .

(𝑋𝑇𝑋)𝑇 = 𝑋𝑇(𝑋𝑇)𝑇 = 𝑋𝑇𝑋
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I think of 𝑋𝑇𝑋 as the dot product matrix of 𝑋, because its entries are the dot products of the pairs
of columns of 𝑋. For example, let

𝑋 =

[
2 −6 1
3 1 −1

]
Then,

𝑋𝑇𝑋 =


2 3
−6 1
1 −1


[
2 −6 1
3 1 −1

]
=


13 −9 −1
−9 37 −7
−1 −7 2


𝑋𝑇𝑋 contains the dot products of the columns of 𝑋 with each other. For instance, -9 in position
(1, 2) is the dot product of

• row 1 of 𝑋𝑇 , which is column 1 of 𝑋, with

• column 2 of 𝑋

The elements along the diagonal of 𝑋𝑇𝑋 – 13, 37, and 2 – are the dot products of the columns of
𝑋 with themselves, meaning they are the squared norms of the columns.

Activity 3

Activity 3

Above, we defined 𝑋𝑇𝑋 as the dot product matrix, since it contained the dot products of the
columns of 𝑋 with each other.
Now, let’s consider 𝑋𝑋𝑇 .

• What is the shape of 𝑋𝑋𝑇 , i.e. how many rows and columns does it have?

• What is the English meaning of 𝑋𝑋𝑇?

Diagonal Matrices

Definition: Diagonal Matrix

A diagonal matrix is a matrix where all of the off-diagonal elements are zero. More formally,
𝐴 is diagonal if 𝐴𝑖 𝑗 = 0 for all 𝑖 ≠ 𝑗.

Usually, diagonal matrices are square, like the examples below.

[
1 0
0 1

]
,

[
2 0
0 3

]
,


−𝜋 0 0
0 15 0
0 0 3


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Notice that the diagonal is down and to the right – position (1, 1) is the first diagonal element,
position (2, 2) is the second diagonal element, and so on.
Diagonal matrices don’t have to be square. We could also call the following a diagonal matrix.[

1 0 0
0 2 0

]
What is their significance? Let’s observe what happens when we multiply a diagonal matrix by a
vector, as we did in Activity 4. of Chapter 5.1.

−3 0 0
0 𝜋 0
0 0 5

︸        ︷︷        ︸
𝐷


1
2
3

︸︷︷︸
®𝑥

=


−3
2𝜋
15


What happened to ®𝑥 after being multiplied by 𝐷? Each component was stretched. Element 1 of ®𝑥
was stretched by -3, element 2 was stretched by 𝜋, and element 3 was stretched by 5. The 0’s in the
off-diagonal elements allowed 𝐷 to scale each component of ®𝑥 independently.

Triangular Matrices

Definition: Upper Triangular and Lower Triangular Matrices

An upper triangular matrix is a square matrix where all of the elements below the diagonal
are zero.
A lower triangular matrix is a square matrix where all of the elements above the diagonal are
zero.

For instance,

1 2 3
0 4 5
0 0 6

 is upper triangular, and

1 0 0
2 3 0
4 5 6

 is lower triangular. I’ll have more to say

on these matrices later in the term; for now, I just want you to be aware of their existence.

Orthogonal Matrices
The final category of matrix I want to introduce here is the orthogonal matrix. It’s the first type of
matrix herewhose defining property can’t be determined just by looking at the individual elements
of the matrix; it involves some computation.

Definition: Orthogonal Matrix

A square matrix 𝐴 is orthogonal if 𝐴𝑇𝐴 = 𝐴𝐴𝑇 = 𝐼.
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Let’s consider the matrix

𝐴 =


√
3
2 −1

2

1
2

√
3
2


It is orthogonal, because 𝐴𝑇𝐴 and 𝐴𝐴𝑇 are both equal to the 2 × 2 identity matrix. What does
this really tell us? When I discussed symmetric matrices above, I said that 𝐴𝑇𝐴 for any matrix 𝐴
contains the dot products of the columns of 𝐴 with each other. So, if

𝐴𝑇𝐴 =


√
3
2

1
2

−1
2

√
3
2



√
3
2 −1

2

1
2

√
3
2

 =

[
1 0

0 1

]
this tells us that 𝐴’s columns are:

• unit vectors, since the dot product of each column with itself is 1

• orthogonal, since the dot product of each column with every other column is 0

Since 𝐴𝐴𝑇 = 𝐼, too, this means that 𝐴’s rows are also unit vectors that are orthogonal to each other.
So, orthogonal matrices are matrices whose

• columns are unit vectors

• rows are unit vectors

• columns are orthogonal to each other

• rows are orthogonal to each other

If a collection of vectors are all unit vectors and orthogonal, wemay call that collection orthonormal.
So, an orthogonal matrix has orthonormal columns and orthonormal rows.
Let’s preview some ideas from Chapter 6.1, let’s visualize six vectors in R2.

• ®𝑢 =

[
3
2

]
and 𝐴®𝑢

• ®𝑣 =

[
2
−2

]
and 𝐴®𝑣

• ®𝑤 =

[−5
−4

]
and 𝐴 ®𝑤

What do you notice about the vectors 𝐴®𝑢, 𝐴®𝑣, and 𝐴 ®𝑤? and how they relate to ®𝑢, ®𝑣, and ®𝑤?
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𝐴 corresponds to a rotation, since it rotates vectors by a certain angle (in this case, 𝜋
6 radians, or

30◦) but doesn’t change their length. Why 𝜋
6 ? More on that in Chapter 6.1.

A question we can answer now: why does multiplying an ®𝑥 by 𝐴 preserve its length? Let’s prove
this, using the fact that ‖ ®𝑣‖2 = ®𝑣 · ®𝑣, which is also equal to ®𝑣𝑇®𝑣 using our knowledge of the transpose
operator.

‖𝐴®𝑥‖2 = (𝐴®𝑥)𝑇(𝐴®𝑥) = ®𝑥𝑇𝐴𝑇𝐴®𝑥 = ®𝑥𝑇 𝐼 ®𝑥 = ®𝑥𝑇 ®𝑥 = ‖ ®𝑥‖2

The length of 𝐴®𝑥 is the same as the length of ®𝑥, because 𝐴𝑇𝐴 = 𝐼! So, multiplying a vector by an
orthogonal matrix preserves its length, and thus the only thing that could change is its direction.
Orthogonal matrices perform a rotation, which is a type of linear transformation. There exist
plenty of different types of linear transformations, like reflections, sheers, and projections (which
sound familiar). These will all become familiar in Chapter 6.1.
All I wanted to show you for now is that matrix multiplication may look like a bunch of random
number crunching, but there’s a lot of meaning baked in.
The last thing I’ll note on orthogonal matrices is that just because a matrix satisfies 𝐴𝑇𝐴 = 𝐼, it
doesn’t mean that it is orthogonal: it just means that its columns are orthonormal. 𝐴may not even
be square, which is a prerequisite for a matrix to be orthogonal. For instance,

𝐴 =


3/5 4/5
0 0
4/5 −3/5


Then,
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𝐴𝑇𝐴 =

[
3/5 0 4/5
4/5 0 −3/5

] 
3/5 4/5
0 0
4/5 −3/5

 =

[
1 0
0 1

]
= 𝐼2

But 𝐴𝐴𝑇 is not equal to the above. It’s not even equal to the 3 × 3 identity matrix!

𝐴𝐴𝑇 =


3/5 4/5
0 0
4/5 −3/5


[
3/5 0 4/5
4/5 0 −3/5

]
=


1 0 0
0 0 0
0 0 1

 ≠ 𝐼2

Activity 4

Activity 4

Suppose 𝐴 is an 𝑛 × 𝑑 matrix whose columns are orthogonal to each other, though not neces-
sarily orthonormal. What type of matrix is 𝐴𝑇𝐴?

Solution

𝐴𝑇𝐴 is adiagonalmatrix. Recall,𝐴𝑇𝐴 contains the dot products of the columns of𝐴with
each other. The diagonal elements are the dot products of the columns with themselves,
which are the squared norms of the columns. The off-diagonal elements (i.e. the elements
of 𝐴𝑇𝐴 where 𝑖 ≠ 𝑗) are the dot products of the columns with each other, which are 0
because the columns are orthogonal. Since the columns aren’t necessarily orthonormal,
the diagonal elements are not necessarily 1.
For example, if

𝐴 =


3 2
0 1
6 −1


then

𝐴𝑇𝐴 =

[
3 0 6
2 1 −1

] 
3 2
0 1
6 −1

 =

[
45 0
0 6

]
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5.3. Rank and Column Space
In Chapter 5.1, I encouraged you to think of a matrix as a collection of vectors stacked together.
Soon, these matrices will be made up of observations and features from some dataset that we’d
like to build a regression model with. The content of this section will be a crucial building block
for helping us return to the problem of regression.

Column Space and Rank
Let’s keep working with the matrix 𝐴 from Chapter 5.1.

𝐴 =


5 3 2
0 −1 1
3 4 −1
6 2 4
1 0 1


𝐴 is a 5 × 3 matrix. It can be thought of as either:

• 3 vectors in R5 (the columns of 𝐴)
• 5 vectors in R3 (the rows of 𝐴)

Let’s start with the column perspective. We saw in Chapter 5.1 that if 𝑥 ∈ R3, then 𝐴®𝑥 is a new

vector in R5 that is a linear combination of the columns of 𝐴. For instance, if we take ®𝑥 =


2
0
−1

 ,
then

𝐴®𝑥 =


5 3 2
0 −1 1
3 4 −1
6 2 4
1 0 1



2
0
−1

 = 2


5
0
3
6
1


+ 0


3
−1
4
2
0


− 1


2
1
−1
4
1


=


8
−1
7
8
1


By definition, the vector 𝐴®𝑥 is in the span of the columns of 𝐴, since it’s just a linear combination
of 𝐴’s columns. Given what we’ve learned in Chapter 4.1 and Chapter 4.3 about spans and vector
spaces, it’s natural to try and describe the span of 𝐴’s columns.

Definition: Column Space

If 𝐴 is an 𝑛 × 𝑑 matrix, then the column space of 𝐴, denoted colsp(𝐴), is the span of the
columns of 𝐴. Equivalently, it is the set of all possible results of 𝐴®𝑥 for ®𝑥 ∈ R𝑑.
So, if 𝐴’s columns are ®𝑎(1) , ®𝑎(2) , . . . , ®𝑎(𝑑), like in

𝐴 =


| | |

®𝑎(1) ®𝑎(2) . . . ®𝑎(𝑑)
| | |


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then

colsp(𝐴) = span
(
®𝑎(1) , ®𝑎(2) , . . . , ®𝑎(𝑑)

)
= {𝐴®𝑥 | ®𝑥 ∈ R𝑑}︸                                                                 ︷︷                                                                 ︸

subspace of R𝑛

Notice that I’ve intentionally chosen not to use subscripts to refer to columns; this is so that when
we switch back to focusing on datasets and machine learning, we keep consistent the fact that
subscripts refer to different rows/data points, not columns/features.
“Column space” is just a new term for a concept we’re already familiar with: the span of a set of
vectors. In the example 𝐴 we’ve been working with, the column space is

colsp(𝐴) = span

©­­­­­«


5
0
3
6
1


,


3
−1
4
2
0


,


2
1
−1
4
1



ª®®®®®¬

This column space is a 2-dimensional subspace of R5. Why is it 2-dimensional? The last column
is a linear combination of the first two columns. Specifically,

column 3 = column 1 − column 2

Remember that:

• the dimension of a subspace is the number of vectors in a basis for the subspace, and

• a basis for a subspace is a linearly independent set of vectors that spans the entire subspace.

The first two columns of 𝐴 alone span the column space, and are linearly independent, and so
dim(colsp(𝐴)) = 2. This number, 2, is the most important number associated with the matrix 𝐴, so
much so that we give it a special name.

Definition: Rank

The rank of a matrix 𝐴, denoted rank(𝐴), is the number of linearly independent columns of
𝐴. Equivalently, it is the dimension of the column space of 𝐴.

rank(𝐴) = dim(colsp(𝐴))

The rank of a matrix tells us how “large” the space of possible linear combinations of the columns
of 𝐴 is. We care about this because ultimately, our predictions in regression are just linear combi-
nations of the columns of some data matrix.
To get a feel for the idea of rank, let’s work through some examples.
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Use these examples as activities - we won’t cover them all in lecture!

That’s why the solutions are intentionally hidden.

Example: Creating Matrices. Find three 3 × 4 matrices: one with rank 1, one with rank 2, and
one with rank 3. Is it possible to have a 3 × 4 matrix with rank 4?

Solution

• To create a 3 × 4 matrix with rank 1, we need there to only be one linearly independent
column. For instance,

𝐴 =


1 2 3 4
1 2 3 4
1 2 3 4


has rank 1 because all columns are multiples of the first column.

• To create a 3 × 4 matrix with rank 2, we need there to be two linearly independent
columns. One way to construct such a matrix is to make the first two columns linearly
independent, and make the last two columns linear combinations of the first two. For
instance, in

𝐴 =


1 1 2 2
1 2 2 3
1 3 2 4


column 3 is a scalar multiple of column 1, and column 4 is column 1 + column 2.

• To create a 3 × 4 matrix with rank 3, we need there to be three linearly independent
columns, and the fourth column can be anything. One solution is

𝐴 =


1 0 0 9
0 1 0 8
0 0 1 7


• A 3 × 4 matrix cannot have rank 4, because it’s impossible to have four linearly inde-

pendent vectors in R3. Any three linearly independent vectors in R3 span all of R3, so a
fourth vector in R3 would have to be a linear combination of the first three vectors.

Example: 2 × 2 Matrices. Let

𝐴 =

[
𝑎 𝑏
𝑐 𝑑

]
Find a condition on 𝑎, 𝑏, 𝑐, 𝑑 that ensures rank(𝐴) = 2.



Chapter 5. Matrices 265

Solution

In order for rank(𝐴) = 2, the columns of 𝐴must be linearly independent. This means that the
second column cannot be a scalar multiple of the first column.
𝑏
𝑎 is the number we multiply 𝑎 by to get 𝑏. So, we just need 𝑏

𝑎 · 𝑐 to be different from 𝑑.

𝑏
𝑎
· 𝑐 ≠ 𝑑 =⇒ 𝑎𝑑 − 𝑏𝑐 ≠ 0

So, if 𝑎𝑑 − 𝑏𝑐 = 0, then rank(𝐴) = 1, and otherwise, rank(𝐴) = 2.
This expression, 𝑎𝑑− 𝑏𝑐, is called the determinant of 𝐴. We’ll learn more about determinants
in Chapter 6.2.

Example: Diagonal Matrices. Suppose 𝑑1 , 𝑑2 , . . . , 𝑑𝑛 are real numbers. What is the rank of the
𝑛 × 𝑛 diagonal matrix

𝐷 =


𝑑1 0 · · · 0
0 𝑑2 · · · 0
...

...
. . .

...
0 0 · · · 𝑑𝑛


if

1. 𝑑𝑖 = 𝑖, for 𝑖 = 1, 2, . . . , 𝑛?

2. 𝑑1 = 𝑑2 = · · · = 𝑑𝑛 = 0?

3. 𝑘 of the 𝑑𝑖 are equal to 0, and the rest are positive?

Solution

1. rank(𝐷) = 𝑛: If 𝑑𝑖 = 𝑖, for 𝑖 = 1, 2, . . . , 𝑛, meaning 𝑑1 = 1, 𝑑2 = 2, . . . , 𝑑𝑛 = 𝑛, then the
rank is 𝑛, because all columns are linearly independent. None can be written as a linear
combination of any others, since they all have their sole non-zero entry in a different
row.

2. rank(𝐷) = 0: If 𝑑1 = 𝑑2 = · · · = 𝑑𝑛 = 0, then the rank is 0, because all columns are the
zero vector.

3. rank(𝐷) = 𝑛 − 𝑘: If 𝑘 of the 𝑑𝑖 are equal to 0, and the rest are positive, then the rank
is 𝑛 − 𝑘, because we can throw out the zero columns and the remaining columns are
linearly independent.

Example: Vector Outer Product. Let ®𝑢 =


1
−3
4

 and ®𝑣 =


2
5
−1

 .
As we’ve seen before, the dot product ®𝑢 · ®𝑣 = ®𝑢𝑇®𝑣 is a scalar, equal to -17 here.
The outer product of ®𝑢 and ®𝑣 is the matrix
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®𝑢®𝑣𝑇 =


1
−3
4


[
2 5 −1] = 

2 5 −1
−6 −15 3
8 20 −4


In general, for any two vectors ®𝑢, ®𝑣 ∈ R𝑛 , what is the rank of ®𝑢®𝑣𝑇?

Solution

The rank of ®𝑢®𝑣𝑇 is 1, since each column in ®𝑢®𝑣𝑇 is a scalar multiple of ®𝑢. In the example above,
column 2 is 5

2 times column 1, and column 3 is −1
2 times column 1.

In Chapter 10, we’ll see that any rank 𝑟 matrix can be written as a sum of 𝑟 rank 1 matrices,
each of which is of the form ®𝑢®𝑣𝑇 . So, rank 1 matrices can be thought of as the building blocks
of all matrices!

Example: Basis for Column Space. Find a basis for the column space of

𝐴 =


3 6 0 9 3
2 4 0 6 2
0 0 1 −5 0
1 2 0 3 1


Note that we’ve already seen plenty of problems of this form in earlier homeworks. It’s just that
there, the spanning set of vectors was given to you directly, and here, they’re stored as columns in
a matrix. The idea is the same.

Solution

• Column 2 is a multiple of column 1.

• Column 3 is independent from column 1.

• Column 4 is 3 times column 1 plus -5 times column 3.

• Column 5 is just column 1.

𝐴 only has two linearly independent columns - columns 1 and 3 - and so rank(𝐴) = 2, and a
basis for the column space is 


3
2
0
1

 ,

0
0
1
0




That’s not the only possible basis for the column space; two others are

30
20
0
10

 ,

0
0

−15
0




and
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

0
0
1
0

 ,

9
6
−5
3




Finding the Rank Using Python. Shortly, we’ll learn a new technique for finding the rank of
matrix by hand. But for the most part, we’ll not need to do this, and instead can use the power of
Python to help us.
Returning to

𝐴 =


5 3 2
0 −1 1
3 4 −1
6 2 4
1 0 1


we have

import numpy as np

A = np.array([[5, 3, 2],
[0, -1, 1],
[3, 4, -1],
[6, 2, 4],
[1, 0, 1]])

np.linalg.matrix_rank(A)

2

Python makes it easy to experiment with how different operations affect the rank of a matrix.
For instance, in Chapter 5.4, we’ll prove that the matrix 𝐴𝑇𝐴 has the same rank as 𝐴, for any 𝑛 × 𝑑
matrix 𝐴.

A.T @ A

array([[71, 39, 32],
[39, 30, 9],
[32, 9, 23]])

# Same as rank of A from above!
np.linalg.matrix_rank(A.T @ A)

2
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Row Space
So far, we’ve focused on thinking of amatrix as a collection of “column” vectorswritten next to each
other. This is the more common perspective, since – as I’ve harped on – 𝐴®𝑥 is a linear combination
of the columns of 𝐴.
But we can also think of a matrix as a collection of “row” vectors written on top of each other.

𝐴 =


5 3 2
0 −1 1
3 4 −1
6 2 4
1 0 1


𝐴 contains 5 vectors in R3 in its rows, each in R3. These vectors also have a span, which in this case
is a subspace of R3.

Definition: Row Space

If 𝐴 is an 𝑛 × 𝑑 matrix, then the row space of 𝐴, denoted rowsp(𝐴), is the span of the rows of
𝐴. Equivalently, it is the set of all possible results of 𝐴𝑇 ®𝑦 for ®𝑦 ∈ R𝑛 .
So, if 𝐴’s rows are ®𝑎1 , ®𝑎2 , . . . , ®𝑎𝑛 , like in

𝐴 =


−− ®𝑎1 −−
−− ®𝑎2 −−

...
−− ®𝑎𝑛 −−


then

rowsp(𝐴) = span
(®𝑎1 , ®𝑎2 , . . . , ®𝑎𝑛 ) = {𝐴𝑇 ®𝑦 | ®𝑦 ∈ R𝑛}︸                                                               ︷︷                                                               ︸

subspace of R𝑑

Where did 𝐴𝑇 ®𝑦 come from? Remember, 𝐴®𝑥 is a linear combination of the columns of 𝐴. If we
transpose 𝐴, then 𝐴𝑇 ®𝑦 is a linear combination of the columns of 𝐴𝑇 , which are the rows of 𝐴.

𝐴𝑇 ®𝑦 =


5 0 3 6 1
3 −1 4 2 0
2 1 −1 4 1



𝑦1
𝑦2
𝑦3
𝑦4
𝑦5


= 𝑦1


5
3
2

 + 𝑦2

0
−1
1

 + 𝑦3

3
4
−1

 + 𝑦4

6
2
4

 + 𝑦5

1
0
1

︸                                                    ︷︷                                                    ︸
linear combination of rows of A

Remember from Chapter 5.1 that (𝐴𝑇 ®𝑦)𝑇 = ®𝑦𝑇𝐴. The product ®𝑦𝑇𝐴 is also a linear combination of
the rows of 𝐴; it just returns a row vector with shape 1 × 𝑑 rather than a vector with shape 𝑑 × 1.
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®𝑦𝑇𝐴 =
[
𝑦1 𝑦2 𝑦3 𝑦4 𝑦5

] 
5 3 2
0 −1 1
3 4 −1
6 2 4
1 0 1


= 𝑦1

[
5 3 2

] + 𝑦2 [
0 −1 1

] + ... + 𝑦5 [
1 0 1

]︸                                                            ︷︷                                                            ︸
linear combination of rows of A

In ®𝑦𝑇𝐴, we left-multiplied 𝐴 by a vector; in 𝐴®𝑥, we right-multiplied 𝐴 by a vector. These are
distinct types of multiplication, as they involve vectors of different shapes.
Since the columns of 𝐴𝑇 are the rows of 𝐴, the row space of 𝐴 is the column space of 𝐴𝑇 , meaning

rowsp(𝐴) = colsp(𝐴𝑇)

To avoid carrying around lots of notation, I’ll often just use colsp(𝐴𝑇) to refer to the row space of
𝐴.

Dimension of the Row Space. What is the dimension of the row space of 𝐴? Other ways of
phrasing this question are:

• How many linearly independent rows does 𝐴 have?

• What is the rank of 𝐴𝑇?

We know the answer can’t be more than 3, since the rows of 𝐴 are vectors in R3. We could use the
algorithm first presented in Chapter 4.1 to find a linearly independent set of rows with the same
span as all 5 rows.

An easy way to see that dim(colsp(𝐴𝑇)) = 2 is to pick out two of the five vectors, row 2 = ®𝑎2 =

0
−1
1


and row 5 = ®𝑎5 =


1
0
1

 , and show that the other three vectors can be written as linear combinations

of them. I chose ®𝑎2 and ®𝑎5 just because they have the simplest numbers, and because they’re linearly
independent from one another.

• ®𝑎1 =

5
3
2

 = −3®𝑎2 + 5®𝑎5

• ®𝑎3 =

3
4
−1

 = −4®𝑎2 + 3®𝑎5

• ®𝑎4 =

6
2
4

 = −2®𝑎2 + 6®𝑎5
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You might notice that the number of linearly independent rows of 𝐴 and the number of linearly
independent columns of 𝐴 were both 2.

Equivalence of Column Rank and Row Rank. Sometimes, we say the dimension of colsp(𝐴) is
the column rank of 𝐴, and the dimension of colsp(𝐴𝑇) is the row rank of 𝐴. For the example 𝐴
we’ve been working with, both the column rank and row rank are 2.
But, there’s no need for separate names.

Column Rank = Row Rank!

For any matrix 𝐴,

number of linearly independent columns of 𝐴 = number of linearly independent rows of 𝐴

Both of these are equal to rank(𝐴). This implies that

rank(𝐴) = rank(𝐴𝑇)

for any matrix 𝐴!

It’s not immediately obviouswhy this is true, and honestly, most of the proofs of it I’ve found aren’t
all that convincing for a first-time linear algebra student. Still, I’ll try to prove this fact for you in
just a little bit.
So, in general, what is rank(𝐴)? Since the rank is equal to both the number of linearly independent
columns and the number of linearly independent rows, then the largest the rank can be is the
smaller of the number of rows and columns.
For example, if 𝐴 is a 7×9matrix, then its rank is at most 7, since it cannot havemore than 7 linearly
independent rows. So in general, if 𝐴 is an 𝑛 × 𝑑 matrix, then

0 ≤ rank(𝐴) ≤ min(𝑛, 𝑑)


5 3
2 1
−1 1

3
3 6
0 1

︸    ︷︷    ︸
if 𝑛>𝑑, rows can’t be independent


1 0 3 2 −1
1
9 3 0 0 2
9 0 0 6 −3

︸                 ︷︷                 ︸
if 𝑛<𝑑, columns can’t be independent

We say a matrix is full rank if it has the largest possible rank for a matrix of its shape, i.e. if
rank(𝐴) = min(𝑛, 𝑑). We’ll mostly use this term when refering to square matrices, which we’ll
focus more on in Chapter 6.2.
What if a matrix isn’t full rank? (What a cliffhanger!) Keep reading Chapter 5.4 for the full story.
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5.4. Null Space and the Rank-Nullity Theorem
Overview
As we saw in Chapter 5.3, colsp(𝐴) is a subspace of R𝑛 that contains all possible results of 𝐴®𝑥 for
®𝑥 ∈ R𝑑. Think of colsp(𝐴) as the “reach” of the columns of 𝐴.
If the columns of 𝐴 are linearly independent, then the only way to create ®0 through a linear com-
bination of the columns of 𝐴 is if all the coefficients in the linear combination are 0, i.e. if ®𝑥 = ®0 in
𝐴®𝑥.
But, if 𝐴’s columns aren’t all linearly independent, then there will be some non-zero vectors ®𝑥
where 𝐴®𝑥 = ®0. This holds from the definition of linear independence, which says that if there’s a
non-zero linear combination of a collection of vectors that produces ®0, the vectors aren’t linearly
independent.
It turns out that it’s worthwhile to study the set of vectors ®𝑥 that get sent to ®0 when multiplied by
𝐴.

Null Space

Definition: Null Space

If 𝐴 is an 𝑛 × 𝑑 matrix, then the null space of 𝐴, denoted nullsp(𝐴), is the set of all vectors
®𝑥 ∈ R𝑑 where 𝐴®𝑥 = ®0.

nullsp(𝐴) = { ®𝑥 ∈ R𝑑 | 𝐴®𝑥 = ®0}︸                                  ︷︷                                  ︸
subspace of R𝑑

Sometimes, the null space is also called the kernel of 𝐴, though we will mostly avoid that term in
our class, since kernel often means something different in the context of machine learning.

Important: nullsp(𝐴) is a subspace of R 𝑑 , since it is made up of vectors that get multiplied by 𝐴,
an 𝑛 × 𝑑 matrix. Vectors in nullsp(𝐴) are in R𝑑, while vectors in colsp(𝐴) are in R𝑛 .
Let’s return to the example 𝐴 from earlier.

𝐴 =


5 3 2
0 −1 1
3 4 −1
6 2 4
1 0 1


nullsp(𝐴) is the set of all vectors ®𝑥 ∈ R3 where 𝐴®𝑥 = ®0. rank(𝐴) = 2, which is less than 3 (the
number of columns of 𝐴), so there will be some non-zero vectors ®𝑥 in the null space. But what are
they?

The Systems of Equations Approach. To find them, we need to find the general solution to
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
5 3 2
0 −1 1
3 4 −1
6 2 4
1 0 1

︸          ︷︷          ︸
𝐴


𝑥1
𝑥2
𝑥3

︸︷︷︸
®𝑥

=


0
0
0
0
0

︸︷︷︸
®0

One way to proceed is to solve the system of equations

5𝑥1 + 3𝑥2 +2𝑥3 = 0

− 𝑥2 +𝑥3 = 0

3𝑥1 + 4𝑥2 −𝑥3 = 0

6𝑥1 + 2𝑥2 +4𝑥3 = 0

𝑥1 +𝑥3 = 0

Equation (2) tells us 𝑥2 = 𝑥3, and equation (5) tells us 𝑥1 = −𝑥3. So, any vector in nullsp(𝐴) is of
the form 

𝑥1
𝑥2
𝑥3

 =


−𝑥3
𝑥3
𝑥3

 = 𝑥3


−1
1
1

 , 𝑥3 ∈ R

So,

nullsp(𝐴) = span ©­«


−1
1
1


ª®¬

For example,

−5
5
5

 ∈ nullsp(𝐴). Remember that vectors in nullsp(𝐴) are in R3, since 𝐴 is a 5 × 3

matrix, while vectors in colsp(𝐴) are in R5.

The Shortcut. There’s a shortcut to finding the null space of a matrix, which works if you
happen to already know the relationship between the columns of 𝐴, or if the relationship is
simple enough to eyeball. In Chapter 5.3, we saw that

column 3 = column 1 − column 2

or, in other words,

column 1 − column 2 − column 3 = ®0
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This, right away, tells us that taking 1 of column 1, subtracting 1 of column 2, and subtracting 1 of
column 3 will give us the zero vector. But 𝐴®𝑥 is just a linear combination of the columns in 𝐴 using
the coefficients in ®𝑥, so this means that

𝐴


1
−1
−1

 = ®0

So, we’ve found a vector in nullsp(𝐴). Any scalar multiple of this vector will also be in nullsp(𝐴).
In this example, nullsp(𝐴) is a 1-dimensional subspace of R3. We also know from earlier that
rank(𝐴) = 2. And curiously, 1 + 2 = 3, the number of columns in 𝐴. This is not a coincidence, and
sheds light on an important theorem.

Rank-Nullity Theorem

Rank-Nullity Theorem

The rank-nullity theorem states that for any 𝑛 × 𝑑 matrix 𝐴,

rank(𝐴) + dim(nullsp(𝐴)) = number of columns of 𝐴︸                          ︷︷                          ︸
𝑑

The proof of this theorem is beyond the scope of our course. But, this is such an important theorem
that it’s sometimes called the fundamental theorem of linear algebra. It tells us, for one, that the
dimension of the null space is equal to the number of columns minus the rank. “Nullity” is just
another word for the dimension of the null space.
Let’s see how it can be used in practice. Some of these examples are taken from Gilbert Strang’s
book.

Examples

Example: Linearly Independent Columns. Let 𝐴 =


3 1
9 −3
0 6
3 2
1 1


.

What is nullsp(𝐴)?
Solution

Since𝐴’s two columns are linearly independent, rank(𝐴) = 2, and by the rank-nullity theorem,
dim(nullsp(𝐴)) = 2 − 2 = 0.



Chapter 5. Matrices 274

So, nullsp(𝐴) = {®0}, meaning that the only vector in the null space of 𝐴 is the zero vector. No
other vector ®𝑥 satisfies 𝐴®𝑥 = ®0.

If 𝐴’s columns are linearly independent, then nullsp(𝐴) = {®0}
The above example illustrates an important fact: if 𝐴’s columns are all linearly independent,
then the only vector in the null space of 𝐴 is the zero vector, i.e. nullsp(𝐴) = {®0}. This is called
the trivial null space, and has a dimension of 0.
If 𝐴’s columns aren’t linearly independent, then nullsp(𝐴)will containmore than just the zero
vector – in fact, it’ll be a subspace, which contains infinitely many vectors, spanned by some
basis – and we’ll say the null space is non-trivial.

Example: Describing Spaces. Describe the column space, row space, and null space of thematrix

𝐴 =

[
1 2 3
2 4 6

]
Additionally, find a basis for the null space.

Solution

𝐴 only has one linearly independent column; columns 2 and 3 are both just multiples of col-
umn 1. So, rank(𝐴) = 1.
The column space of 𝐴 is the span of the first column, i.e.

colsp(𝐴) = span
({[

1
2

]})
This is a 1-dimensional subspace of R2; 1 comes from the rank of 𝐴, and 2 comes from the
fact that each column of 𝐴 is a vector in R2.
The row space of 𝐴 is the span of the first row, i.e.

colsp(𝐴𝑇) = span ©­«


1
2
3


ª®¬

This is a 1-dimensional subspace of R3. Remember that the number of linearly independent
columns and rows of a matrix are always the same, which is why we know the dimensions of
the column space and row space are the same.
The null space of 𝐴 is the set of all vectors ®𝑥 ∈ R3 where 𝐴®𝑥 = ®0. This is a 2-dimensional
subspace of R3. 2 came from the rank-nullity theorem, which says that the dimension of the
null space is equal to the number of columns minus the rank, or

3 − 1 = 2

here.
Can we say more about the null space? It is the set of all vectors ®𝑥 ∈ R3 where 𝐴®𝑥 = ®0. This is
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equivalent to the set of all vectors ®𝑥 =


𝑥
𝑦
𝑧

 where

𝑥 + 2𝑦 + 3𝑧 = 02𝑥 + 4𝑦 + 6𝑧 = 0

The two equations above are equivalent. So, the null space is the set of all vectors ®𝑥 =


𝑥
𝑦
𝑧


where 𝑥 + 2𝑦 + 3𝑧 = 0. This is a plane in R3, as we’d expect from a 2-dimensional subspace.
Can we find a basis for the null space? Yes, we can. My preferred method is to leverage the
fact that we know the relationship between the columns of 𝐴:

column 2 = 2(column 1) =⇒ 2(column 1) − column 2 = ®0

column 3 = 3(column 1) =⇒ 3(column 1) − column 3 = ®0

So, this tells us that

𝐴


2
−1
0

 =

[
1 2 3
2 4 6

] 
2
−1
0

 =

[
0
0

]
and

𝐴


3
0
−1

 =

[
1 2 3
2 4 6

] 
3
0
−1

 =

[
0
0

]
So, we’ve found two linearly independent vectors in the null space; since nullsp(𝐴) is 2-
dimensional, these must be a basis.

nullsp(𝐴) = span ©­«


2
−1
0

 ,

3
0
−1


ª®¬

The easy way to find a basis for the null space

The above example illustrates a general method for finding a basis for the null space of a
matrix. If you already know the relationship between the columns of 𝐴, you can use that to
find a basis for the null space.

Example: Thinking Abstractly. Suppose 𝐴 is a 3 × 4 matrix with rank 3. Describe colsp(𝐴) and
nullsp(𝐴𝑇). The latter is the null space of 𝐴𝑇 , and is sometimes called the left null space of 𝐴, as
it’s a null space of 𝐴when multiplied by vectors on the left, like in ®𝑦𝑇𝐴 (which performs the same
calculation as 𝐴𝑇 ®𝑦; the results are just transposed).
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Solution

When faced with a problem like this, I like drawing out a rectangle that roughly shows me
the dimensions of the matrix.

𝐴 =


· · · ·
· · · ·
· · · ·


The rank tells us that there are 3 linearly independent columns. Since the columns themselves
are in R3, this must mean that

colsp(𝐴) = all of R3

since any 3 linearly independent vectors in R3 will span the entire space. (The existence of the
4th linearly dependent column doesn’t change this fact, it just means that the linear combina-
tions of the four columns won’t be unique.)
The null space of 𝐴𝑇 is the set of all vectors ®𝑦 where

®𝐴𝑇 ®𝑦 =


· · ·
· · ·
· · ·
· · ·



𝑦1
𝑦2
𝑦3

 =


0
0
0
0


nullsp(𝐴𝑇) is a collection of vectors in R3. What is the dimension of this space? Rank-nullity
tells us that

rank(𝐴) + dim(nullsp(𝐴)) = number of columns of 𝐴

We can’t use this directly, since the matrix we’re dealing with is 𝐴𝑇 , not 𝐴. So, replacing 𝐴
with 𝐴𝑇 in the equation above, we get

rank(𝐴𝑇) + dim(nullsp(𝐴𝑇)) = number of columns of 𝐴𝑇

But, rank(𝐴𝑇) = rank(𝐴), and the number of columns of 𝐴𝑇 is the same as the number of rows
of 𝐴. So,

rank(𝐴)+dim(nullsp(𝐴𝑇)) = number of rows of 𝐴dim(nullsp(𝐴𝑇)) = number of rows of 𝐴−rank(𝐴)

But since 𝐴 has 3 rows and a rank of 3, we know that

dim(nullsp(𝐴𝑇)) = 3 − 3 = 0

So, nullsp(𝐴𝑇) is a 0-dimensional subspace of R3, meaning it only contains the zero vector.

nullsp(𝐴𝑇) = {®0}
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More intuitively, using the results of the previous example, we know that 𝐴𝑇 ’s columns are
linearly independent (since there are 3 of them and rank(𝐴𝑇) = 3). So, the only vector in
nullsp(𝐴𝑇) is the zero vector.

Example: Thinking EvenMore Abstractly. If 𝐴 is a 7×9matrix with rank 5, find the dimensions
of each of the following.

1. colsp(𝐴)
2. colsp(𝐴𝑇)
3. nullsp(𝐴)
4. nullsp(𝐴𝑇)
Solution

𝐴 =



· · · · · · · · ·
· · · · · · · · ·
· · · · · · · · ·
· · · · · · · · ·
· · · · · · · · ·
· · · · · · · · ·
· · · · · · · · ·


dim(colsp(𝐴)) = rank(𝐴) = 5

So, colsp(𝐴) is a 5-dimensional subspace of R7.

dim(colsp(𝐴𝑇)) = rank(𝐴𝑇) = rank(𝐴) = 5

So, colsp(𝐴𝑇) is a 5-dimensional subspace of R9.

dim(nullsp(𝐴)) = 9 − rank(𝐴)︸        ︷︷        ︸
rank-nullity theorem

= 9 − 5 = 4

So, nullsp(𝐴) is a 4-dimensional subspace of R9.

dim(nullsp(𝐴𝑇)) = 7 − rank(𝐴)︸        ︷︷        ︸
rank-nullity theorem applied to 𝐴𝑇

= 7 − 5 = 2

So, nullsp(𝐴𝑇) is a 2-dimensional subspace of R7.

Example: Constructing a Matrix. Find a matrix 𝐴 such that
[
3
1

]
∈ colsp(𝐴) and

[
1
3

]
∈ nullsp(𝐴).
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Solution

𝐴 needs to satisfy both of the following conditions.[
3
1

]
∈ colsp(𝐴)

[
1
3

]
∈ nullsp(𝐴)

Since 𝐴 can be multiplied by a vector in R2, and elements in colsp(𝐴) are in R2, we know that
𝐴must be a 2 × 2 matrix. So, let

𝐴 =

[
𝑎 𝑏
𝑐 𝑑

]
The second condition gives

𝐴

[
1
3

]
=

[
𝑎 + 3𝑏
𝑐 + 3𝑑

]
=

[
0
0

]
which implies

𝑎 = −3𝑏 𝑐 = −3𝑑

Hence
𝐴 =

[−3𝑏 𝑏
−3𝑑 𝑑

]
𝐴’s columns are scalarmultiples of one another, and are not linearly independent. This iswhat
we’d expect, given that 𝐴 has a non-trivial null space. (Remember, the trivial null space is just
{®0}; since 𝐴’s null space has more than just ®0 in it, its columns are not linearly independent.)

Now, we just need to make sure we pick 𝑏 and 𝑑 such that
[
3
1

]
∈ colsp(𝐴). The easy solution

is to choose 𝑏 = 3 and 𝑑 = 1, which makes
[
3
1

]
literally one of the columns of 𝐴, which means

it must be in colsp(𝐴). This gives

𝐴 =

[−9 3
−3 1

]
This is not the only solution; another one came from 𝑏 = 6 and 𝑑 = 2, which would have made

𝐴 =

[−18 6
−6 2

]
In both (and in the infinitely many other) cases,

[
3
1

]
∈ colsp(𝐴) and

[
1
3

]
∈ nullsp(𝐴).

Example: Rank of 𝐴𝐵 vs. Rank of 𝐴 or 𝐵. Suppose 𝐴 is an 𝑛 × 𝑑 matrix, and 𝐵 is a 𝑑 × 𝑝 matrix.
Explain why the column space of 𝐴𝐵 is a subset of the column space of 𝐴, and the row space of
𝐴𝐵 is a subset of the row space of 𝐵. What does this imply about the rank of 𝐴𝐵?
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Solution

To show that colsp(𝐴𝐵) is a subset of colsp(𝐴), i.e.

colsp(𝐴𝐵) ⊆ colsp(𝐴)

we need to show that any vector in colsp(𝐴𝐵) is also in colsp(𝐴). 𝐴𝐵 is a matrix of shape 𝑛× 𝑝,
so to multiply it by a vector ®𝑥, ®𝑥 must be in R𝑝 .
Suppose ®𝑦 ∈ R𝑛 is in colsp(𝐴𝐵). Then, ®𝑦 can be written as

®𝑦 = 𝐴𝐵®𝑥

for some ®𝑥 ∈ R𝑝 .
But,

®𝑦 = 𝐴𝐵®𝑥 = 𝐴 (𝐵®𝑥)︸︷︷︸
vector in R𝑑

meaning that ®𝑦 is also a linear combination of the columns of 𝐴 (since we wrote it as 𝐴®𝑧, for
some vector ®𝑧 ∈ R𝑑).
So, we’ve shown that if ®𝑦 is in colsp(𝐴𝐵), then ®𝑦 is also in colsp(𝐴). Therefore, colsp(𝐴𝐵) ⊆
colsp(𝐴). This tells us that rank(𝐴𝐵) ≤ rank(𝐴), since the rank of a matrix is the dimension of
its column space.
Using similar logic, any vector in rowsp(𝐴𝐵) = colsp((𝐴𝐵)𝑇) = colsp(𝐵𝑇𝐴𝑇) is of the form

𝐵𝑇𝐴𝑇 ®𝑥

But, 𝐵𝑇𝐴𝑇 ®𝑥 is of the form 𝐵𝑇 ®𝑦 for some ®𝑦 ∈ R𝑑, meaning that 𝐵𝑇𝐴𝑇 ®𝑥 is in the column space
of 𝐵𝑇 or row space of 𝐵. So, rowsp(𝐴𝐵) ⊆ rowsp(𝐵), meaning rank(𝐴𝐵) ≤ rank(𝐵).
Putting these two results together, we have that

rank(𝐴𝐵) ≤ rank(𝐴) and rank(𝐴𝐵) ≤ rank(𝐵)

But, since both must be true, then

rank(𝐴𝐵) ≤ min(rank(𝐴), rank(𝐵))

So intuitively, whenwemultiply twomatrices, the rank of the resultingmatrix can’t be greater
than the rank of either of the two matrices we started with, but it can “drop”.

Example: Orthogonal Complements video. Suppose ®𝑟 ∈ colsp(𝐴𝑇) and ®𝑛 ∈ nullsp(𝐴), meaning
®𝑟 is in the row space of 𝐴 and ®𝑛 is in the null space of 𝐴.
Prove that ®𝑟 and ®𝑛 must be orthogonal.
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Solution

The row space of 𝐴, colsp(𝐴𝑇), is the set of all vectors ®𝑟 where ®𝑟 = 𝐴𝑇 ®𝑦 for some ®𝑦 ∈ R𝑛 . Note
that if 𝐴 is an 𝑛 × 𝑑 matrix, then 𝐴𝑇 is a 𝑑 × 𝑛 matrix, and ®𝑟 is in R𝑑.
The null space of 𝐴, nullsp(𝐴), is the set of all vectors ®𝑛 where 𝐴®𝑛 = ®0. Note that if 𝐴 is an
𝑛 × 𝑑 matrix, then ®𝑛 is in R𝑑.
So, ®𝑟 and ®𝑛 are both in R𝑑, which means they exist in the same universe (they have the same
number of components), and so we can ask if they’re orthogonal. (If they had different num-
bers of components, this question would be a non-starter.)
In order to show that they’re orthogonal, we need to show that their dot product is 0.

®𝑟 · ®𝑛 = (𝐴𝑇 ®𝑦) · ®𝑛
= (𝐴𝑇 ®𝑦)𝑇 ®𝑛︸    ︷︷    ︸

®𝑢·®𝑣=®𝑢𝑇 ®𝑣
= 𝑦𝑇 𝐴®𝑛︸︷︷︸

®0
= 𝑦𝑇®0
= 0

So, every vector in the row space of 𝐴 is orthogonal to every vector in the null space of 𝐴!

The row space and null space are orthogonal complements!

Above, we proved that the row space and null space are orthogonal complements, in R𝑑. This
means that every element in the row space is orthogonal to every element in the null space.
The concept of an orthogonal complement was first introduced in Chapter 4.3.
It is also true that the column space and left null space are orthogonal complements, in R𝑛 .
Meaning, if

®𝑥 ∈ colsp(𝐴), ®𝑦 ∈ nullsp(𝐴𝑇)

then it must be the case that ®𝑥 · ®𝑦 = 0.
To summarize:

• The row space, colsp(𝐴𝑇), and null space, nullsp(𝐴), are orthogonal complements; both
are subspaces of R𝑑.

• The column space, colsp(𝐴), and left null space, nullsp(𝐴𝑇), are orthogonal comple-
ments; both are subspaces of R𝑛 .

Example: Rank of 𝑋𝑇𝑋 video. Prove that rank(𝑋𝑇𝑋) = rank(𝑋) for any 𝑛 × 𝑑 matrix 𝑋.
Thematrix 𝑋𝑇𝑋 is hugely important for our regression problem, and you’ll also see in a homework
that it helps define the covariance matrix of our data.
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Solution

First, let’s think about the shape of 𝑋𝑇𝑋. If 𝑋 is an 𝑛× 𝑑matrix, then 𝑋𝑇 is a 𝑑×𝑛 matrix, and
𝑋𝑇𝑋 is a 𝑑 × 𝑑 matrix. So, 𝑋 and 𝑋𝑇𝑋 have the same number of columns (𝑑), but 𝑋𝑇𝑋 is also
square, which 𝑋 doesn’t have to be.
The way we’ll proceed is to show that both matrices have the same null space. If we can
show they both have the same null space, then the dimensions of both null spaces must be the
same. Since the rank-nullity theorem tells us that

rank(𝐴) + dim(nullsp(𝐴)) = number of columns of 𝐴

if we can show that dim(nullsp(𝑋𝑇𝑋)) = dim(nullsp(𝑋)), then we’ll have shown that
rank(𝑋𝑇𝑋) = rank(𝑋), since both 𝑋 and 𝑋𝑇𝑋 have the same number of columns.
To show that both 𝑋 and 𝑋𝑇𝑋 have the same null space, we need to show that any vector ®𝑥 in
the null space of 𝑋 is also in the null space of 𝑋𝑇𝑋, and vice versa.
Part 1: Show that ®𝑣 ∈ nullsp(𝑋) =⇒ ®𝑣 ∈ nullsp(𝑋𝑇𝑋)
Suppose ®𝑣 ∈ nullsp(𝑋). Then, 𝑋®𝑣 = ®0. Multiplying both sides on the left by 𝑋𝑇 , we get

𝑋𝑇𝑋®𝑣 = 𝑋𝑇®0 = ®0

So, ®𝑣 is also in the null space of 𝑋𝑇𝑋.
(This was the easier part.)
Part 2: Show that ®𝑣 ∈ nullsp(𝑋𝑇𝑋) =⇒ ®𝑣 ∈ nullsp(𝑋)
Suppose ®𝑣 ∈ nullsp(𝑋𝑇𝑋). Then, 𝑋𝑇𝑋®𝑣 = ®0. It’s not immediately clear how to use this to
show that ®𝑣 is in the null space of 𝑋, so let’s try something different.
What if we left-multiply both sides of the equation by ®𝑣𝑇? This is equivalent to taking the dot
product of both sides with ®𝑣.

𝑋𝑇𝑋®𝑣 = ®0®𝑣𝑇𝑋𝑇𝑋®𝑣 = ®𝑣𝑇®0 = 0

Okay, so ®𝑣𝑇𝑋𝑇𝑋®𝑣 = 0. What does this tell us? If we look closely, the left-hand side is really
just (𝑋®𝑣)𝑇𝑋®𝑣, which is also just (𝑋®𝑣) · (𝑋®𝑣), which we also know is equal to ‖𝑋®𝑣‖2.
So, we have

‖𝑋®𝑣‖2 = 0

But, the only vector with a norm of 0 is the zero vector. So, 𝑋®𝑣 = ®0. So, we’ve now shown that
if 𝑋𝑇𝑋®𝑣 = ®0, then it has to be the case that 𝑋®𝑣 = ®0 also.
Now that we’ve shown both directions, we’ve shown that nullsp(𝑋𝑇𝑋) = nullsp(𝑋), because
any vector in one of these sets is also in the other set, and so the two sets must be equal.

Summary.
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The Dimensions of the “Four Fundamental Subspaces”

If 𝐴 is an 𝑛 × 𝑑 matrix with rank 𝑟, then:

1. The column space, colsp(𝐴), is an 𝑟-dimensional subspace of R𝑛 .

2. The row space, colsp(𝐴𝑇), is an 𝑟-dimensional subspace of R𝑑.

3. The null space, nullsp(𝐴), is a (𝑑 − 𝑟)-dimensional subspace of R𝑑.

4. The left null space, nullsp(𝐴𝑇), is an (𝑛 − 𝑟)-dimensional subspace of R𝑛 .

Matrix Decompositions
In the coming chapters, we’ll spend a lot of our time decomposing matrices into smaller pieces,
each of which gives us some insight into the data stored in the matrix. This is not a new concept:
in earlier math courses, you’ve learned to write a number as a product of prime factors, and to
factor quadratics like 𝑥2 − 5𝑥 + 6 into (𝑥 − 2)(𝑥 − 3).
The “ultimate” decomposition for the purposes of machine learning is the singular value decom-
position (SVD), which decomposes a matrix into the product of three other matrices.

𝑋 = 𝑈Σ𝑉𝑇

where𝑈 and𝑉 are orthogonal matrices and Σ is a diagonal matrix. This decomposition will allow
us to solve the dimensionality reduction problem we first alluded to in Chapter 1.1.
We’re not yet ready for that; the SVD will be the final topic we study in this course. For now, we’ll
introduce a decomposition that ties together ideas from this section, and allows us to understand
why the number of linearly independent columns of 𝐴 is equal to the number of linearly indepen-
dent rows of 𝐴, i.e. that rank(𝐴) = rank(𝐴𝑇).

CR Decomposition. Suppose 𝐴 is an 𝑛 × 𝑑 matrix with rank 𝑟. This tells us that 𝐴 has 𝑟 linearly
independent columns, and the remaining 𝑑 − 𝑟 columns can be written as linear combinations of
the 𝑟 “good” columns.
Let’s continue thinking about

𝐴 =


5 3 2
0 −1 1
3 4 −1
6 2 4
1 0 1


Recall, rank(𝐴) = 2, and

column 3 = column 1 − column 2
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Define the matrix 𝐶 as containing just the linearly independent columns of 𝐴 when taken from
left to right, i.e. the columns that are obtained by running the algorithm in Chapter 4.2.

given v_1, v_2, ..., v_d # columns of A
initialize linearly independent set S = {v_1}
for i = 2 to d:

if v_i is not a linear combination of S:
add v_i to S

This means that 𝐶’s columns are a basis for colsp(𝐴). Notice that 𝐶 is a 5× 2 matrix; its number of
columns is equal to the rank of 𝐴.

𝐶 =


5 3
0 −1
3 4
6 2
1 0


I’d like to produce a matrix 𝑅 such that 𝐴 = 𝐶𝑅. 𝑅 will tell us how to “mix” the columns of 𝐶
(which are linearly independent) to produce the columns of 𝐴. Since 𝐴 is 5 × 3 and 𝐶 is 5 × 2, 𝑅
must be 2 × 3 in order for the dimensions to work out.

• Column 1 of 𝐴 is just 1(column 1 of 𝐶)
• Column 2 of 𝐴 is just 1(column 2 of 𝐶)
• Column 3 of 𝐴 is 1(column 1 of 𝐶) − 1(column 2 of 𝐶)

So, 𝑅 must be

𝑅 =

[
1 0 1
0 1 −1

]
So, a CR decomposition of 𝐴 is

𝐴 =


5 3 2
0 −1 1
3 4 −1
6 2 4
1 0 1

︸          ︷︷          ︸
𝐴

=


5 3
0 −1
3 4
6 2
1 0

︸   ︷︷   ︸
𝐶

[
1 0 1
0 1 −1

]
︸        ︷︷        ︸

𝑅

We defined 𝐶 such that its columns are linearly independent and a basis for colsp(𝐴). But, observe:
𝑅’s rows are linearly independent too!

This is because the first two columns of 𝑅 are
[
1 0
0 1

]
, which is 𝐼2, the 2 × 2 identity matrix. It’s

impossible for any scalar multiple of the first row of 𝑅 to produce the second row of 𝑅, because the
second row has a non-zero value in a position where the first row has a zero value.



Chapter 5. Matrices 284

Why is rank(𝐴) = rank(𝐴𝑇)?. Not only are 𝑅’s rows linearly independent, they’re also a basis
for the row space of 𝐴, colsp(𝐴𝑇). Every row of 𝐴 can be written as a linear combination of 𝑅’s
rows. The way to see why this is the case is to transpose 𝐴 = 𝐶𝑅 to get 𝐴𝑇 = (𝐶𝑅)𝑇 = 𝑅𝑇𝐶𝑇 .

𝐴 =


5 3 2
0 −1 1
3 4 −1
6 2 4
1 0 1

︸          ︷︷          ︸
𝐴

=


5 3
0 −1
3 4
6 2
1 0

︸   ︷︷   ︸
𝐶

[
1 0 1
0 1 −1

]
︸        ︷︷        ︸

𝑅

𝐴𝑇 =


5 0 3 6 1
3 −1 4 2 0
2 1 −1 4 1

︸                   ︷︷                   ︸
𝐴𝑇

=


1 0
0 1
1 −1

︸   ︷︷   ︸
𝑅𝑇

[
5 0 3 6 1
3 −1 4 2 0

]
︸                 ︷︷                 ︸

𝐶𝑇

The rows of 𝑅 are the columns of 𝑅𝑇 . The above decomposition of 𝐴𝑇 = 𝑅𝑇𝐶𝑇 tells us how to mix
the rows of 𝑅 to make the rows of 𝐴! For instance, it tells us that the first row of 𝐴 is

5


1
0
1

 + 3


0
1
−1

 =


5
3
2

︸                    ︷︷                    ︸
first row of 𝐴

To me, this is a bit magical: we started by picking off linearly independent columns and placing
them in 𝐶, but the 𝑅 wemultiplied 𝐶 by to recreate 𝐴 ended up having linearly independent rows,
which span the row space.
Sitting in front of us is an argument that the number of linearly independent columns of 𝐴 is
equal to the number of linearly independent rows of 𝐴! In other words, we’ve just argued that

rank(𝐴) = rank(𝐴𝑇)

The gist of it was that if 𝐴 = 𝐶𝑅 is a CR decomposition of 𝐴, then 𝐴𝑇 = (𝐶𝑅)𝑇 = 𝑅𝑇𝐶𝑇 is a CR
decomposition of 𝐴𝑇 , and both CR decompositions use the same rank, 𝑟.

Non-Uniqueness of the CR Decomposition. I never formally defined the CR decomposition; I
started with an example.

Definition: CR Decomposition

Suppose 𝐴 is an 𝑛 × 𝑑 matrix with rank 𝑟, meaning 𝐴 has 𝑟 linearly independent columns.
Then, 𝐴 = 𝐶𝑅 is a CR decomposition of 𝐴 if

• 𝐶 is an 𝑛 × 𝑟 matrix whose columns are linearly independent, and

• 𝑅 is an 𝑟 × 𝑑 matrix whose rows are linearly independent, and
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• 𝐴 = 𝐶𝑅

Each column of 𝑅 contains the coefficients needed to write the corresponding column of 𝐴 as
a linear combination of the columns of 𝐶. The result is that

• the columns of 𝐶 are a basis for colsp(𝐴), and
• the rows of 𝑅 are a basis for rowsp(𝐴) = colsp(𝐴𝑇)

In the first example we saw above, we constructed 𝐶 by taking the first 𝑟 linearly independent
columns in 𝐴 to form 𝐶, and placing the coefficients needed to write each column of 𝐴 as a linear
combination of the columns of 𝐶 in 𝑅. When constructed this way, 𝐶’s columns are automatically
linearly independent, and 𝑅’s rows are linearly independent too (using the identity matrix and
positioning of 0’s argument from earlier).
Amatrix has infinitelymanyCRdecompositions, becausewe can choose different bases for colsp(𝐴).
Both of the following are CR decompositions of our 𝐴.

C = np.array([[5, 2],
[0, 1],
[3, -1],
[6, 4],
[1, 1]])

R = np.array([[1, 1, 0],
[0, -1, 1]])

C @ R

array([[ 5, 3, 2],
[ 0, -1, 1],
[ 3, 4, -1],
[ 6, 2, 4],
[ 1, 0, 1]])

# Original decomposition
C = np.array([[5, 3],

[0, -1],
[3, 4],
[6, 2],
[1, 0]])

R = np.array([[1, 0, 1],
[0, 1, -1]])

C @ R

array([[ 5, 3, 2],
[ 0, -1, 1],
[ 3, 4, -1],
[ 6, 2, 4],
[ 1, 0, 1]])
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You can think of 𝑟 = rank(𝐴) as being the minimum possible number of columns in 𝐶 to make
𝐴 = 𝐶𝑅 possible, where 𝐶 is 𝑛 × 𝑟 and 𝑅 is 𝑟 × 𝑑.
Here, since rank(𝐴) = 2, the minimum possible number of columns in 𝐶 is 2. No 𝐶 with just a
single column would allow for 𝐴 = 𝐶𝑅 to work, and while a 𝐶 with 3 columns would work, 2 is
the minimum number of possible columns (and if 𝐶 hadmore than 2 columns, 𝐶’s columns would
no longer be linearly independent).

Finding a CR Decomposition

There are infinitely many CR decompositions of an 𝑛 × 𝑑 matrix 𝐴. But, if you’re ever asked
to find a CR decomposition of a matrix, you should:

1. Find a basis for colsp(𝐴) by running the algorithm in Chapter 4.2. This will give you the
first 𝑟 linearly independent columns of 𝐴; these form the columns of 𝐶.

2. Write each of the remaining 𝑑 − 𝑟 columns of 𝐴 as a linear combination of the columns
of 𝐶. The coefficients for these linear combinations form the rows of 𝑅. Again, 𝑅’s rows
are a basis for rowsp(𝐴) = colsp(𝐴𝑇).

If you construct 𝐶 and 𝑅 this way, the first 𝑟 columns of 𝑅 will be the 𝑟 × 𝑟 identity matrix.

What’s the Point?. Why did I introduce the CR decomposition? In truth, it’s not used to solve
practical problems. Instead, I think it gives us a nice way to understand what the rank of a matrix
really means. For one, it gave us one way to see why rank(𝐴) = rank(𝐴𝑇).
Let me try and get you excited about the CR decomposition with a more practical example. Sup-
pose we have a large 1000 × 50 matrix with rank 𝑟 = 8. Storing the entire matrix requires storing
1000 × 50 = 50000 numbers. But, since its rank is 8, there exists a CR decomposition of 𝐴 into
𝐴 = 𝐶𝑅 where 𝐶 is 1000 × 8 and 𝑅 is 8 × 50. Storing 𝐶 and 𝑅 requires storing

1000 × 8︸   ︷︷   ︸
size of 𝐶

+ 8 × 50︸︷︷︸
size of 𝑅

= 8400

numbers, far fewer than the 50,000 numbers required to store the entire matrix.
So, the CR decomposition is one way to compress a matrix; here, it relied on the fact that the
rank of the matrix was much smaller than its number of columns. Hopefully this gives you some
appreciation forwhy the rank of amatrix is such a fundamental property. Compression – of images,
say – will be a recurring theme in Chapter 10, once we eventually make our way to the singular
value decomposition.
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6.1. Linear Transformations
Overview
The big concept introduced in Chapter 5.3 was the rank of a matrix, rank(𝐴), which is the number
of linearly independent columns of a matrix. The rank of a matrix told us the dimension of its
column space, colsp(𝐴), which is the set of all vectors that can be created with linear combinations
of 𝐴’s columns.
The ideas of rank, column space, and linear independence are all closely related, and also all apply
for matrices of any shape – wide, tall, or square. This is good, because data from the real world is
rarely square: we usually have many more observations (𝑛) than features (𝑑).
The big idea in Chapters 6.1 and 6.2 is that of the inverse of a matrix, 𝐴−1, which only applies to
square matrices. But, inverses and square matrices can still be useful for our rectangular matrices
with real data, since the matrix 𝐴𝑇𝐴 is square, no matter the shape of 𝐴. And, as we discussed
in Chapter 5.3 and you’re seeing in Homework 6, the matrix 𝐴𝑇𝐴 has close ties to the correlations
between the columns of 𝐴, which you already know has some connection to linear regression.

Linear Transformations
But first, I want us to think aboutmatrix-vectormultiplication as somethingmore than just number
crunching.
In Chapter 5.3, the running example was the matrix

𝐴 =


5 3 2
0 −1 1
3 4 −1
6 2 4
1 0 1


To multiply 𝐴 by a vector on the right, that vector must be in R3, and the result will be a vector in
R5.
Put another way, if we consider the function 𝑇(®𝑥) = 𝐴®𝑥, 𝑇 maps elements of R3 to elements of R5,
i.e.

𝑇 : R3 → R5

I’ve chosen the letter 𝑇 to denote that 𝑇 is a linear transformation.

Definition: Linear Transformation

A function 𝑇 : R𝑑 → R𝑛 is a linear transformation if for any ®𝑥, ®𝑦 ∈ R𝑑 and any 𝑐 ∈ R,

1. 𝑇(®𝑥 + ®𝑦) = 𝑇(®𝑥) + 𝑇( ®𝑦)
2. 𝑇(𝑐 ®𝑥) = 𝑐𝑇(®𝑥)

R𝑑 is the domain of 𝑇, and R𝑛 is the codomain of 𝑇.
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Every linear transformation is of the form 𝑇(®𝑥) = 𝐴®𝑥. For our purposes, linear transformations
and matrix-vector multiplication are the same thing, though in general linear transformations are
a more abstract concept (just like how vector spaces can be made up of functions, for example).
For example, the function

𝑓 (®𝑥) = 𝑓

( [
𝑥1
𝑥2

] )
=


2𝑥1 + 3𝑥2

𝑥1
𝑥2


is a linear transformation from R2 to R3, and is equivalent to

𝑓 (®𝑥) =

2𝑥1 + 3𝑥2

𝑥1
𝑥2

 =


2 3
1 0
0 1

︸ ︷︷ ︸
matrix 𝐴

[
𝑥1
𝑥2

]
︸︷︷︸

®𝑥

The function 𝑔(𝑥) = 3𝑥 is also a linear transformation, from R to R.
A non-example of a linear transformation is

ℎ(®𝑥) =
[
𝑥21
𝑥22

]
because no matrix multiplied by ®𝑥 will produce

[
𝑥21
𝑥22

]
.

Another non-example, perhaps surprisingly, is

𝑘(𝑥) = −2𝑥 + 5

This is the equation of a line inR2, which is linear in some sense, but it’s not a linear transformation,
since it doesn’t satisfy the two properties of linearity. For 𝑘(𝑥) to be a linear transformation, we’d
need

𝑘(𝑐𝑥) = 𝑐𝑘(𝑥)

for any 𝑐, 𝑥 ∈ R. But, if we consider 𝑐 = 3 and 𝑥 = 1 as an example, we get

𝑘(𝑐𝑥) = 𝑘(3 · 1) = 𝑘(3) = −2 · 3 + 5 = −1𝑐𝑘(𝑥) = 3𝑘(1) = 3(−2 · 1 + 5) = 3(3) = 9

which are not equal. 𝑘(𝑥) = −2𝑥 + 5 is an example of an affine transformation, which in general
is any function 𝑓 : R𝑑 → R𝑛 that can be written as 𝑓 (®𝑥) = 𝐴®𝑥 + ®𝑏, where 𝐴 is an 𝑛 × 𝑑 matrix and
®𝑏 ∈ R𝑛 .
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Activity 1

Activity 1

Activity 1.1
True or false: if 𝑇 is a linear transformation, then 𝑇(®0) = ®0.
Activity 1.2
For each of the following functions, determine whether it is a linear transformation. If it is,
write it in the form 𝑇(®𝑥) = 𝐴®𝑥. If it is not, explain why not.

1. 𝑇(®𝑥) =
[
𝑥1 + 𝑥2
𝑥1 − 𝑥2

]
2. 𝑇(®𝑥) =


3𝑥3 − 𝑥1
𝑥2 + 2𝑥3
5𝑥1 + 7𝑥2


3. 𝑇(®𝑥) =


3𝑥3 − 5
𝑥2 + 2𝑥3
5𝑥1 + 7𝑥2


4. 𝑇(®𝑥) = ®𝑥 +

[
1
2

]
5. 𝑇 takes ®𝑥, multiplies the first component by 2 and second component by 3, and returns

the difference between the two, as a scalar.
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Solutions

Activity 1.1
True or false: if 𝑇 is a linear transformation, then 𝑇(®0) = ®0.
True. Since 𝑇 is a linear transformation, we have

𝑇(𝑐 ®𝑥) = 𝑐𝑇(®𝑥)

for any 𝑐 ∈ R and ®𝑥 ∈ R𝑑. Plugging in 𝑐 = 0, we get

𝑇(0®𝑥) = 0𝑇(®𝑥) =⇒ 𝑇(®0) = ®0

Activity 1.2

1. 𝑇(®𝑥) =
[
𝑥1 + 𝑥2
𝑥1 − 𝑥2

]
is a linear transformation.

𝑇(®𝑥) =
[
𝑥1 + 𝑥2
𝑥1 − 𝑥2

]
=

[
1 1
1 −1

] [
𝑥1
𝑥2

]
2. 𝑇(®𝑥) =


3𝑥3 − 𝑥1
𝑥2 + 2𝑥3
5𝑥1 + 7𝑥2

 is a linear transformation.

𝑇(®𝑥) =

3𝑥3 − 𝑥1
𝑥2 + 2𝑥3
5𝑥1 + 7𝑥2

 =


−1 0 3
0 1 2
5 7 0



𝑥1
𝑥2
𝑥3


3. 𝑇(®𝑥) =


3𝑥3 − 5
𝑥2 + 2𝑥3
5𝑥1 + 7𝑥2

 is not a linear transformation. Notice the constant term of -5 in

the first component! This is instead an affine transformation.

4. 𝑇(®𝑥) = ®𝑥+
[
1
2

]
is not a linear transformation once again; it’s an affine transformation.

If you don’t believe that it’s not a linear transformation, plug in both
[
1
1

]
and

[
2
2

]
;

if 𝑇 were a linear transformation, the latter output would be exactly double the
former output.

5. This description tells us that 𝑇(®𝑥) = 2𝑥1 − 3𝑥2, and this is a perfectly valid linear
transformation, from R2 to R.

𝑇(®𝑥) = [
2 −3] [

𝑥1
𝑥2

]
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Linear Transformations from R𝑛 to R𝑛

While linear transformations exist from R2 to R5 or R99 to R4, it’s in some ways easiest to think
about linear transformations with the same domain and codomain, i.e. transformations of the
form 𝑇 : R𝑛 → R𝑛 . This will allow us to explore how transformations stretch, rotate, and reflect
vectors in the same space. Linear transformations with the same domain (R𝑛) and codomain (R𝑛)
are represented by 𝑛 × 𝑛 matrices, which gives us a useful setting to think about the invertibility
of square matrices, beyond just looking at a bunch of numbers.
To start, let’s consider the linear transformation defined by the matrix

𝐴 =

[
2 0
0 −1/3

]
What happens to a vector in R2 when we multiply it by 𝐴? Let’s visualize the effect of 𝐴 on several
vectors in R2.

𝐴 scales, or stretches, the input space by a factor of 2 in the 𝑥-direction and a factor of −1/3 in the
𝑦-direction.

Scaling. Another way of visualizing 𝐴 is to think about how it transforms the two standard basis
vectors of R2, which are

®𝑢𝑥 =
[
1
0

]
, ®𝑢𝑦 =

[
0
1

]
(In the past I’ve called these ®𝑒1 and ®𝑒2, but I’ll use ®𝑢𝑥 and ®𝑢𝑦 here since I’ll also use 𝐸 to represent a
matrix shortly.)

Note that 𝐴®𝑢𝑥 =
[
2
0

]
is just the first column of 𝐴, and similarly 𝐴®𝑢𝑦 =

[
0

−1/3
]
is the second column

of 𝐴.



Chapter 6. Linear Transformations and Projections 293

𝐴 =

[
2 0
0 −1/3

]

In addition to drawing ®𝑢𝑥 and ®𝑢𝑦 on the left and their transformed counterparts 𝐴®𝑢𝑥 and 𝐴®𝑢𝑦 on
the right, I’ve also shaded in how the unit square, which is the square containing ®𝑢𝑥 and ®𝑢𝑦 , gets
transformed. Here, it gets stretched from a square to a rectangle.
Remember that any vector ®𝑣 ∈ R2 is a linear combination of ®𝑢𝑥 and ®𝑢𝑦 . For instance,[

2
−1

]
= 2

[
1
0

]
−

[
0
1

]
= 2®𝑢𝑥 − ®𝑢𝑦︸    ︷︷    ︸

®𝑣

So, multiplying 𝐴 by ®𝑣 is equivalent to multiplying 𝐴 by a linear combination of ®𝑢𝑥 and ®𝑢𝑦 .

𝐴

[
2
−1

]
= 𝐴(2®𝑢𝑥 − ®𝑢𝑦) = 2𝐴®𝑢𝑥 − 𝐴®𝑢𝑦

and the result is a linear combination of 𝐴®𝑢𝑥 and 𝐴®𝑢𝑦 with the same coefficients! If this sounds
confusing, just remember that 𝐴®𝑢𝑥 and 𝐴®𝑢𝑦 are just the first and second columns of 𝐴, respec-
tively.
So, as we move through the following examples, think of the transformed basis vectors 𝐴®𝑢𝑥 and
𝐴®𝑢𝑦 as a new set of “building blocks” that define the transformed space (which is the column space
of 𝐴).
𝐴 is a diagonalmatrix, whichmeans it scales vectors. Note that any vector inR2 can be transformed
by𝐴, not just vectors on orwithin the unit square; I’m just using these two basis vectors to visualize
the transformation.

Rotations and Orthogonal Matrices. What might a non-diagonal matrix do? Let’s consider

𝐵 =

[√
2/2 −√2/2√
2/2 √

2/2
]
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Just to continue the previous example, the vector
[
2
−1

]
is transformed into

𝐵

[
2
−1

]
=

[√
2/2 −√2/2√
2/2 √

2/2
] [

2
−1

]
= 2

[√
2/2√
2/2

]
︸  ︷︷  ︸

𝐵®𝑢𝑥

−
[−√2/2√

2/2
]

︸    ︷︷    ︸
𝐵®𝑢𝑦

=

[
3
√
2/2√
2/2

]

𝐵 is an orthogonal matrix, which means that its columns are unit vectors and are orthogonal to
one another.

𝐵𝑇𝐵 = 𝐵𝐵𝑇 = 𝐼︸             ︷︷             ︸
condition for an orthogonal matrix

Orthogonal matrices rotate vectors in the input space. In general, a matrix that rotates vectors by
𝜃 (radians) counterclockwise in R2 is given by

𝑅(𝜃) =
[
cos𝜃 − sin𝜃
sin𝜃 cos𝜃

]
𝐵 = 𝑅(𝜋4 ) rotates vectors by 𝜋

4 radians, i.e. 45◦.
Rotations are more difficult to visualize in R3 and higher dimensions, but in Homework 5, you’ll
prove that orthogonal matrices preserve norms, i.e. if 𝑄 is an 𝑛 × 𝑛 orthogonal matrix and 𝑥 ∈ R𝑛 ,
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then ‖𝑄𝑥‖ = ‖𝑥‖ . So, even though an orthogonal matrix might be doing something harder to
describe in R15, we know that it isn’t changing the lengths of the vectors it’s multiplying.

To drive home the point I made earlier, any vector ®𝑣 =

[
𝑥
𝑦

]
, once multiplied by 𝐵, ends up trans-

forming into

𝐵

[
𝑥
𝑦

]
︸︷︷︸

®𝑣

= 𝑥(𝐵®𝑢𝑥) + 𝑦(𝐵®𝑢𝑦)

Composing Transformations. We can even apply multiple transformations one after another.
This is called composing transformations. For instance,

𝐶 =

[ √
2 −√2

−√2/6 −√2/6
]

is just

𝐶 = 𝐴𝐵 =

[
2 0
0 −1/3

]
︸      ︷︷      ︸

scale

[√
2/2 −√2/2√
2/2 √

2/2
]

︸              ︷︷              ︸
rotate

Note that 𝐶 rotates the input vector, and then scales it. Read the operations from right to left, since
𝐶 ®𝑥 = 𝐴𝐵®𝑥 = 𝐴(𝐵®𝑥).
𝐶 = 𝐴𝐵 is different from

𝐷 =

[√
2

√
2/6√

2 −√2/6
]
= 𝐵𝐴
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Shears.
𝐸 =

[
1 −2/3
0 1

]

𝐸 is a shear matrix. Think of a shear as a transformation that slants the input space along one axis,
while keeping the other axis fixed. What helpsme interpret shears is looking at them formulaically.

𝐸

[
𝑥
𝑦

]
=

[
1 −2/3
0 1

] [
𝑥
𝑦

]
=

[
𝑥 − 2/3𝑦

𝑦

]
Note that the 𝑦-coordinate of input vectors in R2 remain unchanged, while the 𝑥-coordinate is
shifted by −2

3 𝑦, which results in a slanted shape.
Similarly, 𝐹 is a shearmatrix that keeps the 𝑥-coordinate fixed, but shifts the 𝑦-coordinate, resulting
in a slanted shape that is tilted downwards.

𝐹 =

[
1 0

−5/4 1

]
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Non-Invertible Transformations. So far we’ve looked at scaling, rotation, and shear matrices.
Let’s look at another type of transformation that behaves differently from what we’ve seen so far.
Consider the matrix 𝐺 below.

𝐺 =

[
1 0
0 0

]

𝐺 ®𝑥 keeps the horizontal component of ®𝑥 and throws away the vertical component. Note that 𝐺
maps the unit square to a line, not another four-sided shape.
Why have I called this a non-invertible transformation? This is the key idea that we’re building

towards: given that 𝐺 ®𝑥 =

[
2
0

]
, I have no way of knowing what ®𝑥 is! It could be that ®𝑥 =

[
2
5

]
, or

®𝑥 =

[
2
−1

]
, or ®𝑥 =

[
2
100

]
, etc. These ®𝑥’s all get mapped to the same vector,

[
2
0

]
, by 𝐺. This is because,

unlike the matrices we’ve seen so far, colsp(𝐺) is not all of R2, but rather it’s just a line in R2, since
𝐺’s columns are not linearly independent.
𝐻 below works similarly.

𝐻 =

[
1/2 −1
1 −2

]



Chapter 6. Linear Transformations and Projections 298

colsp(𝐻) is the line spanned by
[
1/2
1

]
, so 𝐻 ®𝑥 will always be some vector on this line. Put another

way, if ®𝑣 =

[
𝑥
𝑦

]
, then 𝐻®𝑣 is

𝐻

[
𝑥
𝑦

]
︸︷︷︸

®𝑣

= 𝑥(𝐻 ®𝑢𝑥) + 𝑦(𝐻 ®𝑢𝑦)

but since 𝐻 ®𝑢𝑥 and 𝐻 ®𝑢𝑦 are both on the line spanned by
[
1/2
1

]
, 𝐻®𝑣 is really just a scalar multiple of[

1/2
1

]
.

Arbitrary Matrices. Finally, I’ll comment that not all linear transformations have a nice, intuitive
interpretation. For instance, consider

𝐽 =

[
1/3 −1
1 −1/2

]

𝐽 turns the unit square into a parallelogram. In fact, so did 𝐴, 𝐵, 𝐶, 𝐷, 𝐸, and 𝐹; all of these
transformations map the unit square to a parallelogram, with some additional properties (e.g. 𝐴’s
parallelogram was a rectangle, 𝐵’s had equal sides, etc.).
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There’s no need to memorize the names of these transformations – after all, they only apply in R2

and perhaps R3 where we can visualize.
Speaking of R3, an arbitrary 3 × 3 matrix can be thought of as a transformation that maps the unit
cube to a parallelepiped (the generalization of a parallelogram to three dimensions).

𝐾 =


1 0 0
0 2 1/2
0 −1 1/2



What do you notice about the transformation defined by 𝐿, and how it relates to 𝐿’s columns? (Drag
the plot around to see the main point.)

𝐿 =


1 1/2 0
1 1/2 0
1 1/2 1


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Since 𝐿’s columns are linearly dependent, 𝐿maps the unit cube to a flat parallelogram.

The Determinant
It turns out that there’s a formula for

• area of the parallelogram formed by transforming the unit square by a 2 × 2 matrix 𝐴

• volume of the parallelepiped formed by transforming the unit cube by a 3 × 3 matrix 𝐴

• in general, the 𝑛-dimensional “volume” of the object formed by transforming the unit 𝑛-cube
by an 𝑛 × 𝑛 matrix 𝐴

That formula is called the determinant of 𝐴, and is denoted det(𝐴).
Why do we care? Remember, the goal of this section is to find the inverse of a square matrix 𝐴, if
it exists, and the determinant will give us one way to check if it does.
In the case of the matrices 𝐺 and 𝐻 above, their columns were linearly dependent, and so the
transformations𝐺 and𝐻mapped the unit square to a linewith no area. Similarly above, 𝐿mapped
the unit cube to a flat parallelogram with no volume. In all other transformations, the matrices’
columns were linearly independent, so the resulting object had a non-zero area (in the case of 2×2
matrices) or volume (in the case of 3 × 3 matrices).

If det(𝐴) = 0, 𝐴’s columns are linearly dependent!

Equivalently, if det(𝐴) ≠ 0, 𝐴’s columns are linearly independent. This will help us check if
𝐴 is invertible in just a moment.

So, how do we find det(𝐴)? Unfortunately, the formula is only convenient for 2 × 2 matrices.

Definition: Determinant of a 2 × 2 matrix

If 𝐴 =

[
𝑎 𝑏
𝑐 𝑑

]
, its determinant is

det(𝐴) =
����𝑎 𝑏
𝑐 𝑑

���� = 𝑎𝑑 − 𝑏𝑐

For example, in the transformation

𝐽 =

[
1/3 −1
1 −1/2

]
the area of the parallelogram formed by transforming the unit square is

det(𝐽) = 1

3

(
−1

2

)
− (−1)(1) = −1

6
+ 1 =

5

6
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Note that a determinant can be negative! So, to be precise, |det(𝐴)| describes the 𝑛-dimensional
volume of the object formed by transforming the unit 𝑛-cube by 𝐴.
The sign of the determinant depends on the order of the columns of the matrix. For example, swap
the columns of 𝐽 and its determinant would be −5

6 . (If 𝐴®𝑢𝑥 is “to the right” of 𝐴®𝑢𝑦 , the determinant
is positive, like with the standard basis vectors; if 𝐴®𝑢𝑥 is “to the left” of 𝐴®𝑢𝑦 , the determinant is
negative.)
The determinant of an 𝑛 × 𝑛 matrix can be expressed recursively using a weighted sum of determi-
nants of smaller 𝑛 − 1 × 𝑛 − 1 matrices, called minors. For example, if 𝐴 is the 3 × 3 matrix

𝐴 =


𝑎 𝑏 𝑐
𝑑 𝑒 𝑓
𝑔 ℎ 𝑖


then det(𝐴) is

det(𝐴) = 𝑎

����𝑒 𝑓
ℎ 𝑖

���� − 𝑏 ����𝑑 𝑓
𝑔 𝑖

���� + 𝑐 ����𝑑 𝑒
𝑔 ℎ

����
The matrix

[
𝑒 𝑓
ℎ 𝑖

]
is a minor of 𝐴; it’s formed by deleting the first row and first column of 𝐴. Note

the alternating signs in the formula. This formula generalizes to 𝑛×𝑛 matrices, but is not practical
for anything larger than 3 × 3. (What is the runtime of this algorithm?)
The computation of the determinant is not super important. The big idea is that the determinant
of 𝐴 is a single number that tells us whether 𝐴’s transformation “loses a dimension” or not.
Some useful properties of the determinant are that, for any 𝑛 × 𝑛 matrices 𝐴 and 𝐵,

1. det(𝐴) = det(𝐴𝑇)
2. det(𝐴𝐵) = det(𝐴)det(𝐵)
3. det(𝑐𝐴) = 𝑐𝑛det(𝐴) (notice the exponent!)

4. If 𝐵 results from swapping two of 𝐴’s columns (or rows), then

det(𝐵) = −det(𝐴)
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The proofs of these properties are beyond the scope of our course. But, it’s worthwhile to think
about what they mean in English in the context of linear transformations.

1. det(𝐴) = det(𝐴𝑇) implies that the rows of 𝐴 (which are the columns of 𝐴𝑇) create the same
“volume” as the columns of 𝐴.

2. det(𝐴𝐵) = det(𝐴)det(𝐵) matches our intuition that linear transformations can be composed.
𝐴𝐵®𝑥 is the result of applying 𝐵 to ®𝑥, then 𝐴 to the result.

3. det(𝑐𝐴) = 𝑐𝑛det(𝐴) multiplies each column of 𝐴 by 𝑐, and so the volume of the resulting
object is scaled by 𝑐 × 𝑐 × · · · × 𝑐 = 𝑐𝑛 .

4. If 𝐵 results from swapping two of 𝐴’s columns (or rows), then det(𝐵) = −det(𝐴) reflects that
swapping two columns reverses the orientation of the transformation, flipping the signed
volume from positive to negative (or vice versa) while preserving its magnitude.

This YouTube playlist containswalkthrough videos of the following activity, which has 5 subparts.
The first video, embedded below, contains a brief overview of determinants, summarizing the
content above.

Activity 2

Activity 2

Activity 2.1
Find the determinant of the following matrices:

1. 𝐴 =

[
1 2
3 4

]
2. 𝐴 =

[
1 3
2 4

]
3. 𝐴 =

[
2 1
4 3

]
4. 𝐴 =


4 2 0
3 1 1
−6 2 5


Activity 2.2
Suppose 𝐴 and 𝐵 are both 𝑛 × 𝑛 matrices. Is det(𝐴 + 𝐵) = det(𝐴) + det(𝐵) in general?
Activity 2.3
Suppose we multiply 𝐴’s 2nd column by 3. What happens to det(𝐴)?
Activity 2.4
If 𝐴’s columns are linearly dependent, then find det(𝐴𝐵).
Activity 2.5

1. Find the determinant of 𝑅(𝜃) =
[
cos𝜃 − sin𝜃
sin𝜃 cos𝜃

]
(Hint: The answer does not depend on

𝜃!).

2. 𝑅(𝜃) is a 2×2 orthogonal matrix. If𝑄 is an 𝑛×𝑛 orthogonal matrix, thenwhat is det(𝑄)?

https://www.youtube.com/playlist?list=PLEFTQpsm47qSEmQRCtKfN7dj2qg9xzgai
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Now that we have a better understanding of the linear transformations that are implicitly defined
by square matrices, we can return to the question of inverses, when they exist, and how to find
them.
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6.2. Inverses
Chapter 6.1 was a bit of a detour into the world of linear transformations. In theory, one could
read Chapter 6.2 here without that knowledge, but the knowledge of linear transformations (in my
mind) will help you better appreciate (and understand) the concept of a matrix inverse.

What is an Inverse, Really?
Scalar Addition and Multiplication. In “regular” addition and multiplication, you’re already
familiar with the idea of an inverse. In addition, the inverse of a number 𝑎 is another number 𝑎′
that satisfies

𝑎 + 𝑎′ = 𝑎′ + 𝑎 = 0

0 is the “identity” element in addition, since adding it to any number 𝑎 doesn’t change the value
of 𝑎. Of course, 𝑎′ = −𝑎, so −𝑎 is the additive inverse of 𝑎. Any number 𝑎 has an additive inverse;
for example, the additive inverse of 2 is -2, and the additive inverse of -2 is 2.
In multiplication, the inverse of a number 𝑎 is another number 𝑎′ that satisfies

𝑎 · 𝑎′ = 𝑎′ · 𝑎 = 1

1 is the “identity” element in multiplication, since multiplying it by any number 𝑎 doesn’t change
the value of 𝑎. Most numbers have a multiplicative inverse of 𝑎′ = 1

𝑎 , but 0 does not!

0 · 𝑎′ = 0

is not achieved by any 𝑎′.
When a multiplicative inverse exists, we can use it to solve equations like

2𝑥 = 5

by multiplying both sides by the multiplicative inverse of 2, which is 1
2 .

1

2
(2𝑥) = 1

2
(5) =⇒ 𝑥 =

5

2

Matrices. If 𝐴 is an 𝑛 × 𝑑 matrix, its additive inverse is just −𝐴, which comes from negating each
element of 𝐴. That part is not all that interesting. What we’re more interested in is the multiplica-
tive inverse of a matrix, which is just referred to as the inverse of the matrix.
Suppose 𝐴 is some 𝑛 × 𝑑 matrix. We’d like to find an inverse, 𝐴′, such that when 𝐴 is multiplied
by 𝐴′ in any order, the result is the identity element for matrix multiplication, 𝐼. Recall, the 𝑛 × 𝑛

../01-linear-transformations.ipynb
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identity matrix is a matrix with 1s on the diagonal (moving from the top left to the bottom right),
and 0s everywhere else. The 3 × 3 identity matrix is

𝐼3 =


1 0 0
0 1 0
0 0 1


𝐼3 ®𝑥 = ®𝑥 for any ®𝑥 ∈ R3, and 𝐵𝐼3 = 𝐼3𝐵 = 𝐵 for any 𝐵 ∈ R3×3.

1 0 0
0 1 0
0 0 1



𝑥1
𝑥2
𝑥3

 =


𝑥1
𝑥2
𝑥3


If 𝐴 is an 𝑛 × 𝑑 matrix, we’d need a single matrix 𝐴′ that satisfies

𝐴𝐴′ = 𝐴′𝐴 = 𝐼

In 𝐴𝐴′, 𝐴′ is the right inverse of 𝐴, and in 𝐴′𝐴, 𝐴′ is the left inverse of 𝐴. Right now, we’re
interested in finding matrices that have both a left and right inverse, that happen to be the same
matrix.
In order to evaluate 𝐴𝐴′, we’d need 𝐴′ to be of shape 𝑑 × something, and in order to evaluate 𝐴′𝐴,
we’d need 𝐴′ to be of shape something else × 𝑛. The solution to these constraints is to have 𝐴′ be
a 𝑑 × 𝑛 matrix (like 𝐴𝑇).
If we try that, then

• 𝐴′𝐴 has shape (𝑑 × 𝑛) · (𝑛 × 𝑑) = 𝑑 × 𝑑
• 𝐴𝐴′ has shape (𝑛 × 𝑑) · (𝑑 × 𝑛) = 𝑛 × 𝑛

but, we want 𝐴′𝐴 and 𝐴𝐴′ to both be the same matrix, not just separate valid matrices. So, we
need 𝑛 = 𝑑, which requires 𝐴 to be 𝑛 × 𝑛, like its inverse.

Only square matrices have inverses!

The idea of invertibility only makes sense for square matrices.
Non-square matrices can have left or right inverses, which we’ll discuss in Chapter 6.4, but in
general they can’t be “invertible”.

For example, consider the 2 × 2 matrix

𝐴 =

[
2 4
3 5

]
It turns out that 𝐴 does have an inverse! Its inverse, denoted by 𝐴−1, is

𝐴−1 =
[−5/2 2
3/2 −1

]
Because 𝐴−1 is the matrix that satisfies both
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𝐴𝐴−1 =
[
2 4
3 5

] [−5/2 2
3/2 −1

]
=

[
1 0
0 1

]
= 𝐼

and

𝐴−1𝐴 =

[−5/2 2
3/2 −1

] [
2 4
3 5

]
=

[
1 0
0 1

]
= 𝐼

numpy is good at finding inverses, when they exist.

import numpy as np

A = np.array([[2, 4],
[3, 5]])

np.linalg.inv(A)

array([[ -2.5, 2. ],
[ 1.5, -1. ]])

# The top -left and bottom -right elements are 1s,
# and the top -right and bottom -left elements are 0s.
# 4.4408921e -16 is just 0, with some floating point error baked in.
A @ np.linalg.inv(A)

array([[1.0000000e+00, 0.0000000e+00],
[4.4408921e -16, 1.0000000e+00]])

But, not all square matrices are invertible, just like not all numbers have multiplicative inverses.
What happens if we try and invert

𝐵 =

[
1 2
2 4

]
B = np.array([[1, 2],

[2, 4]])

np.linalg.inv(B)

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - -↩→

LinAlgError Traceback (most recent call last)
Cell In[17], line 4

1 B = np.array([[1, 2],
2 [2, 4]])

- - - -> 4 np.linalg.inv(B)

File ~/miniforge3/envs/pds/lib/python3.10/site -packages/numpy/linalg/linalg.py:561, in
inv(a)↩→
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559 signature = 'D ->D' if isComplexType(t) else 'd ->d'
560 extobj = get_linalg_error_extobj(_raise_linalgerror_singular)

- -> 561 ainv = _umath_linalg.inv(a, signature=signature, extobj=extobj)
562 return wrap(ainv.astype(result_t, copy=False))

File ~/miniforge3/envs/pds/lib/python3.10/site -packages/numpy/linalg/linalg.py:112, in
_raise_linalgerror_singular(err, flag)↩→
111 def _raise_linalgerror_singular(err, flag):

- -> 112 raise LinAlgError("Singular matrix")

LinAlgError: Singular matrix

We’re told the matrix is singular, meaning that it’s not invertible.
The point of this section is to understand why some square matrices are invertible and others are
not, and what the inverse of an invertible matrix really means.

The Goal: Solving Systems of Equations

In general, suppose 𝐴 is an 𝑛 × 𝑑 matrix and ®𝑏 ∈ R𝑛 . Then, the equation

𝐴®𝑥 = ®𝑏

is a system of 𝑛 equations in 𝑑 unknowns.


𝑎11 𝑎12 · · · 𝑎1𝑑
𝑎21 𝑎22 · · · 𝑎2𝑑
...

...
. . .

...
𝑎𝑛1 𝑎𝑛2 · · · 𝑎𝑛𝑑

︸                     ︷︷                     ︸
𝐴


𝑥1
𝑥2
...
𝑥𝑑

︸︷︷︸
®𝑥

=


𝑏1
𝑏2
...
𝑏𝑛

︸︷︷︸
®𝑏

There may be no solution, a unique solution, or infinitely many solutions for the vector ®𝑥 that
satisfies the system, depending on rank(𝐴) and whether ®𝑏 is in colsp(𝐴).
If we assume 𝐴 is square, i.e. 𝑛 = 𝑑, then 𝐴®𝑥 = ®𝑏 is a system of 𝑛 equations in 𝑛 unknowns. If 𝐴
is invertible (which, remember, only square matrices can be), then there is a unique solution to the
system, and we can find it by multiplying both sides by 𝐴−1 on the left.

𝐴®𝑥 = ®𝑏 =⇒ 𝐴−1𝐴®𝑥 = 𝐴−1®𝑏 =⇒ ®𝑥 = 𝐴−1®𝑏

®𝑥 = 𝐴−1®𝑏 is the unique solution to the system of equations, and we can find it without having to
manually solve the system. Thinking back to the example above, we used numpy to find that the
inverse of

𝐴 =

[
2 4
3 5

]
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is

𝐴−1 =
[−5/2 2
3/2 −1

]
We can use 𝐴−1 to solve the system

2𝑥1 + 4𝑥2 = 𝑏1
3𝑥1 + 5𝑥2 = 𝑏2

For any 𝑏1 , 𝑏2 ∈ R, the unique solution for 𝑥1 and 𝑥2 is[
𝑥1
𝑥2

]
=

[−5/2 2
3/2 −1

] [
𝑏1
𝑏2

]
=

[−5/2𝑏1 + 2𝑏2
3/2𝑏1 − 𝑏2

]
That said, as we’ll discuss at the bottom of this section, actually finding the inverse of a matrix is
very computationally intensive, so usually we don’t actually compute 𝐴−1. Knowing that it exists,
and understanding the properties it satisfies, is the important part.

Inverting a Transformation
Remember, the big goal of this section is to find the inverse of a square matrix 𝐴.
Since a square matrix 𝐴 corresponds to a linear transformation, we can think of 𝐴−1 as “reversing”
or “undoing” the transformation.
For example, if 𝐴 scales vectors, 𝐴−1 should scale by the reciprocal, so that applying 𝐴 and then
𝐴−1 returns the original vector.
The simplest case involves a diagonal matrix, like

𝐴 =

[
2 0
0 −1/3

]

To undo the effect of 𝐴, we can apply the transformation
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𝐴−1 =
[
1/2 0
0 −3

]
Many of the transformations we looked at involving 2 × 2 matrices are reversible, and hence the
corresponding matrices are invertible. If the matrix rotates by 𝜃, the inverse is a rotation by −𝜃. If
the matrix shears by “dragging to the right”, the inverse is a shear by “dragging to the left”.
Another way of visualizing whether a transformation is reversible is whether given a vector on the
right, there is exactly one corresponding vector on the left. By exactly one, I mean not 0, and not
multiple.
Here, we visualize

𝐹 =

[
1 0

−5/4 1

]
Given any vector ®𝑏 of the form ®𝑏 = 𝐹 ®𝑥, there is exactly one vector ®𝑥 that satisfies this equation.

On the other hand, if we look at

𝐻 =

[
1/2 −1
1 −2

]
the same does not hold true. Given any vector ®𝑏 ∈ colsp(𝐻) on the right, there are infinitely many
vectors ®𝑥 such that 𝐻 ®𝑥 = ®𝑏. The vectors in pink on the left are all sent to the same vector on the

right,

−1

−2

 .
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And, there are no vectors on the left that get sent to

−2

2

 on the right. Any vector in R2 that isn’t

on the line spanned by
[−1
−2

]
is unreachable.

You may recall the following key ideas from discrete math:

• A function is invertible if and only if it is both one-to-one (injective) and onto (surjective).

• A function is one-to-one if and only if no two inputs get sent to the same output, i.e. 𝑓 (𝑥1) =
𝑓 (𝑥2) implies 𝑥1 = 𝑥2.

• A function is onto if every element of the codomain is an output of the function, i.e. for every
𝑦 ∈ 𝑌, there exists an 𝑥 ∈ 𝑋 such that 𝑓 (𝑥) = 𝑦.

The transformation represented by 𝐻 is neither one-to-one (because
[
0
1

]
and

[
1
1.5

]
get sent to the

same point) nor onto (because
[−2
0

]
isn’t mapped to by any vector in R2).

In order for a linear transformation to be invertible, it must be both one-to-one and onto, i.e. it
must be a bĳection. Again, don’t worry if these terms seem foreign: I’ve provided them here to
help build connections to other courses if you’ve taken them. If not, the rest of my coverage should
still be sufficient.

Inverting a Matrix
The big idea I’m trying to get across is that an 𝑛 × 𝑛 matrix 𝐴 is invertible if and only if the corre-
sponding linear transformation can be “undone”. In other words:

What makes 𝐴 invertible?

𝐴 is invertible if and only if given any vector ®𝑏 ∈ R𝑛 , there is exactly one vector ®𝑥 ∈ R𝑛 such
that 𝐴®𝑥 = ®𝑏.

If the visual intuition from earlier didn’tmake this clear, here’s another concrete example. Consider
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𝐴 =


1 2 0
1 2 0
1 2 1


rank(𝐴) = 2, since 𝐴’s first two columns are scalar multiples of one another. Let’s consider two
possible ®𝑏’s, each depicting a different case.

1. ®𝑏 =


3
3
3

 . This ®𝑏 is in colsp(𝐴). The issue with 𝐴 is that there are infinitely many linear

combinations of the columns of 𝐴 that equal this ®𝑏.


1 2 0
1 2 0
1 2 1

︸      ︷︷      ︸
𝐴


1
1
0

︸︷︷︸
an ®𝑥

=


1 2 0
1 2 0
1 2 1

︸      ︷︷      ︸
𝐴


−5
4
0

︸︷︷︸
another ®𝑥

= ... =


3
3
3

︸︷︷︸
®𝑏

2. ®𝑏 =

1
0
0

 . This ®𝑏 is not in colsp(𝐴), meaning there is no ®𝑥 ∈ R3 such that 𝐴®𝑥 = ®𝑏.


1 2 0
1 2 0
1 2 1

︸      ︷︷      ︸
𝐴


𝑥1
𝑥2
𝑥3

︸︷︷︸
no such ®𝑥

=


1
0
0

︸︷︷︸
®𝑏

But, if 𝐴’s columns were linearly independent, they’d span all of R3, and so 𝐴®𝑥 = ®𝑏 would have a
unique solution ®𝑥 for any ®𝑏 we think of.

Definition.
Definition: Inverse of a Matrix

An 𝑛 × 𝑛 matrix 𝐴 is invertible if and only if 𝐴’s columns are linearly independent.
The sentence above is enough to define invertibility, but there are plenty of other equivalent
conditions that guarantee invertibility:

• rank(𝐴) = 𝑛 (i.e., 𝐴 is full rank)

• 𝐴’s columns are linearly independent (and hence colsp(𝐴) = R𝑛)

• 𝐴’s rows are linearly independent (and hence rowsp(𝐴) = colsp(𝐴𝑇) = R𝑛)

• 𝐴’s null space contains only the zero vector

• det(𝐴) ≠ 0

If one of the above properties hold, they all hold. If one doesn’t, they all don’t.
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If 𝐴 is invertible, its inverse 𝐴−1 is the unique 𝑛 × 𝑛 matrix such that

𝐴𝐴−1 = 𝐼 = 𝐴−1𝐴

If 𝐴 is not invertible, we say that 𝐴 is singular.

The properties in the box above are sometimes together called the invertible matrix theorem. This
is not an exhaustive list, either, and we’ll see other equivalent properties as time goes on.

Inverse of a 2 × 2 Matrix. As was the case with the determinant, the general formula for the
inverse of a matrix is only convenient for 2 × 2 matrices.

Definition: Inverse of a 2 × 2 matrix

If 𝐴 =

[
𝑎 𝑏
𝑐 𝑑

]
and 𝐴 is invertible, then

𝐴−1 = 1

𝑎𝑑 − 𝑏𝑐
[
𝑑 −𝑏
−𝑐 𝑎

]
You could solve for this formula by hand, by finding scalars 𝑒, 𝑓 , 𝑔, and ℎ such that[

𝑎 𝑏
𝑐 𝑑

]
︸ ︷︷ ︸

𝐴

[
𝑒 𝑓
𝑔 ℎ

]
=

[
1 0
0 1

]

Note that the formula above involves division by 𝑎𝑑−𝑏𝑐. If 𝑎𝑑−𝑏𝑐 = 0, then 𝐴 is not invertible, but
𝑎𝑑− 𝑏𝑐 is just the determinant of 𝐴! This should give you a bit more confidence in the equivalence
of the statements “𝐴 is invertible” and “det(𝐴) ≠ 0”.
Let’s test out the 2 × 2 formula on some examples. If

𝐴 =

[
1 2
3 4

]
then

𝐴−1 = 1

1 · 4 − 2 · 3
[
4 −2
−3 1

]
=

1

−2
[
4 −2
−3 1

]
=

[−2 1
3/2 −1/2

]
and indeed both [

1 2
3 4

] [−2 1
3/2 −1/2

]
=

[
1 0
0 1

]
and
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[−2 1
3/2 −1/2

] [
1 2
3 4

]
=

[
1 0
0 1

]
hold.
On the other hand,

𝐵 =

[
1 2
2 4

]
is not invertible, since its columns are linearly dependent.

Activity 1

Activity 1

Suppose 𝐴 is an invertible 𝑛 × 𝑛 matrix.

1. Is 𝐴𝑇 invertible? If so, what is its inverse?

2. What is det(𝐴−1)?
3. Is 𝐴2 invertible? If so, what is its inverse?

Beyond 2 × 2 Matrices. For matrices larger than 2 × 2, the calculation of the inverse is not as
straightforward; there’s no simple formula. In the 3 × 3 case, we’d need to find 9 scalars 𝑐𝑖 𝑗 such
that 

3 7 1
−2 5 0
4 2 0

︸        ︷︷        ︸
𝐴


𝑐11 𝑐12 𝑐13
𝑐21 𝑐22 𝑐23
𝑐31 𝑐32 𝑐33

︸             ︷︷             ︸
𝐶=𝐴−1

=


1 0 0
0 1 0
0 0 1

︸      ︷︷      ︸
𝐼

This involves solving a system of 3 equations in 3 unknowns, 3 times – one per column of the
identity matrix. One such system is

3𝑐11 + 7𝑐21 + 𝑐31 = 1

−2𝑐11 + 5𝑐21 = 0

4𝑐11 + 2𝑐21 = 0

You can quickly see how this becomes a pain to solve by hand. Instead, we can use one of two
strategies:

1. Using row reduction, also known as Gaussian elimination, which is an efficient method for
solving systems of linear equations without needing to write out each equation explicitly.
Row reduction can be used to both find the rank and inverse of a matrix, among other things.
More traditional linear algebra courses spend a considerable amount of time on this concept,
though I’ve intentionally avoided it in this course to instead spend time on conceptual ideas
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most relevant to machine learning. That said, you’ll get some practice with it in a future
homework.

2. Using a pre-built function in numpy that does the row reduction for us.

At the end of this section, I give you some advice on how to (and not to) compute the inverse of a
matrix in code.

More Examples
As we’ve come to expect, let’s work through some examples that illustrate important ideas.

Example: Inverting a Product.

1. Suppose 𝐴 and 𝐵 are both invertible 𝑛×𝑛matrices. Is 𝐴𝐵 invertible? If so, what is its inverse?
2. Suppose 𝐴 = 𝐵𝐶, and 𝐴, 𝐵, and 𝐶 are all invertible 𝑛 × 𝑛 matrices. What is the inverse of 𝐵?
3. If 𝐴, 𝐵, and 𝐴𝐵 are all 𝑛 × 𝑛 matrices, and 𝐴𝐵 is invertible, must 𝐴 and 𝐵 both be invertible?
4. In general, if 𝐴𝐵 is invertible, must 𝐴 and 𝐵 both be invertible?

Solutions

1. If 𝐴 and 𝐵 are both invertible 𝑛 × 𝑛 matrices, then 𝐴𝐵 is indeed invertible, with inverse

(𝐴𝐵)−1 = 𝐵−1𝐴−1

To confirm, we should check that 𝐵−1𝐴−1 is both the left inverse of 𝐴𝐵, meaning
𝐵−1𝐴−1𝐴𝐵 = 𝐼, and that it is the right inverse of 𝐴𝐵, meaning 𝐴𝐵𝐵−1𝐴−1 = 𝐼.

𝐵−1 𝐴−1𝐴︸︷︷︸
𝐼

𝐵 = 𝐵−1𝐵 = 𝐼

𝐴𝐵𝐵−1𝐴−1 = 𝐴𝐴−1 = 𝐼

2. Since we know that 𝐴, 𝐵, and 𝐶 are all invertible,

𝐴 = 𝐵𝐶 =⇒ 𝐴𝐴−1 = 𝐵𝐶𝐴−1 =⇒ 𝐼 = 𝐵𝐶𝐴−1

This tells us that 𝐶𝐴−1 is the inverse of 𝐵, since multiplying 𝐵 by it gets us back to 𝐼. (For
square matrices, it doesn’t matter whether we multiply on the left or right; the inverse
is the same and is unique.)

3. If𝐴, 𝐵, and𝐴𝐵 are all 𝑛×𝑛matrices, and𝐴𝐵 is invertible, then𝐴 and 𝐵must individually
be invertible, too. One way to argue about this is using facts about determinants. Earlier,
we learned
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det(𝐴𝐵) = det(𝐴)det(𝐵)

If 𝐴𝐵 is invertible, det(𝐴𝐵) ≠ 0, but that must mean det(𝐴)det(𝐵) ≠ 0 too, and so neither
det(𝐴) nor det(𝐵) can be 0 either, meaning 𝐴 and 𝐵 are both invertible.

4. In general, if 𝐴𝐵 is invertible, but we don’t know anything about the shapes of 𝐴 and 𝐵,
it’s not necessarily true that 𝐴 and 𝐵 are individually invertible, because they may not
be square! Consider

𝐴𝐵 =

[
3 0 0
0 2 0

]
︸      ︷︷      ︸

𝐴


3 0
0 2
0 0

︸ ︷︷ ︸
𝐵

=

[
9 0
0 4

]

𝐴𝐵 is an invertible 2 × 2 matrix, but neither 𝐴 nor 𝐵 are individually invertible, since
neither is square.

Example: Inverting a Sum. Suppose𝐴 and 𝐵 are both invertible 𝑛×𝑛matrices. Is𝐴+𝐵 invertible?
If so, what is its inverse?

Solution

In general, no, 𝐴 + 𝐵 is not guaranteed to be invertible.
As a counterexample, suppose 𝐴 is invertible, and that 𝐵 = −𝐴. Then, 𝐵−1 = −𝐴−1, but

𝐴 + 𝐵 = 0

and a matrix of all 0’s is not invertible (since it’s columns don’t span all of R𝑛).

Example: Inverting 𝑋𝑇𝑋. Suppose 𝑋 is an 𝑛 × 𝑑 matrix. Note that 𝑋 is not square, and so it is
not invertible. However, 𝑋𝑇𝑋 is a square matrix, and so it is possible that it is invertible.
Explain why 𝑋𝑇𝑋 is invertible if and only if 𝑋’s columns are linearly independent.

Solution

Recall that if 𝑋 is 𝑛 × 𝑑, then 𝑋𝑇𝑋 is 𝑑 × 𝑑.
In Chapter 5.4, we proved that

rank(𝑋𝑇𝑋) = rank(𝑋)

The only way for 𝑋𝑇𝑋 to be invertible is if rank(𝑋𝑇𝑋) = 𝑑. But, rank(𝑋𝑇𝑋) = 𝑑 if and only if
rank(𝑋) = 𝑑, which happens when all 𝑑 of 𝑋’s columns are linearly independent.

Example: Orthogonal Matrices. Recall, an 𝑛 × 𝑛 matrix 𝑄 is orthogonal if 𝑄𝑇𝑄 = 𝑄𝑄𝑇 = 𝐼.
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What is the inverse of 𝑄? Explain how this relates to the formula for rotation matrices in R2 from
earlier,

𝑅(𝜃) =
[
cos(𝜃) − sin(𝜃)
sin(𝜃) cos(𝜃)

]
Solution

Looking at 𝑄𝑇𝑄 = 𝑄𝑄𝑇 = 𝐼, we see that

𝑄−1 = 𝑄𝑇

since multiplying 𝑄 by 𝑄𝑇 on either side gets us back to 𝐼.
In R2, if

𝑄 = 𝑅(𝜃) =
[
cos(𝜃) − sin(𝜃)
sin(𝜃) cos(𝜃)

]
then

𝑄𝑇 =

[
cos(𝜃) sin(𝜃)
− sin(𝜃) cos(𝜃)

]
=

[
cos(−𝜃) − sin(−𝜃)
sin(−𝜃) cos(−𝜃)

]
= 𝑅(−𝜃)

since cos(−𝜃) = cos(𝜃) and sin(−𝜃) = − sin(𝜃). In English, if 𝑄 corresponds to rotating by 𝜃
in the counterclockwise direction, 𝑄𝑇 corresponds to rotating by −𝜃 in the counterclockwise
direction, i.e. by 𝜃 in the opposite direction.

Example: Householder Reflection. Suppose ®𝑢 ∈ R𝑛 is a unit vector. Let

𝑃 = 𝐼 − 2®𝑢®𝑢𝑇

𝑃 is called the Householder matrix. 𝑓 (®𝑥) = 𝑃 ®𝑥 reflects ®𝑥 across the line in R2 (or plane in R3, or in
general, hyperplane in R𝑛) ®𝑢𝑇 ®𝑥 = 0.

For example, suppose ®𝑢 =

[
3/5
4/5

]
. Then,

𝑃 = 𝐼 − 2

[
3/5
4/5

] [
3/5 4/5] = [

7/25 −24/25
−24/25 7/25

]
reflects ®𝑥 across the line

[
3/5
4/5

]
· ®𝑥 = 0, i.e. 3

5𝑥1 + 4
5𝑥2 = 0, or 𝑥2 = −3

4𝑥1, or in more interpretable

syntax, 𝑦 = −3
4𝑥.
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1. Show, just using the definition 𝑃 = 𝐼 − 2®𝑢®𝑢𝑇 , that 𝑃 is an orthogonal matrix.
2. Find 𝑃−1. (Why does the fact that 𝑃 is orthogonal imply that 𝑃 is invertible?)

Solution

If we want to show that 𝑃 is orthogonal, then we need to show that 𝑃𝑇𝑃 = 𝑃𝑃𝑇 = 𝐼. Let’s start
by showing that 𝑃𝑇𝑃 = 𝐼. Note that (®𝑢®𝑢𝑇)𝑇 = ®𝑢®𝑢𝑇 .

𝑃𝑇𝑃 = (𝐼 − 2®𝑢®𝑢𝑇)𝑇(𝐼 − 2®𝑢®𝑢𝑇)
= (𝐼𝑇 − 2(®𝑢®𝑢𝑇)𝑇)(𝐼 − 2®𝑢®𝑢𝑇)
= (𝐼 − 2(®𝑢𝑇)𝑇 ®𝑢𝑇)(𝐼 − 2®𝑢®𝑢𝑇)
= (𝐼 − 2®𝑢®𝑢𝑇)(𝐼 − 2®𝑢®𝑢𝑇)
= 𝐼 − 2®𝑢®𝑢𝑇 − 2®𝑢®𝑢𝑇 + 4(®𝑢®𝑢𝑇)(®𝑢®𝑢𝑇)
= 𝐼 − 4®𝑢®𝑢𝑇 + 4(®𝑢®𝑢𝑇)(®𝑢®𝑢𝑇)
= 𝐼 − 4®𝑢®𝑢𝑇 + 4®𝑢 ®𝑢𝑇 ®𝑢︸︷︷︸

unit vector!

®𝑢𝑇

= 𝐼 − 4®𝑢®𝑢𝑇 + 4®𝑢(1)®𝑢𝑇
= 𝐼

This means that 𝑃’s inverse is just 𝑃𝑇 , since we multipled 𝑃 by 𝑃𝑇 to get 𝐼. This also means
that 𝑃𝑃𝑇 = 𝐼 too, since a square matrix’s inverse is unique and can be multiplied on either
side to get 𝐼. So, 𝑃 is indeed orthogonal.
Note that in the final step above, the −4®𝑢®𝑢𝑇 and 4®𝑢®𝑢𝑇 cancelled out. But, the -4 came from
−2 − 2, while the 4 came from (−2) · (−2). All of this is to say that if we changed the -2 to
some other number in the definition of the Householder matrix, we’d no longer have 𝑃𝑇𝑃 = 𝐼,
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because -2 is the only non-zero solution to −(𝑐 + 𝑐) = 𝑐 · 𝑐.
As mentioned above, 𝑃 is invertible: 𝑃−1 = 𝑃𝑇 . But, implicitly we also showed that 𝑃𝑇 = 𝑃,
meaning 𝑃 is symmetric:

𝑃𝑇 = (𝐼 − 2®𝑢®𝑢𝑇)𝑇 = 𝐼 − 2®𝑢®𝑢𝑇 = 𝑃

So, 𝑃 is both orthogonal and symmetric! This means that 𝑃2 = 𝐼, or i.e. 𝑃 = 𝑃−1.
Intuitively, 𝑃 involves reflecting across a line, so 𝑃𝑇𝑃 = 𝑃2 involves reflecting twice, which is
the same as doing nothing, and the inverse of 𝑃 is the same as 𝑃 itself.

Example: 𝐴2 and 𝐴. Prove that if 𝐴2 is invertible, then 𝐴 is invertible. Do so in three different
ways:

1. By constructing 𝐴’s inverse directly.

2. By arguing about the null spaces of 𝐴2 and 𝐴.

3. By using the determinant.

Solution

Solution 1: By direct construction
One way to prove that 𝐴 is invertible is to find its inverse. Since 𝐴2 is invertible, there must
exist some matrix 𝐵 such that

𝐴2𝐵 = 𝐼 , 𝐵𝐴2 = 𝐼

Note that the inclusion of both orders is important, since in general, order matters for matrix
multiplication. Writing 𝐴2 = 𝐴𝐴 in the first equation gives us

𝐴(𝐴𝐵) = 𝐼

This tells us that 𝐴𝐵 is the inverse of 𝐴, so 𝐴 is invertible.
If we used the second equation instead, we’d have

(𝐵𝐴)𝐴 = 𝐼

So, we’d call 𝐴𝐵 the right inverse of 𝐴 (since it’s the inverse that multiplies on the right) and
𝐵𝐴 the left inverse. A general fact is that if 𝐴 has both a left and right inverse, they must be
the same, meaning that 𝐴𝐵must be equal to 𝐵𝐴 here (remember this is not true in general for
arbitrary matrices 𝐴 and 𝐵). A quick proof of this is

𝐵𝐴 = 𝐵𝐴𝐼 = 𝐵𝐴(𝐴𝐴𝐵) = 𝐵𝐴𝐴𝐴𝐵 = (𝐵𝐴𝐴)𝐴𝐵 = 𝐼𝐴𝐵 = 𝐴𝐵

So, in short, 𝐴−1 = 𝐴𝐵 = 𝐵𝐴, and since we’ve found 𝐴’s inverse, 𝐴must be invertible.
Solution 2: The null space perspective
Let’s argue by contradiction. Suppose 𝐴2 is invertible, but 𝐴 is not. This would imply that 𝐴2
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null space is just the zero vector, ®0, while 𝐴’s null space is not just ®0. Suppose ®𝑥 is some vector
\textbf{other than ®0} in nullsp(𝐴), meaning that

𝐴®𝑥 = ®0

But, left-multiplying both sides by 𝐴 gives us

𝐴(𝐴®𝑥) = 𝐴®0 =⇒ 𝐴2 ®𝑥 = ®0

This tells us that ®𝑥 is in the null space of𝐴2, since𝐴2 ®𝑥 = ®0. But, this contradicts our assumption
that 𝐴2 is invertible, because the only vector in the null space of an invertible matrix is the
zero vector. So, our original assumption that 𝐴 is not invertible must be false, and 𝐴 must be
invertible.
Solution 3: The determinant perspective
A fact from Chapter 6.1 is that if 𝐴 and 𝐵 are two 𝑛 × 𝑛 matrices, then

det(𝐴)det(𝐵) = det(𝐴𝐵)

So,
det(𝐴2) = det(𝐴 · 𝐴) = det(𝐴) · det(𝐴) = det(𝐴)2

But, we also know that invertible matrices have non-zero determinants, so we’re given that
det(𝐴2) ≠ 0. But, since det(𝐴2) = det(𝐴)2, this implies that det(𝐴)2 ≠ 0, and so det(𝐴) ≠ 0 too,
and so 𝐴 is invertible.

Example: Matrix-Vector Products. If 𝐴

3
1
−1

 =


9
4
3

 and 𝐴

4
0
2

 =


0
0
0

 , is 𝐴 invertible?

Solution

No, 𝐴 is not invertible. This is because its columns are linearly dependent, or equivalently, it
has a non-trivial null space. This comes from the fact that

𝐴


4
0
2

 = ®0

which means that

4
0
2

 is in the null space of 𝐴.
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Computing the Inverse in Code

Recall that if 𝐴 is an 𝑛 × 𝑛 matrix and ®𝑏 ∈ R𝑛 , then

𝐴®𝑥 = ®𝑏

is a system of 𝑛 equations in 𝑛 unknowns. One of the big (conceptual) usages of the inverse is to
solve such a system, as I mentioned at the start of this section. If 𝐴 is invertible, then we can solve
for ®𝑥 by multiplying both sides on the left by 𝐴−1:

𝐴®𝑥 = ®𝑏 =⇒ 𝐴−1𝐴®𝑥 = 𝐴−1®𝑏 =⇒ ®𝑥 = 𝐴−1®𝑏

𝐴−1 has encoded within it the solution to 𝐴®𝑥 = ®𝑏, no matter what ®𝑏 is. This makes 𝐴−1 very
powerful. But, that power doesn’t come for free: in practice, finding 𝐴−1 is less efficient and more
prone to floating point errors than solving the one system of 𝑛 equations in 𝑛 unknowns directly
for the specific ®𝑏 we care about.

• Solving 𝐴®𝑥 = ®𝑏 involves solving just one system of 𝑛 equations in 𝑛 unknowns.

• Finding 𝐴−1 involves solving a system of 𝑛 equations in 𝑛 unknowns, 𝑛 times! Each system
has the same coefficient matrix 𝐴 but a different right-hand side ®𝑏, corresponding to the
columns of the identity matrix (which are the standard basis vectors in R𝑛).

Themore floating point operationswe need to do, themore error is introduced into the final results.
Let’s run an experiment. Suppose we’d like to find the solution to the system

𝑥1 + 𝑥2 = 7

𝑥1 + 1.000000001𝑥2 = 7.000000004

This corresponds to 𝐴®𝑥 = ®𝑏, with

𝐴 =

[
1 1
1 1.000000001

]
, ®𝑏 =

[
7

7.000000004

]
Here, we can eyeball the solution as being ®𝑥 =

[
3
4

]
. How close to this “true” ®𝑥 do each of the

following techniques get?
Option 1: Using np.linalg.inv
As we saw at the start of the section, np.linalg.inv(A) finds the inverse of A, assuming it exists.
The following cell finds the solution to 𝐴®𝑥 = ®𝑏 by first computing 𝐴−1, and then 𝐴−1®𝑏 = ®𝑥.

# Prevents unnecessary rounding.
np.set_printoptions(precision=16, suppress=True)

A = np.array([[1, 1],
[1, 1.000000001]])
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b = np.array([[7],
[7.000000004]])

x_inv = np.linalg.inv(A) @ b
x_inv

array([[2.9999998807907104],
[4.0000001192092896]])

Option 2: Using np.linalg.solve
The following cell solves the same problem as the previous cell, but rather than asking for the
inverse of 𝐴, it asks for the solution to 𝐴®𝑥 = ®𝑏, which doesn’t inherently require inverting 𝐴.

x_solve = np.linalg.solve(A, b)
x_solve

array([[3.],
[4.]])

This small example already illustrates the big idea: inverting can introduce more numerical error
than is necessary. If we cast the problem more abstractly, consider the matrix

𝐴 =

[
1 1
1 1 + 𝜖

]
where 𝜖 is a small constant, e.g. 𝜖 = 0.000000001 in the example above. The inverse of 𝐴 is

𝐴−1 = 1

1(1 + 𝜖) − 1 · 1
[
1 + 𝜖 −1
−1 1

]
=

1

𝜖

[
1 + 𝜖 −1
−1 1

]
The closer 𝜖 is to 0, the larger 1

𝜖 becomes, making any floating point errors all the more costly.

Use np.linalg.solve instead of np.linalg.inv!

Conceptually, both x = np.linalg.inv(A) @ b and x = np.linalg.solve(A, b) do the
same thing, but we much prefer the latter.
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6.3. Projecting onto the Column Space
We’re almost ready to return to our original motivation for studying linear algebra, which was to
perform linear regression using multiple input variables. This section outlines the final piece of
the puzzle.

Approximating using a Single Vector
In Chapter 3.4, we introduced the approximation problem, which asked:

Among all vectors of the form 𝑘 ®𝑥, which one is closest to ®𝑦?

We now know the answer is the vector ®𝑝, where

®𝑝 =

( ®𝑦 · ®𝑥
®𝑥 · ®𝑥

)
®𝑥

®𝑝 is called the orthogonal projection of ®𝑦 onto ®𝑥.
Note that I’ve used ®𝑦 and ®𝑥 here rather than ®𝑢 and ®𝑣, just to make the notation more consistent
with the notation we’ll use as we move back into the world of machine learning.

As we’ve studied, the resulting error vector,



Chapter 6. Linear Transformations and Projections 323

®𝑒 = ®𝑦 − ®𝑝

is orthogonal to ®𝑥.
In our original look at the approximation problem, we were approximating ®𝑦 using a scalar multi-
ple of just a single vector, ®𝑥. The set of all scalar multiples of ®𝑥, denoted by span({ ®𝑥}), is a line in
R𝑛 .
Key idea: instead of projecting onto the subspace spanned by just a single vector, how might
we project onto the subspace spanned by multiple vectors?

Approximating using Multiple Vectors
Equipped with our understanding of linear independence, spans, subspaces, and column spaces,
we’re ready to tackle a more advanced version of the approximation problem.

The Approximation Problem

Suppose ®𝑥(1) , ®𝑥(2) , ..., ®𝑥(𝑑) ∈ R𝑛 , and ®𝑦 ∈ R𝑛 is not necessarily in span({ ®𝑥(1) , ®𝑥(2) , ..., ®𝑥(𝑑)}).
We can construct the matrix 𝑋 by placing the ®𝑥(𝑖)’s in its columns:

𝑋 =


| | |

®𝑥(1) ®𝑥(2) · · · ®𝑥(𝑑)
| | |


Then, the following three statements are all equivalent ways of asking the approximation
problem:

1. Among all vectors in span({ ®𝑥(1) , ®𝑥(2) , ..., ®𝑥(𝑑)}), which is closest to ®𝑦?
2. Among all vectors in colsp(𝑋), which is closest to ®𝑦?
3. Among all vectors of the form 𝑋 ®𝑤, where ®𝑤 ∈ R𝑑, which is closest to ®𝑦?

All three statements at the bottom of the box above are asking the exact same question; I’ve pre-
sented all three forms so that you see more clearly how the ideas of spans, column spaces, and
matrix-vector multiplication fit together. I will tend to refer to the latter two versions of the prob-
lem the most. In what follows, suppose 𝑋 is an 𝑛 × 𝑑 matrix whose columns ®𝑥(1), ®𝑥(2), ..., ®𝑥(𝑑) are
the building blocks we want to approximate ®𝑦 with.
First, let’s get the trivial case out of the way. If ®𝑦 ∈ colsp(𝑋), then the vector in colsp(𝑋) that is
closest to ®𝑦 is just ®𝑦 itself. If that’s the case, there exists some ®𝑤 such that ®𝑦 = 𝑋 ®𝑤 exactly. This
®𝑤 is unique only if 𝑋’s columns are linearly independent; otherwise, there will be infinitely many
good ®𝑤’s.
But, that’s not the case I’m really interested in. I care more about when ®𝑦 is not in colsp(𝑋). (Re-
member, this is the case we’re interested in when we’re doing linear regression: usually, it’s not
possible to make our predictions 100% correct, and we’ll have to settle for some error.)
Then what?
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In general, colsp(𝑋) is an 𝑟-dimensional subspace of R𝑛 , where 𝑟 = rank(𝑋). In the diagram be-
low, I’ve used a plane to represent colsp(𝑋); just remember that 𝑋 may have more than 3 rows or
columns.

Remember that colsp(𝑋) is the set of linear combinations of𝑋’s columns, so it’s the set of all vectors
that can be written as 𝑋 ®𝑤, where ®𝑤 ∈ R𝑑.
Let’s consider two possible vectors of the form 𝑋 ®𝑤, and look at their corresponding error vectors,
®𝑒 = ®𝑦 − 𝑋 ®𝑤. I won’t draw the columns of 𝑋, since those would clutter up the picture.

Our problem boils down to finding the ®𝑤 that minimizes the norm of the error vector. Since it’s a
bit easier to work with squared norms (remember that ‖ ®𝑥‖2 = ®𝑥 · ®𝑥), we’ll minimize the squared
norm of the error vector instead; this is an equivalent problem, since the norm is non-negative to
begin with.
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‖ ®𝑒‖2 = ‖ ®𝑦 − 𝑋 ®𝑤‖2︸                 ︷︷                 ︸
which ®𝑤 minimizes this?

Think of ‖ ®𝑦 − 𝑋 ®𝑤‖2 as a function of ®𝑤 only; 𝑋 and ®𝑦 should be thought of as fixed. This is a least
squares problem: we’re looking for the ®𝑤 that minimizes the sum of squared errors between ®𝑦
and 𝑋 ®𝑤.
There are two ways we’ll minimize this function of ®𝑤:

1. Using a geometric argument, as we did in the single vector case.

2. Using calculus. This is more involved than before, since the input variable is a vector, not a
scalar, but it can be done, as we’ll see in Chapter 8.

Let’s focus on the geometric argument. What does our intuition tell us? Extending the single vector
case, we expect the vector in colsp(𝑋) that is closest to ®𝑦 to be the orthogonal projection of ®𝑦 onto
colsp(𝑋): that is, its error should be orthogonal to colsp(𝑋).
We could see this intuitively in the visual above. ®𝑤o was chosen to make ®𝑒o orthogonal to colsp(𝑋),
meaning that ®𝑒o is orthogonal to every vector in colsp(𝑋). (The subscript “o” stands for “orthogo-
nal”.) ®𝑤′ was some other arbitrary vector, leading ®𝑒′ to not be orthogonal to colsp(𝑋). Clearly ®𝑒o is
shorter than ®𝑒′.
To prove that the optimal choice of ®𝑤 comes from making the error vector orthogonal to colsp(𝑋),
you could use the same argument as in the single vector case: if you consider two vectors, ®𝑤o with
an orthogonal error vector ®𝑒o, and ®𝑤′ with an error vector ®𝑒′ that is not orthogonal to colsp(𝑋), then
we can draw a right triangle with ®𝑒′ as the hypotenuse and ®𝑒o as one of the legs, making

‖ ®𝑒′‖2 > ‖ ®𝑒o‖2

This is such an important idea that I want to redraw the picture above with just the orthogonal
projection. Note that I’ve replaced ®𝑤o with ®𝑤∗ to indicate that this is the optimal choice of ®𝑤.
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Understand the diagram above!

In my mind, the diagram above is the single most important takeaway from this semester.
It shows how lots of ideas tie together, including spans, column spaces, orthogonality, and
projections. (There should be a little right angle marker between the tip of ®𝑝 and ®𝑒.)
Screenshot it, save it, draw it yourself; do whatever you need to do to internalize it.

A Proof that the Orthogonal Error Vector is the Shortest. In office hours, a student asked for
more justification that the shortest possible error vector is one that’s orthogonal to the column space
of 𝑋, especially because it’s hard to visualize what orthogonality looks like in higher dimensions.
Remember, all it means for two vectors to be orthogonal is that their dot product is 0.
Given that, let’s assume only that

• ®𝑤o is chosen so that ®𝑒o = ®𝑦 − 𝑋 ®𝑤o is orthogonal to colsp(𝑋), and
• ®𝑤′ is any other choice of ®𝑤, with a corresponding error vector ®𝑒′ = ®𝑦 − 𝑋 ®𝑤′.

Just with these facts alone, we can show that ®𝑒o is the shortest possible error vector. To do so, let’s
start by considering the (squared) magnitude of ®𝑒′:

‖ ®𝑒′‖2 = ‖ ®𝑦 − 𝑋 ®𝑤′‖2
= ‖ ®𝑦 − 𝑋 ®𝑤′ + 𝑋 ®𝑤o − 𝑋 ®𝑤o‖2︸                            ︷︷                            ︸

seems arbitrary, but it’s a legal operation that brings ®𝑤oback in

= ‖ ®𝑦 − 𝑋 ®𝑤o︸    ︷︷    ︸
“𝑎”

+𝑋( ®𝑤o − ®𝑤′)︸       ︷︷       ︸
“𝑏”

‖2

= ‖ ®𝑦 − 𝑋 ®𝑤o‖2 + ‖𝑋( ®𝑤o − ®𝑤′)‖2 + 2( ®𝑦 − 𝑋 ®𝑤o) · 𝑋( ®𝑤o − ®𝑤′)︸                                                                      ︷︷                                                                      ︸
‖ ®𝑎+®𝑏‖2=‖ ®𝑎‖2+‖ ®𝑏‖2+2®𝑎·®𝑏

= ‖ ®𝑒o‖2 + ‖𝑋( ®𝑤o − ®𝑤′)‖2 + 2®𝑒o · 𝑋( ®𝑤o − ®𝑤′)︸              ︷︷              ︸
0, because ®𝑒o is orthogonal to the columns of 𝑋

= ‖ ®𝑒o‖2 + ‖𝑋( ®𝑤o − ®𝑤′)‖2
≥ ‖ ®𝑒o‖2

So, nomatter what choice of ®𝑤′ wemake, the magnitude of ®𝑒′ can’t be smaller than the magnitude
of ®𝑒o. This means that the error vector that is orthogonal to the column space of 𝑋 is the shortest
possible error vector.
This is really just the same proof as in Chapter 3.4, where we argued that ®𝑒o, 𝑋( ®𝑤o − ®𝑤′), and ®𝑒′
form a right triangle, where ®𝑒′ is the hypotenuse.

The Normal Equation
We’ve come to the conclusion that in order to find the ®𝑤 that minimizes
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‖ ®𝑒‖2 = ‖ ®𝑦 − 𝑋 ®𝑤‖2

we need to find the ®𝑤 that makes the error vector ®𝑒 = ®𝑦 − 𝑋 ®𝑤 orthogonal to colsp(𝑋). colsp(𝑋) is
the set of all linear combinations of 𝑋’s columns. So, if we can find an ®𝑒 that is orthogonal to every
column of 𝑋, then it must be orthogonal to any of their linear combinations, too.
To see why, take any vector in colsp(𝑋). It has the form 𝑎1 ®𝑥(1) + 𝑎2 ®𝑥(2) + . . . + 𝑎𝑑 ®𝑥(𝑑). Then

(
𝑎1 ®𝑥(1) + 𝑎2 ®𝑥(2) + . . . + 𝑎𝑑 ®𝑥(𝑑)

)
· ®𝑒 = 𝑎1(®𝑥(1) · ®𝑒) + 𝑎2(®𝑥(2) · ®𝑒) + . . . + 𝑎𝑑(®𝑥(𝑑) · ®𝑒)

= 𝑎1(0) + 𝑎2(0) + . . . + 𝑎𝑑(0)
= 0

So checking orthogonality against the columns of 𝑋 is enough to guarantee orthogonality against
everything in colsp(𝑋).
So, we’re looking for a ®𝑒 = ®𝑦 − 𝑋 ®𝑤 that satisfies

®𝑥(1) · ( ®𝑦 − 𝑋 ®𝑤) = 0

®𝑥(2) · ( ®𝑦 − 𝑋 ®𝑤) = 0

...

®𝑥(𝑑) · ( ®𝑦 − 𝑋 ®𝑤) = 0

As youmight have guessed, there’s an easierway towrite these 𝑑 equations simultaneously. Above,
we’re taking the dot product of ®𝑦 − 𝑋 ®𝑤 with each of the columns of 𝑋. We’ve learned that 𝐴®𝑣
contains the dot products of ®𝑣 with the rows of 𝐴. So how do we get the dot products of ®𝑦 − 𝑋 ®𝑤
with the columns of 𝑋? Transpose it!

𝑋𝑇( ®𝑦 − 𝑋 ®𝑤) =


− ®𝑥(1)𝑇 −
− ®𝑥(2)𝑇 −

...
− ®𝑥(𝑑)𝑇 −


( ®𝑦 − 𝑋 ®𝑤) =


®𝑥(1) · ( ®𝑦 − 𝑋 ®𝑤)
®𝑥(2) · ( ®𝑦 − 𝑋 ®𝑤)

...
®𝑥(𝑑) · ( ®𝑦 − 𝑋 ®𝑤)


So, if we want ®𝑦 −𝑋 ®𝑤 to be orthogonal to each of the columns of 𝑋, then we need 𝑋𝑇( ®𝑦 −𝑋 ®𝑤) = ®0
(note that this is the vector ®0 ∈ R𝑑, not the scalar 0.) Another way of saying this is that we need the
error vector to be in the left null space of 𝑋, i.e. ®𝑒 ∈ null(𝑋𝑇).

𝑋𝑇®𝑒 = ®0
𝑋𝑇( ®𝑦 − 𝑋 ®𝑤) = ®0
𝑋𝑇 ®𝑦 − 𝑋𝑇𝑋 ®𝑤 = ®0

𝑋𝑇𝑋 ®𝑤 = 𝑋𝑇 ®𝑦



Chapter 6. Linear Transformations and Projections 328

The final equation above is called the normal equation. “Normal” means “orthogonal”. Some-
times it’s called the normal equations to reference the fact that it’s a system of 𝑑 equations and 𝑑
unknowns, where the unknowns are components of ®𝑤 (𝑤1 , 𝑤2 , . . . , 𝑤𝑑.) I myself will use the terms
“normal equation” and “normal equations” interchangeably.
Note that 𝑋𝑇𝑋 ®𝑤 = 𝑋𝑇 ®𝑦 looks a lot like 𝑋 ®𝑤 = ®𝑦, with added factors of 𝑋𝑇 on the left. Remember
that if ®𝑦 is in colsp(𝑋), then 𝑋 ®𝑤 = ®𝑦 has a solution, but that’s usualy not the case, hence why we’re
attempting to approximate ®𝑦 with a linear combination of 𝑋’s columns.
Is there a unique vector ®𝑤 that satisfies the normal equation? That depends on whether 𝑋𝑇𝑋
is invertible. 𝑋𝑇𝑋 is a 𝑑 × 𝑑 matrix with the same rank as the 𝑛 × 𝑑 matrix 𝑋, as we proved in
Chapter 5.4.

rank(𝑋𝑇𝑋) = rank(𝑋)

So, 𝑋𝑇𝑋 is invertible if and only if rank(𝑋) = 𝑑, meaning all of 𝑋’s columns are linearly indepen-
dent. In that case, the best choice of ®𝑤 is the unique vector

®𝑤∗ = (𝑋𝑇𝑋)−1𝑋𝑇 ®𝑦

®𝑤∗ has a star on it, denoting that it is the best choice of ®𝑤. I don’t ask you to memorize much
(you get to bring a notes sheet into your exams, after all), but this equation is perhaps the most
important of the semester! It might even look familiar: back in the single vector case in Chapter
3.4, the optimal coefficient on ®𝑥 was ®𝑥· ®𝑦

®𝑥· ®𝑥 = ®𝑥𝑇 ®𝑦
®𝑥𝑇 ®𝑥 , which looks similar to the one above. The difference

is that here, 𝑋𝑇𝑋 is a matrix, not a scalar. (But, if 𝑋 is just a matrix with a single column, then 𝑋𝑇𝑋
is just the dot product of 𝑋 with itself, which is a scalar, and the boxed formula above reduces to
the formula from Chapter 3.4.)
What if 𝑋𝑇𝑋 isn’t invertible? Then, there are infinitely many ®𝑤∗’s that satisfy the normal equation,

𝑋𝑇𝑋 ®𝑤 = 𝑋𝑇 ®𝑦

It’s not immediately obvious what it means for there to be infinitely many solutions to the normal
equation; I’ll explore this idea in Chapter 6.4.
First, let’s start with a straightforward example. Let

𝑋 =


1 0
2 1
1 1
0 −1

 , ®𝑦 =


1
0
4
5


The vector in colsp(𝑋) that is closest to ®𝑦 is the vector 𝑋 ®𝑤∗, where ®𝑤∗ is the solution to the normal
equations,

𝑋𝑇𝑋 ®𝑤∗ = 𝑋𝑇 ®𝑦
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The first step is to compute 𝑋𝑇𝑋, which is a 2 × 2 matrix of dot products of the columns of 𝑋.

𝑋𝑇𝑋 =

[
6 3
3 3

]
𝑋𝑇𝑋 is invertible, so we can solve for ®𝑤∗ uniquely. Remember that in practice, we’d ask Python to
solve np.linalg.solve(X.T @ X, X.T @ y), but here 𝑋𝑇𝑋 is small enough that we can invert it
by hand.

𝑋𝑇𝑋 =

[
6 3
3 3

]
=⇒ (𝑋𝑇𝑋)−1 = 1

9

[
3 −3
−3 6

]
=

[
1/3 −1/3
−1/3 2/3

]
Then,

®𝑤∗ = (𝑋𝑇𝑋)−1𝑋𝑇 ®𝑦 =

[
1/3 −1/3
−1/3 2/3

]
︸            ︷︷            ︸

(𝑋𝑇𝑋)−1

[
1 2 1 0
0 1 1 −1

]
︸            ︷︷            ︸

𝑋𝑇


1
0
4
5

 =

[
2

−7/3
]

The magic is in the interpretation of the numbers in ®𝑤∗, 2 and −7
3 . These are the coefficients of the

columns of 𝑋 in the linear combination that is closest to ®𝑦. Meaning,

𝑋 ®𝑤∗ = 2


1
2
1
0

︸︷︷︸
®𝑥(1)

−7

3


0
1
1
−1

︸︷︷︸
®𝑥(2)

=


2
5/3
−1/3
7/3


is the vector in colsp(𝑋) that is closest to ®𝑦. This vector is the orthogonal projection of ®𝑦 onto
colsp(𝑋).

Examples
The first example above is the most concrete. The examples that follow will build our understand-
ing of how orthogonal projections really work. Then, Chapter 6.4 will explore what happens when
there are infinitely many solutions to the normal equation, and introduce the idea of the projection
matrix.

Example: Point and Plane. Find the point on the plane 6𝑥−3𝑦+2𝑧 = 0 that is closest to the point
(1, 1, 1).
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Solution

At first, this doesn’t seem like a projection problem, but it is. The plane

6𝑥 − 3𝑦 + 2𝑧 = 0

is a 2-dimensional subspace ofR3, meaning it can be described as the span of twonon-collinear
vectors. So, all we need to do is find some matrix 𝑋 with those two vectors as columns, and

then use the formula we derived above to project ®𝑦 =


1
1
1

 onto colsp(𝑋). The fact that we

said “point” instead of “vector” doesn’t change the problem: in settings like these, points and
vectors are equivalent.

Two vectors that lie in the plane (but point in different directions) are

1
2
0

 and

1
0
−3

 . There’s

nothing special about these two vectors, other than that they have relatively small integer
components. Let’s use them as columns of 𝑋:

𝑋 =


1 1
2 0
0 −3


Now, to formulate the normal equations, 𝑋𝑇𝑋 ®𝑤∗ = 𝑋𝑇 ®𝑦, we need to compute 𝑋𝑇𝑋 and 𝑋𝑇 ®𝑦.

𝑋𝑇𝑋 =

[
1 2 0
1 0 −3

] 
1 1
2 0
0 −3

 =

[
5 1
1 10

]

𝑋𝑇 ®𝑦 =

[
1 2 0
1 0 −3

] 
1
1
1

 =

[
3
−2

]
So, the normal equations are [

5 1
1 10

] [
𝑤∗

0
𝑤∗

1

]
︸︷︷︸

®𝑤∗

=

[
3
−2

]
We could use ®𝑤∗ = (𝑋𝑇𝑋)−1𝑋𝑇 ®𝑦, but often it’s easier to solve the system directly.

5𝑤∗
0 + 𝑤∗

1 = 3

𝑤∗
0 + 10𝑤∗

1 = −2
Solving this system gives us 𝑤∗

0 = 32
49 and 𝑤∗

1 = −13
49 . (Sorry, I know the numbers aren’t pretty

in this example. But that’s what happens in the real world.)

Now that we’ve solved for ®𝑤∗ =
[

32
49−13
49

]
, the projection of ®𝑦 onto colsp(𝑋) - which is the point

on the plane that’s closest to ®𝑦 - is
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𝑋 ®𝑤∗ =

1 1
2 0
0 −3


[

32
49−13
49

]
=


32
49 − 13

49
64
49
39
49


=


19
49
64
49
39
49


So, after all that work, we can conclude that the point on the plane 6𝑥 − 3𝑦 + 2𝑧 = 0 that is
closest to (1, 1, 1) is (1949 , 6449 , 3949 ).

Example: What if ®𝑦 ∈ colsp(𝑋)?. Find the orthogonal projection of ®𝑦 =


1
3
2
−1

 onto colsp(𝑋),

where 𝑋 =


1 0
2 1
1 1
0 −1

 .
Solution

First, notice that ®𝑦 is just the sum of the two columns of colsp(𝑋). So intuitively, because ®𝑦 is
already in the column space of 𝑋, the projection is just ®𝑦 itself.
But let’s make sure the math works out that way.
First, we solve the normal equations for ®𝑤∗.
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𝑋𝑇𝑋 =

[
1 2 1 0
0 1 1 −1

] 
1 0
2 1
1 1
0 −1


=

[
1 + 4 + 1 2 + 1
2 + 1 1 + 1 + 1

]
=

[
6 3
3 3

]

𝑋𝑇 ®𝑦 =

[
1 2 1 0
0 1 1 −1

] 
1
3
2
−1


=

[
9
6

]
So, ®𝑤∗ is the solution to [

6 3
3 3

]
︸ ︷︷ ︸
𝑋𝑇𝑋

®𝑤∗ =
[
9
6

]
︸︷︷︸
𝑋𝑇 ®𝑦

and here, it’s pretty clear that ®𝑤∗ =
[
1
1

]
. (Again, we could go through the hassle of inverting

𝑋𝑇𝑋 to get the same answer, but there’s no need to.)
This means that the projection of ®𝑦 onto colsp(𝑋) is

𝑋 ®𝑤∗ =


1 0
2 1
1 1
0 −1


[
1
1

]
=


1
3
2
−1

 = ®𝑦

as we predicted from the start.

Example: Orthogonality with the Columns of 𝑋. Let 𝑋 =


1 2
3 2
0 2
1 2

 , 𝑍 =


1 0
0 −1
0 1
3 0

 , and ®𝑦 be any

vector in R4.
Let ®𝑝𝑋 and ®𝑝𝑍 be the orthogonal projections of ®𝑦 onto colsp(𝑋) and colsp(𝑍), respectively.
Explain why it is guaranteed that the components of the vector
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®𝑒𝑋 = ®𝑦 − ®𝑝𝑋

sum to zero, but the components of the vector ®𝑒𝑍 = ®𝑦 − ®𝑝𝑍 do not necessarily.

Solution

The error vectors ®𝑒𝑋 and ®𝑒𝑍 are orthogonal to the column spaces of their respective matrices.
In other words,

𝑋𝑇®𝑒𝑋 = ®0, 𝑍𝑇®𝑒𝑍 = ®0

Suppose ®𝑒𝑋 ’s components are 𝑒1 , 𝑒2 , 𝑒3 , 𝑒4. In the case of 𝑋, we have that

[
1 3 0 1
2 2 2 2

]
︸          ︷︷          ︸

𝑋𝑇


𝑒1
𝑒2
𝑒3
𝑒4

︸︷︷︸
®𝑒𝑋

=

[
𝑒1 + 3𝑒2 + 𝑒4

2𝑒1 + 2𝑒2 + 2𝑒3 + 2𝑒4

]
=

[
0
0

]

The second component of the above equation implies that 2𝑒1+ 2𝑒2+ 2𝑒3+ 2𝑒4 = 0, so 𝑒1+ 𝑒2+
𝑒3 + 𝑒4 = 0, meaning the components of ®𝑒𝑋 sum to 0.
In the case of 𝑍, we don’t have that same assurance.

[
1 0 0 3
0 −1 1 0

]
︸            ︷︷            ︸

𝑍𝑇


𝑒1
𝑒2
𝑒3
𝑒4

︸︷︷︸
®𝑒𝑍

=

[
𝑒1 + 3𝑒4
−𝑒2 + 𝑒3

]
=

[
0
0

]

The condition 𝑍𝑇®𝑒𝑍 =

[
0
0

]
gives us some relationships involving 𝑒1 , 𝑒2 , 𝑒3 , 𝑒4, but not enough

to guarantee that the components sum to 0.

Key takeaway: Remember that 𝑋𝑇®𝑒𝑋 =

[
0
0

]
implies that ®𝑒𝑋 is orthogonal to any linear combina-

tion of the columns of 𝑋. So, if you can create a column of all 1’s using a linear combination of 𝑋’s
columns, then the components of ®𝑒𝑋 will sum to 0, nomatter which vector ®𝑦 you choose to project
onto colsp(𝑋).
Thismay seem like a small algebraic fact, but it will be very importantwhenwe return to regression
in Chapter 7.1. There, our matrix 𝑋 will usually contain a column of all 1s, because our regression
model will usually include an intercept term. When that happens, the error vector being orthog-
onal to the columns of 𝑋 guarantees that the components of the error vector sum to 0. In other
words, our fit regression model will satisfy a concrete constraint: the positive and negative errors
must balance out overall.

Example: 𝑋 with Orthogonal Columns. Let 𝑋 =


3/13 −4/5
4/13 3/5
12/13 0

 and ®𝑦 =


1
0
1

 .
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Find the value of ®𝑤∗ that minimizes ‖ ®𝑦 − 𝑋 ®𝑤‖2. What about 𝑋 makes this easier than in other
examples?

Solution

Notice that both of 𝑋’s columns are orthogonal to each other, and are unit vectors, i.e. they
are orthonormal. This means that

𝑋𝑇𝑋 =

[
3/13 4/13 5/13
−4/5 3/5 0

] 
3/13 −4/5
4/13 3/5
5/13 0

 =

[
1 0
0 1

]
is the identity matrix, so

®𝑤∗ = (𝑋𝑇𝑋)−1︸    ︷︷    ︸
𝐼

𝑋𝑇 ®𝑦 = 𝑋𝑇 ®𝑦 =

[
15/13
−4/5

]
Usually, our data doesn’t come to us with orthogonal columns. But, using the Gram-Schmidt
process introduced to you in Homework 8 and Chapter 6.5 (coming soon), you can convert a
set of linearly independent vectors into an orthogonal set with the same span, allowing you
to leverage that 𝑄𝑇𝑄 = 𝐼 and simplify the projection process.
Key takeaway: Orthonormal vectors are very easy to work with!

Example: Why Can’t We Separate?. Why can’t we separate

®𝑤∗ = (𝑋𝑇𝑋)−1𝑋𝑇 ®𝑦

into

®𝑤∗ = 𝑋−1 (𝑋𝑇)−1𝑋𝑇︸      ︷︷      ︸
𝐼

®𝑦 = 𝑋−1 ®𝑦

in general?

Solution

In general, 𝑋 is not a square matrix, so it can’t be invertible!
If 𝑋 is square and invertible, then the steps above are valid. But, if 𝑋 is a square and invertible
𝑛 × 𝑛 matrix, then colsp(𝑋) = R𝑛 , meaning that any ®𝑦 in R𝑛 can be written as a linear combi-
nation of 𝑋’s columns, meaning that ®𝑦 is already in colsp(𝑋), and there is no projection error
(or need to do a projection in the first place).

Don’t stop here: keep reading Chapter 6.4 to see what happens when there are infinitely many
solutions to the normal equation. It also contains a great summary of the ideas in Chapter 6.3,
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too.
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Chapter 6.4: The Complete Solution to the Normal Equations
6.4. The Complete Solution to the Normal Equations
In Chapter 6.3, we explored the idea of projecting a vector onto the column space of a matrix. If 𝑋
has linearly independent columns, then the vector in colsp(𝑋) that is closest to ®𝑦 is the vector 𝑋 ®𝑤∗,
where ®𝑤∗ is the unique solution to the normal equation,

𝑋𝑇𝑋 ®𝑤∗ = 𝑋𝑇 ®𝑦

When 𝑋 has linearly independent columns, then 𝑋𝑇𝑋 is invertible, so we can solve for ®𝑤∗ uniquely.

®𝑤∗ = (𝑋𝑇𝑋)−1𝑋𝑇 ®𝑦

What if 𝑋’s Columns are Linearly Dependent?. In the case where 𝑋’s columns are linearly de-
pendent, we can’t invert 𝑋𝑇𝑋 to solve for ®𝑤∗. This means that

𝑋𝑇𝑋 ®𝑤 = 𝑋𝑇 ®𝑦

has infinitely many solutions. Let’s give more thought to what these solutions actually are.
First, note that all of these solutions for ®𝑤∗ correspond to the same projection, ®𝑝 = 𝑋 ®𝑤∗. The “best
approximation” of ®𝑦 in colsp(𝑋) is always just one vector; if there are infinitely many ®𝑤∗’s, that
just means there are infinitely manyways of describing that one best approximation. Remember, if
vectors are linearly independent, then any of their linear combinations can only be expressed in one
way; if they are linearly dependent, then their linear combinations can be expressed in infinitely
many ways.
In other words, if𝑋 has linearly dependent columns, then there are infinitelymany ®𝑤∗’s that satisfy
the normal equation, but they all correspond to the same projection ®𝑝 = 𝑋 ®𝑤∗ in the figure below.



Chapter 6. Linear Transformations and Projections 337

Let me drive this point home further. Let’s suppose both ®𝑤1 and ®𝑤2 satisfy

𝑋𝑇𝑋 ®𝑤 = 𝑋𝑇 ®𝑦

Then,

𝑋𝑇𝑋 ®𝑤1 − 𝑋𝑇𝑋 ®𝑤2 = ®𝑦 − ®𝑦 = ®0

which means that

(𝑋𝑇𝑋)( ®𝑤1 − ®𝑤2) = ®0

i.e. the difference between the two vectors, ®𝑤1 − ®𝑤2, is in nullsp(𝑋𝑇𝑋). But, back in Chapter 5.3,
we proved that 𝑋𝑇𝑋 and 𝑋 have the same null space, meaning any vector that gets sent to ®0 by 𝑋
also gets sent to ®0 by 𝑋𝑇𝑋, and vice versa.
So,

𝑋( ®𝑤1 − ®𝑤2) = ®0

too, but that just means

𝑋 ®𝑤1 = 𝑋 ®𝑤2

meaning that even though ®𝑤1 and ®𝑤2 are different-looking coefficient vectors, they both still corre-
spond to the same linear combination of 𝑋’s columns!

Let’s see how we can apply this to an example. Let 𝑋 =


3 1 0
6 2 1
3 1 0

 and ®𝑦 =


2
1
3

 . This is an example
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of a matrix with linearly dependent columns, so there’s no unique ®𝑤∗ that satisfies the normal
equations.

FindingOne Solution Oneway to find a possible vector ®𝑤∗ is to solve the normal equations. 𝑋𝑇𝑋
is not invertible, so we can’t solve for ®𝑤∗ uniquely, but we can still try and find a solution.
Here’s one approach: let’s just toss out the linearly dependent columns of 𝑋 and solve for ®𝑤∗ using
the remaining columns. Then, ®𝑤∗ for the full 𝑋 can use the same coefficients for the linearly inde-
pendent columns, but 0s for the dependent ones. Removing the linearly dependent columns does
not change colsp(𝑋) (i.e. the set of all linear combinations of 𝑋’s columns), so the projection is
the same.
The easy solution is to keep columns 2 and 3, since their numbers are smallest. So, for now, let’s
say

𝑋′ =

1 0
2 1
1 0

 , ®𝑦 =


2
1
3


Here, ®𝑤′ = (𝑋′𝑇𝑋′)−1𝑋′𝑇 ®𝑦 =

[
5/2
−4

]
. I won’t bore you with the calculations; you can verify them

yourself.

Now, one possible ®𝑤∗ for the full 𝑋 is

0
5/2
−4

 , which keeps the same coefficients on columns 2 and

3 as in ®𝑤′, but 0 for the column we didn’t use.

Finding All Solutions As I mentioned above, if there are infinitely many solutions to the normal
equation, then the difference between any two solutions is in nullsp(𝑋𝑇𝑋), which is also nullsp(𝑋).
Put another way, if ®𝑤𝑠 satisfies the normal equations, then so does ®𝑤𝑠 + ®𝑛 for any ®𝑛 ∈ nullsp(𝑋𝑇𝑋).

𝑋𝑇𝑋 ®𝑤𝑠 = 𝑋𝑇 ®𝑦
𝑋𝑇𝑋( ®𝑤𝑠 + ®𝑛) = 𝑋𝑇𝑋 ®𝑤𝑠 + 𝑋𝑇𝑋 ®𝑛︸ ︷︷ ︸

®0, by definition of null space

= 𝑋𝑇 ®𝑦 + ®0

So, once we have one ®𝑤∗, to get the rest, just add any vector in nullsp(𝑋𝑇𝑋) or nullsp(𝑋) (since
those are the same subspaces).
What is nullsp(𝑋)? It’s the set of vectors ®𝑣 such that 𝑋®𝑣 = ®0.
In our particular example,

𝑋 =


3 1 0
6 2 1
3 1 0


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we see that rank(𝑋) = 2, so nullsp(𝑋) has a dimension of 3 − 2 = 1 (by the rank-nullity theorem),
so it’s going to be the span of a single vector. All we need to do now is find one vector in nullsp(𝑋),
and we will know that the null space is the set of scalar multiples of that vector.

Since column 1 is three times column 2, the vector ®𝑣 =


1
−3
0

 must be in nullsp(𝑋).

𝑋


1
−3
0

 =


3 1 0
6 2 1
3 1 0



1
−3
0

 =


0
0
0


So, since nullsp(𝑋) = nullsp(𝑋𝑇𝑋) = span ©­«



1
−3
0


ª®¬, we know that the set of all possible ®𝑤∗’s is


0
5/2
−4

 + 𝑡

1
−3
0

 , 𝑡 ∈ R︸                     ︷︷                     ︸
there are infinitely many solutions to the normal equations, but they’re all of this form

This is not a subspace, since it doesn’t contain the zero vector.

Finding all solutions when there are infinitely many

If 𝑋 has linearly dependent columns, and ®𝑤′ satisfies the normal equation, then ®𝑤′+ ®𝑛 is also
a solution to the normal equation for any ®𝑛 ∈ nullsp(𝑋𝑇𝑋), or equivalently, ®𝑛 ∈ nullsp(𝑋).

There’s another way to arrive at this set of possible ®𝑤∗’s: we can solve the normal equations di-
rectly. I wouldn’t recommend this second approach since it’s much longer, but I’ll add it here for
completeness.

𝑋𝑇𝑋 =


3 6 3
1 2 1
0 1 0



3 1 0
6 2 1
3 1 0

 =


54 18 6
18 6 2
6 2 1


𝑋𝑇 ®𝑦 =


3 6 3
1 2 1
0 1 0



2
1
3

 =


21
7
1


Then, the normal equations 𝑋𝑇𝑋 ®𝑤∗ = 𝑋𝑇 ®𝑦 give us

54𝑤∗
1 + 18𝑤∗

2 + 6𝑤∗
3 = 21

18𝑤∗
1 + 6𝑤∗

2 + 2𝑤∗
3 = 7

6𝑤∗
1 + 2𝑤∗

2 + 𝑤∗
3 = 1
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The first and second equations are just scalar multiples of each other, so we can disregard one of
them, and solve for a form where we can use one unknown as a parameter for the other two. To
illustrate, let’s pick 𝑤∗

1 = 𝑡.

18𝑡 + 6𝑤∗
2 + 2𝑤∗

3 = 7

6𝑡 + 2𝑤∗
2 + 𝑤∗

3 = 1

(2) − 3 · (3) gives us 𝑤∗
3 = −4. Plugging this into both equations gives us

18𝑡 + 6𝑤∗
2 − 8 = 7 =⇒ 18𝑡 + 6𝑤∗

2 = 15

6𝑡 + 2𝑤∗
2 − 4 = 1 =⇒ 6𝑡 + 2𝑤∗

2 = 5

These are now both the same equation; the first one is just 3 times the second. So, we can solve for
𝑤∗

2 in terms of 𝑡:

𝑤∗
2 =

5 − 6𝑡
2

which gives us the complete solution

®𝑤∗ =

𝑡

5−6𝑡
2−4

 , 𝑡 ∈ R

This is the exact same line as using the null space approach! Plug in 𝑡 = 0 to get

0
5/2
−4

 , for
example. The set of all possible ®𝑤∗’s is not a subspace, since it doesn’t contain the zero vector.

The Projection Matrix. So far, we’ve established that the vector in colsp(𝑋) that is closest to ®𝑦 is
the vector 𝑋 ®𝑤∗, where ®𝑤∗ is the solution to the normal equations,

𝑋𝑇𝑋 ®𝑤∗ = 𝑋𝑇 ®𝑦

If 𝑋𝑇𝑋 is invertible, then ®𝑤∗ is the unique vector

®𝑤∗ = (𝑋𝑇𝑋)−1𝑋𝑇 ®𝑦

meaning that the vector in colsp(𝑋) that is closest to ®𝑦 is
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®𝑝 = 𝑋 ®𝑤∗ = 𝑋(𝑋𝑇𝑋)−1𝑋𝑇 ®𝑦

You’ll notice that the above expression also looks like a linear transformation applied to ®𝑦, where
®𝑦 is being multiplied by the matrix

𝑃 = 𝑋(𝑋𝑇𝑋)−1𝑋𝑇

The matrix 𝑃 is called the projection matrix. In other classes, it is called the “hat matrix”, because
they might use ŵ instead of ®𝑤∗ and ŷ instead of ®𝑝, and in that notation, ŷ = 𝑃y, so 𝑃 puts a “hat”
on y. (I don’t use hat notation in this class because drawing a hat on top of a vector is awkward.
Doesn’t ®̂𝑤 look strange?)
So,

®𝑝 = 𝑋 ®𝑤∗ = 𝑃 ®𝑦

shows us that there are two ways to interpret the act of projecting ®𝑦 onto colsp(𝑋):
1. The resulting vector is some optimal linear combination of 𝑋’s columns.

2. The resulting vector is the result of applying the linear transformation 𝑃 to ®𝑦.
Let’s work out an example. Suppose

𝑋 =


3 0
0 154
6 0

 , ®𝑦 =


1
2
3


𝑋’s columns are linearly independent, so 𝑋𝑇𝑋 is invertible, and

𝑃 = 𝑋(𝑋𝑇𝑋)−1𝑋𝑇

is well-defined.

X = np.array([[3, 0],
[0, 154],
[6, 0]])

P = X @ np.linalg.inv(X.T @ X) @ X.T
P

array([[0.2, 0. , 0.4],
[0. , 1. , 0. ],
[0.4, 0. , 0.8]])

P @ np.array([1, 2, 3])
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array([1.4, 2. , 2.8])

𝑃 =


0.2 0 0.4
0 1 0
0.4 0 0.8

 contains the information we need to project ®𝑦 onto colsp(𝑋). Each row of 𝑃 tells

us the right mixture of ®𝑦’s components we need to construct the projection.

Notice that 𝑃’s second row is
[
0 1 0

]𝑇 . This came from the fact that 𝑋’s first column had a
second component of 0 while its second column had a non-zero second component but zeros in
the other two components, meaning that we can scale 𝑋’s second column to exactly match ®𝑦’s
second component. Change the 154 in 𝑋 to any other non-zero value and 𝑃 won’t change!
Additionally, if we consider some ®𝑦 that is already in colsp(𝑋), then multiplying it by 𝑃 doesn’t

change it! For example, if we set ®𝑦 =


3
154
6

 (the sum of 𝑋’s columns), then 𝑃 ®𝑦 = ®𝑦.

P @ np.array([3, 154, 6])

array([ 3., 154., 6.])

Let’s work through some examples that develop our intuition for 𝑃.

Example: Is 𝑃 invertible? Suppose 𝑃 = 𝑋(𝑋𝑇𝑋)−1𝑋𝑇 exists, meaning 𝑋𝑇𝑋 is invertible. Is 𝑃
invertible? If so, what is its inverse?

Solution

Beforewe do any calculations, intuitively the answer should be no. Oncewe’ve projected onto
colsp(𝑋), we’ve lost information, since we went from an arbitrary vector in R𝑛 to a vector in a
smaller subspace, so it shouldn’t be possible to reverse the projection. Put another way, two
different vectors in R𝑛 might have the same “shadow” onto colsp(𝑋).

Even in the most recent example, 𝑃 =


0.2 0 0.4
0 1 0
0.4 0 0.8

 is not invertible, since column 3 is a

multiple of column 1.
Let’s think about this a bit more from the perspective of ranks. It turns out that rank(𝑃) =
rank(𝑋); I’ve provided a proof of this at the bottom of the solutions box, but you might want
to attempt it on your own for practice.
Remember that 𝑋 is an 𝑛 × 𝑑 matrix, meaning rank(𝑋) ≤ min(𝑛, 𝑑). 𝑋 doesn’t need to have a
rank of 𝑛 for 𝑋𝑇𝑋 to be invertible; it just needs to have a rank of 𝑑.
Since 𝑃 is an 𝑛 × 𝑛 matrix, in general it won’t be the case that rank(𝑃) = 𝑛. To illustrate, in the

example above where 𝑃 =


0.2 0 0.4
0 1 0
0.4 0 0.8

 , 𝑋 was a 3 × 2 matrix with rank 2.

The only case in which rank(𝑃) = 𝑛 is when rank(𝑋) = 𝑛, which also only happens when
𝑋 is an 𝑛 × 𝑛 square matrix that is also invertible. In such a case, colsp(𝑋) = R𝑛 , and so we
probably wouldn’t set out to project onto colsp(𝑋) in the first place, since any vector in R𝑛 is
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already a linear combination of 𝑋’s columns.

Extra: Proof that rank(𝑃) = rank(𝑋)
We can show that this is the case by showing that 𝑃 and 𝑋 both have the same column spaces.
This proof also helps explain why the normal equation, 𝑋𝑇𝑋 ®𝑤 = 𝑋𝑇 ®𝑦, always has at least
one solution for ®𝑤, even when 𝑋𝑇𝑋 isn’t invertible.

1. Show colsp(𝑃) ⊆ colsp(𝑋), i.e. show that any vector in the column space of 𝑃 is also in
the column space of 𝑋.
If ®𝑣 ∈ colsp(𝑃), then ®𝑣 can be written as a linear combination of 𝑃’s columns. Say ®𝑣 = 𝑃®𝑢
for some ®𝑢 ∈ R𝑛 . Then,

®𝑣 = 𝑃®𝑢 = 𝑋
((𝑋𝑇𝑋)−1𝑋𝑇 ®𝑢)︸             ︷︷             ︸

some vector

Here, we see that if ®𝑣 = 𝑃®𝑢, then ®𝑣 is also in 𝑋’s column space. So,

®𝑣 is a lin. comb. of 𝑃’s columns =⇒ ®𝑣 is a lin. comb. of 𝑋’s columns

2. Show colsp(𝑋) ⊆ colsp(𝑃), i.e. show that any vector in the column space of 𝑋 is also in
the column space of 𝑃.
This direction is a bit more involved. Let’s start by considering some vector ®𝑣 ∈ colsp(𝑋),
meaning

®𝑣 = 𝑋 ®𝑢

for some ®𝑢 ∈ R𝑑. What happens if we multiply both sides by 𝑃?

®𝑣 = 𝑋 ®𝑢
𝑃®𝑣 = 𝑃𝑋 ®𝑢
𝑃®𝑣 = 𝑋(𝑋𝑇𝑋)−1𝑋𝑇︸           ︷︷           ︸

𝑃

𝑋 ®𝑢

𝑃®𝑣 = 𝑋 (𝑋𝑇𝑋)−1𝑋𝑇𝑋︸           ︷︷           ︸
𝐼

®𝑢

𝑃®𝑣 = 𝑋 ®𝑢 = ®𝑣︸  ︷︷  ︸
original definition of ®𝑣

If ®𝑣 ∈ colsp(𝑋), then ®𝑣 can be written as a linear combination of 𝑋’s columns. Say
®𝑣 = 𝑋 ®𝑤 for some ®𝑤 ∈ R𝑑. Then,

®𝑣 = 𝑋 ®𝑤 = 𝑃®𝑣
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So, if ®𝑣 = 𝑋 ®𝑢, then ®𝑣 = 𝑃®𝑣, meaning that ®𝑣 is also in 𝑃’s column space if it’s in 𝑋’s
column space. Intuitively, ®𝑣 = 𝑃®𝑣 means that if ®𝑣 is already in the span of 𝑋’s columns,
then projecting it onto colsp(𝑋) doesn’t change it.

Now that we’ve shown that colsp(𝑃) ⊆ colsp(𝑋) and colsp(𝑋) ⊆ colsp(𝑃), we can conclude
that colsp(𝑃) = colsp(𝑋). If two sets are subsets of each other, then they must be equal.

Example: Is 𝑃 orthogonal? Is 𝑃 orthogonal?

Solution

No. Orthogonal matrices 𝑄 have the property that 𝑄𝑇𝑄 = 𝑄𝑄𝑇 = 𝐼, meaning that

𝑄𝑇 = 𝑄−1

But, as we saw, 𝑃 is not invertible in general, so it can’t satisfy this property. This tells us that
𝑃 does not perform a rotation; projections are not rotations. Rotations can be undone but
projections can’t.

Example: Is 𝑃 symmetric? Is 𝑃 symmetric?

Solution

Yes. Symmetric matrices 𝐴 have the property that 𝐴𝑇 = 𝐴. We can show that 𝑃 satisfies this
property; to do so, we’ll need to use the fact that (𝐴𝐵)𝑇 = 𝐵𝑇𝐴𝑇 .

𝑃𝑇 =
(
𝑋(𝑋𝑇𝑋)−1𝑋𝑇 )𝑇

=
(
𝑋𝑇 )𝑇 ((𝑋𝑇𝑋)−1)𝑇 𝑋𝑇

= 𝑋(𝑋𝑇𝑋)−1𝑋𝑇

= 𝑃

Going from the second to the third line, we used the fact that 𝑋𝑇𝑋 is symmetric, and so is its
inverse. Remember that 𝑋𝑇𝑋 is a square matrix consisting of the dot products of the columns
of 𝑋 with themselves.

Example: Is 𝑃 idempotent? Recall, an idemponent matrix 𝐴 satisfies 𝐴2 = 𝐴. Is 𝑃 idempotent?

Solution

Yes.
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𝑃2 = 𝑃 · 𝑃
=

(
𝑋(𝑋𝑇𝑋)−1𝑋𝑇 ) 𝑋(𝑋𝑇𝑋)−1𝑋𝑇

= 𝑋
((𝑋𝑇𝑋)−1𝑋𝑇𝑋

)︸             ︷︷             ︸
𝐼

(𝑋𝑇𝑋)−1𝑋𝑇

= 𝑋(𝑋𝑇𝑋)−1𝑋𝑇

= 𝑃

Intuitively, this means that 𝑃2 ®𝑦 is the same as 𝑃 ®𝑦, meaning that once we’ve projected ®𝑦 onto
colsp(𝑋), projecting its projection ®𝑝 again onto colsp(𝑋) gives us back the same ®𝑝, since ®𝑝 is
already in colsp(𝑋).

Example: What is 𝑃𝑋, and why? What is 𝑃𝑋? What does the result mean?

Solution

𝑃𝑋 = 𝑋(𝑋𝑇𝑋)−1𝑋𝑇𝑋

= 𝑋(𝑋𝑇𝑋)−1𝑋𝑇𝑋

= 𝑋𝐼

= 𝑋

Interpret 𝑃𝑋 as amatrix made up of 𝑃 ®𝑥(1), 𝑃 ®𝑥(2), ..., 𝑃 ®𝑥(𝑑) as its columns. 𝑃 ®𝑥(𝑖) is the projection
of ®𝑥(𝑖) onto colsp(𝑋), but since ®𝑥(𝑖) is already in colsp(𝑋), projecting it again onto colsp(𝑋) gives
us back the same ®𝑥(𝑖). So, 𝑃𝑋 should just be 𝑋 again.

Example: Rotations, Reflections, and Projections Suppose 𝐴 is an arbitrary 𝑛 × 𝑑 matrix. De-
scribe the conditions on 𝐴 that make the corresponding linear transformation 𝑓 (®𝑥) = 𝐴®𝑥 a...

1. Rotation

2. Reflection

3. Projection

Solution

1. Rotation: 𝐴 should be orthogonal, meaning that

𝐴𝑇𝐴 = 𝐴𝐴𝑇 = 𝐼

All orthogonal matrices have a determinant of 1 or -1, since det(𝐴𝑇𝐴) = det(𝐼) implies
that det(𝐴)2 = 1 (remember that det(𝐴𝑇) = det(𝐴)). If wewant 𝑓 (®𝑥) = 𝐴®𝑥 to be a rotation
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rather than a reflection, we also need

det(𝐴) = 1

To summarize: a rotation matrix is orthogonal and has determinant 1. Implicit here
is the fact that 𝐴 is square, meaning that 𝑛 = 𝑑. It doesn’t make sense to talk about a
rotation that also changes the dimension of the space.

2. Reflection: The distinction between a reflection and a rotation is subtle in higher dimen-
sions. We’ve mostly thought of “orthogonal” and “rotation” as being the same thing.
But, for example,

𝐴 =

[
0 1
1 0

]
is orthogonal, but doesn’t rotate vectors – it reflects them across the line 𝑥2 = 𝑥1 in R2.
The determinant of 𝐴 is -1.
In general, if 𝐴 is orthogonal and has a determinant of -1, then it either involves a
reflection or a reflection and a rotation.
Recall, the formula for a rotation matrix – as discussed in Example: Householder Reflec-
tion in Chapter 6.2 – is given by

𝐴 = 𝐼 − 2®𝑢®𝑢𝑇

for some unit vector ®𝑢. This matrix reflects vectors across the hyperplane ®𝑢𝑇 ®𝑥 = 0 (rem-
meber, in R2 a line is a hyperplane; in R3 a plane is a hyperplane). If 𝐴 is of that form,
then it indeed satisfies the properties above: it is orthogonal and has determinant -1. (To
show that its determinant is -1, we need knowledge of eigenvalues, which we’ll intro-
duce in Chapter 9.) It is furthermore symmetric, since

𝐴𝑇 = (𝐼 − 2®𝑢®𝑢𝑇)𝑇 = 𝐼 − 2®𝑢®𝑢𝑇 = 𝐴

To summarize: a reflection matrix is orthogonal, symmetric, and has determinant -1.
But, just because a matrix is orthogonal and has determinant -1, it doesn’t have to be a
reflection matrix: it could represent a reflection followed by a rotation.

3. Projection: To reason about the properties of a projection matrix, let’s think about the
matrix 𝑃 from earlier in this section. Supposewe have a subspace, forwhich the columns
of 𝑋 are a basis (in other words, suppose 𝑋’s columns are linearly independent, and the
subspace in question is colsp(𝑋)). Then, the matrix 𝑃 that projects vectors onto that
subspace is given by

𝑃 = 𝑋(𝑋𝑇𝑋)−1𝑋𝑇

As we saw above, 𝑃 is both idempotent, meaning 𝑃2 = 𝑃, and symmetric, meaning
𝑃𝑇 = 𝑃.
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To summarize: a projection matrix is idempotent and symmetric.

There are matrices – like
[
1 1
0 0

]
that are idempotent but not symmetric, and you can

think of them as representing non-orthogonal projections. This is not a kind of projec-
tion we’ve studied yet. Let’s explore. Suppose ®𝑦 ∈ R𝑛 and 𝑃 projects vectors onto some
subspace. The error vector is ®𝑦 − 𝑃 ®𝑦. As we know for orthogonal projections, ®𝑦 − 𝑃 ®𝑦 is
orthogonal to anything in the column space of 𝑃, e.g. 𝑃 ®𝑦. But it turns out the symmetry
of 𝑃 is what guarantees that this happens. Let’s take the dot product of ®𝑦 − 𝑃 ®𝑦 with 𝑃 ®𝑦:

( ®𝑦 − 𝑃 ®𝑦) · (𝑃 ®𝑦) = ( ®𝑦 − 𝑃 ®𝑦)𝑇𝑃 ®𝑦
= ®𝑦𝑇𝑃 ®𝑦 − ®𝑦𝑇𝑃𝑇𝑃 ®𝑦
= ®𝑦𝑇(𝑃 − 𝑃𝑇𝑃) ®𝑦

In order for this dot product to be zero, we need 𝑃 − 𝑃𝑇𝑃 = 0𝑛×𝑛 . To make this happen,
we need 𝑃𝑇 = 𝑃, since this wouldmake 𝑃𝑇𝑃 = 𝑃2, whichwould turn 𝑃−𝑃𝑇𝑃 into 𝑃−𝑃2,
which is guaranteed by the idempotency of 𝑃 (𝑃2 = 𝑃).
What this all means is that if 𝑃𝑇 = 𝑃, then ®𝑦 − 𝑃 ®𝑦 is guaranteed to be orthogonal to 𝑃 ®𝑦.
But if 𝑃𝑇 ≠ 𝑃, then 𝑃−𝑃𝑇𝑃 is not necessarily zero, meaning that ®𝑦−𝑃 ®𝑦 is not necessarily
orthogonal to 𝑃 ®𝑦 in general.
So in short, 𝑃 being idempotent makes it some kind of projection, but the symmetry of
𝑃 is what makes it an orthogonal projection. But for our purposes, we’ve only consid-
ered orthogonal projections, so the term “projection” without any other context means
“orthogonal projection”.

To summarize:

Transformation Properties
Rotation Orthogonal (𝐴𝑇𝐴 = 𝐼), determinant = 1
Reflection Orthogonal (𝐴𝑇𝐴 = 𝐼), symmetric (𝐴𝑇 = 𝐴) if

strict reflection, determinant = -1
Projection Idempotent (𝐴2 = 𝐴), symmetric (𝐴𝑇 = 𝐴)

Summary. Let’s take a step back andwalk through our logic fromChapter 6.3 andhere inChapter
6.4 once more, since it’s that important.
Suppose 𝑋 is an 𝑛 × 𝑑 matrix and ®𝑦 is some vector in R𝑛 .

Orthogonal Projections

1. Our goal is to find the linear combination of 𝑋’s columns that is closest to ®𝑦.
2. This boils down to finding the vector ®𝑤 that minimizes ‖ ®𝑦 − 𝑋 ®𝑤‖2.



Chapter 6. Linear Transformations and Projections 348

3. The vector ®𝑤∗ that minimizes ‖ ®𝑦 − 𝑋 ®𝑤‖2 makes the resulting error vector,

®𝑒 = ®𝑦 − 𝑋 ®𝑤∗

orthogonal to the columns of 𝑋.

4. The ®𝑤∗ that makes the error vector orthogonal to the columns of 𝑋 is the one that satisfies
the normal equation,

𝑋𝑇𝑋 ®𝑤∗ = 𝑋𝑇 ®𝑦

5. If 𝑋𝑇𝑋 is invertible, which happens if and only if 𝑋’s columns are linearly independent, then
®𝑤∗ is the unique vector

®𝑤∗ = (𝑋𝑇𝑋)−1𝑋𝑇 ®𝑦

Otherwise, there are infinitely many solutions to the normal equation. All of these infinitely
many solutions correspond to the same projection, ®𝑝 = 𝑋 ®𝑤∗. If ®𝑤′ is one solution (which
can be found by removing the linearly dependent columns of 𝑋), then all other solutions are
of the form ®𝑤′ + ®𝑛, where ®𝑛 is any vector in nullsp(𝑋) = nullsp(𝑋𝑇𝑋).

The Projection Matrix Assuming 𝑋 has linearly independent columns, the projection matrix is

𝑃 = 𝑋(𝑋𝑇𝑋)−1𝑋𝑇

𝑃 is defined such that 𝑃 ®𝑦 is the vector in colsp(𝑋) that is closest to ®𝑦. 𝑃 is symmetric and idempo-
nent, but not invertible nor orthogonal.
We’re now finally ready to head back to the land of machine learning.
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6.5. The Gram-Schmidt Process
This section can be thought of as a detour through the main storyline of the course. Chapter 7.1 is
where I connect the idea of projecting ®𝑦 onto the column space of 𝑋 to that of linear regression.
Instead, here I’ll introduce a new algorithm that can be used to turn a collection of vectors into a
more convenient form, and see how this can make the act of projecting ®𝑦 onto the column space of
𝑋 much easier.

Why Orthogonalize?
Recall, a set of vectors ®𝑞1 , ®𝑞2 , . . . , ®𝑞𝑑 ∈ R𝑛 are orthonormal if they are both:

1. pairwise orthogonal, meaning ®𝑞𝑖 · ®𝑞 𝑗 = 0 for all 𝑖 ≠ 𝑗, and

2. each vector is a unit vector, meaning ‖ ®𝑞𝑖‖ = 1 for all 𝑖

Orthonormal vectors (and matrices containing them) are convenient to work with. For example, if
𝑄’s columns are the vectors ®𝑞1 , ®𝑞2 , . . . , ®𝑞𝑑, then𝑄𝑇𝑄, the matrix containing the dot products of the
columns of 𝑄, is the identity matrix.

𝑄𝑇𝑄 =


®𝑞1 · ®𝑞1 ®𝑞1 · ®𝑞2 · · · ®𝑞1 · ®𝑞𝑑
®𝑞2 · ®𝑞1 ®𝑞2 · ®𝑞2 · · · ®𝑞2 · ®𝑞𝑑
...

...
. . .

...
®𝑞𝑑 · ®𝑞1 ®𝑞𝑑 · ®𝑞2 · · · ®𝑞𝑑 · ®𝑞𝑑

 =


1 0 · · · 0
0 1 · · · 0
...

...
. . .

...
0 0 · · · 1

 = 𝐼

(I know that I promised to use superscripts like ®𝑞(1) to denote columns of a matrix, but I have my
reasons for doing it this way in this section.)
As we’ve seen in Chapter 6.3, when projecting ®𝑦 onto the column space of 𝑋, the matrix 𝑋𝑇𝑋 – and
its inverse – plays a big role in finding the optimal coefficients ®𝑤∗ to multiply each column of 𝑋 by.
Most matrices, by default, don’t have orthonormal columns. But if they did, then some of these
calculations would be much, much simpler!
So, the goal here is to learn how to turn a linearly independent set of vectors into an orthonormal
set of vectors with the same span, i.e. how to “orthogonalize” a set of vectors.

®𝑣1 , ®𝑣2 , . . . , ®𝑣𝑑
linearly independent set of vectors

→ ®𝑞1 , ®𝑞2 , . . . , ®𝑞𝑑
orthonormal set of vectors with the same span

The Algorithm
The algorithm that produces this orthonomal set of vectors is called theGram-Schmidt process. It
exploits the fact that when you project ®𝑦 onto ®𝑥, the error vector

®𝑒 = ®𝑦 − ®𝑝

../07_regression_using_linear_algebra/01-linear-regression-with-multiple-variables.ipynb
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is orthogonal to ®𝑥.

If you look in the figure above, the vectors ®𝑥 and ®𝑒 are orthogonal, and have the same span as ®𝑦
and ®𝑥. The key takeaway is that if you’d like to “invent” vectors that are orthogonal to each other,
you can construct them by iteratively projecting!
To illustrate how the algorithm works, let’s use as an example the vectors

®𝑣1 =

1
−1
1

 , ®𝑣2 =

1
0
1

 , ®𝑣3 =

1
1
2


These are three linearly independent vectors in R3, though they are not orthogonal. These vectors
span some subspace 𝑆. Our goal is to find an orthonormal set of vectors that spans the same 𝑆. (In
this case, 𝑆 is all of R3, but in general this process works even if 𝑑 < 𝑛.)

In what follows, let proj®𝑥( ®𝑦) be the projection of ®𝑦 onto ®𝑥, i.e. proj®𝑥( ®𝑦) = ®𝑦· ®𝑥
®𝑥· ®𝑥 ®𝑥.

• Iteration 1: Set ®𝑄1 = ®𝑣1.
In the first iteration, we simply take the first vector ®𝑣1 and copy it to ®𝑄1. From now on, each
new vector will be constructed to be orthogonal to all previously constructed ®𝑄𝑖’s.

®𝑄1 =


1
−1
1


• Iteration 2: Set ®𝑄2 = ®𝑣2 − proj ®𝑄1

(®𝑣2).
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®𝑄2 is the same as the error vector fromprojecting ®𝑣2 onto ®𝑄1, whichwe know is orthogonal
to ®𝑄1.
Even without actually calculating ®𝑄2, we can see that it, by definition, must be orthogonal to
®𝑄1.

®𝑄2 · ®𝑄1 =
(
®𝑣2 − proj ®𝑄1

(®𝑣2)
)
· ®𝑄1

=

(
®𝑣2 − ®𝑣2 · ®𝑄1

®𝑄1 · ®𝑄1

®𝑄1

)
· ®𝑄1

= ®𝑣2 · ®𝑄1 − ®𝑣2 · ®𝑄1

®𝑄1 · ®𝑄1

®𝑄1 · ®𝑄1

= ®𝑣2 · ®𝑄1 − ®𝑣2 · ®𝑄1

= 0

With that understanding in mind, let’s evaluate ®𝑄2 explicitly.

®𝑄2 =


1
0
1

︸︷︷︸
®𝑣2

−


1
0
1

 ·

1
−1
1


1
−1
1

 ·

1
−1
1



1
−1
1


︸                ︷︷                ︸

proj ®𝑄1
(®𝑣2)

=


1
0
1

 − 2

3


1
−1
1

 =


1/3
2/3
1/3



• Iteration 3: Set ®𝑄3 = ®𝑣3 − proj ®𝑄1
(®𝑣3) − proj ®𝑄2

(®𝑣3).
When constructed thisway, ®𝑄3 is orthogonal to both ®𝑄1 and ®𝑄2. Think of it thisway: span({ ®𝑄1 , ®𝑄2})
is a plane inR3; after projecting ®𝑣3 onto this plane, the remaining part of ®𝑣3 that is orthogonal
to the plane is ®𝑄3. If that doesn’t make sense, execute ®𝑄3 · ®𝑄1 and ®𝑄3 · ®𝑄2 using the same
general steps I followed in Iteration 2.
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®𝑄3 = ®𝑣3 − proj ®𝑄1
(®𝑣3) − proj ®𝑄2

(®𝑣3)

=


1
1
2

 −

1
1
2

 ·

1
−1
1


1
−1
1

 ·

1
−1
1



1
−1
1


︸                ︷︷                ︸

proj ®𝑄1
(®𝑣3)

−


1
1
2

 ·

1/3
2/3
1/3


1/3
2/3
1/3

 ·

1/3
2/3
1/3



1/3
2/3
1/3


︸                   ︷︷                   ︸

proj ®𝑄2
(®𝑣3)

=


−1/2
0
1/2


If there were more ®𝑣𝑖’s, we’d continue this process, each time constructing a new ®𝑄𝑖 that is orthog-
onal to all previously constructed ®𝑄𝑖’s by “subtracting off” the parts we’ve already accounted for
through the earlier ®𝑄𝑖’s.

Now, ®𝑄1 , ®𝑄2 , ®𝑄3 are orthogonal to one another, but they are not yet unit vectors. To make them
unit vectors, we simply need to divide each by its length.

®𝑞1 =
®𝑄1

‖ ®𝑄1‖
=


1/√3
−1/√3
1/√3

 ®𝑞2 =
®𝑄2

‖ ®𝑄2‖
=


1/√6
2/√6
1/√6

 ®𝑞3 =
®𝑄3

‖ ®𝑄3‖
=


−1/√2

0

1/√2


Now, the vectors ®𝑞1 , ®𝑞2 , ®𝑞3 are orthonormal to one another, and they span the same subspace 𝑆 as
the vectors ®𝑣1 , ®𝑣2 , ®𝑣3!
A quick note on signs: you could multiply any of the ®𝑞𝑖’s by -1 without changing the span of the
collection, so if using a computer to compute the ®𝑞𝑖’s, you might see them come out with different
signs.
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Notice above that ®𝑣1 in the top and ®𝑞1 in the bottom are parallel, it’s just that ®𝑞1 is a unit vector. The
three ®𝑣𝑖’s in the top figure are linearly independent but not orthogonal; the three ®𝑞𝑖’s in the bottom
figure are, however, orthonormal.

Gram-Schmidt and Projection
In general, we’re presumed to have a vector ®𝑦 that we’d like to approximate as a linear combination
ofmatrix 𝑋’s columns. Generally, 𝑋’s columns are not orthonormal – theymay not even be linearly
independent.
If we:

1. Remove the linearly dependent columns from 𝑋

2. Use the Gram-Schmidt process to orthonormalize the remaining columns, and store them in
the columns of 𝑄

Then, the matrix𝑄 that results has the same column space as 𝑋, but solving the normal equations
for 𝑄 and ®𝑦 is much simpler.
Our problem now is slightly different: we’re trying to find the best linear combination of the
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columns of 𝑄 (not the columns of 𝑋) that approximates ®𝑦, i.e. we’re projecting ®𝑦 onto the col-
umn space of 𝑄. If we adjust our objective to this goal, then the best ®𝑤∗ – the one that minimizes
‖ ®𝑦 −𝑄 ®𝑤‖2 – satisfies

𝑄𝑇𝑄 ®𝑤 = 𝑄𝑇 ®𝑦

But, 𝑄𝑇𝑄 = 𝐼 as I showed you at the start of this section, so this just reduces to

®𝑤∗ = 𝑄𝑇 ®𝑦

That’s it! No inversion required: we can compute ®𝑤∗ with just a single matrix-vector multiplication.
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7.1. Regression using Linear Algebra
At times, Chapters 3-6 may have seemed like a bit of a detour from the main storyline of the course.
It’s now time to apply our understanding of vectors and matrices to the problem of linear regres-
sion.

Recap: The Modeling Recipe
In Chapter 1.2, we introduced the problem of predicting the length of our commute to school (𝑦𝑖)
as a function of the time we leave home (𝑥𝑖).

That function was called a hypothesis function, denoted ℎ(𝑥𝑖). Remember, the output of ℎ is a
predicted 𝑦-value.

predicted commute time𝑖 = ℎ(departure hour𝑖)

We looked at two types of hypothesis function:

• The constant model, ℎ(𝑥𝑖) = 𝑤
• The simple linear regression model, ℎ(𝑥𝑖) = 𝑤0 + 𝑤1𝑥𝑖

We’ll focus on the latter, which was first introduced in Chapter 2.3. To find optimal model param-
eters, 𝑤∗

0 (the best intercept) and 𝑤∗
1 (the best slope), we followed the three-step modeling recipe:

1. Choose a model.
ℎ(𝑥𝑖) = 𝑤0 + 𝑤1𝑥𝑖
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2. Choose a loss function. Our default choice has been squared loss:

𝐿sq(𝑦𝑖 , ℎ(𝑥𝑖)) = (𝑦𝑖 − ℎ(𝑥𝑖))2

3. Minimize average loss (also known as empirical risk) to find optimal parameters. Average
squared loss – also known as mean squared error – for any hypothesis function ℎ, takes the form:

1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − ℎ(𝑥𝑖))2

For the simple linear regression model, this becomes:

𝑅sq(𝑤0 , 𝑤1) = 1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − (𝑤0 + 𝑤1𝑥𝑖))2

In Chapter 2.3, we used calculus to minimize 𝑅sq(𝑤0 , 𝑤1) to find the optimal parameters, 𝑤∗
0 and

𝑤∗
1. This involved taking two partial derivatives, 𝜕𝑅sq

𝜕𝑤0
and 𝜕𝑅sq

𝜕𝑤1
, setting them equal to zero, and

solving the resulting system of equations. At the end of that process, we found

𝑤∗
1 =

∑𝑛
𝑖=1(𝑥𝑖 − 𝑥̄)(𝑦𝑖 − 𝑦̄)∑𝑛

𝑖=1(𝑥𝑖 − 𝑥̄)2
= 𝑟

𝜎𝑦

𝜎𝑥︸                                     ︷︷                                     ︸
optimal slope

, 𝑤∗
0 = 𝑦̄ − 𝑤∗

1 𝑥̄︸           ︷︷           ︸
optimal intercept

where 𝑟 is the correlation coefficient between 𝑥 and 𝑦, and 𝜎𝑥 and 𝜎𝑦 are the standard deviations
of 𝑥 and 𝑦, respectively.
Those formulas, when applied to the dataset of commute times, describe the following line.

Here’s the plan:
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• In Chapter 7.1 (that’s here), we’ll see another way to find 𝑤∗
0 and 𝑤∗

1 that doesn’t involve
calculus, but rather leverages our new knowledge of vectors and matrices.

• In Chapter 7.2, we’ll look at how to use this linear algebraic approach to add multiple input
variables to our model. The orange line above only uses one input variable, departure time,
but we might want to incorporate day of the week, weather, etc.

• In homework, you will get a taste of how to approach the process of adding new features,
and why adding lots of features doesn’t necessarily lead to better predictions on real-world,
unseen data.

The Design Matrix
Big idea: How can we express mean squared error,

𝑅sq(𝑤0 , 𝑤1) = 1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − (𝑤0 + 𝑤1𝑥𝑖))2︸                  ︷︷                  ︸
(actual−predicted)2

in terms of vectors and matrices? If we can do so, then perhaps there will be another way to find
𝑤∗

0 and 𝑤∗
1 without needing to take partial derivatives. This will make our life a lot easier when we

add more features to our model.
Remember that if ®𝑥 ∈ R𝑛 , then ‖ ®𝑥‖2 =

∑𝑛
𝑖=1 𝑥

2
𝑖 . In the formula for 𝑅sq above, I’ve colored

∑𝑛
𝑖=1

and ·2 in red to try and make the case that 𝑅sq looks a lot like the squared norm of vector that
contains the errors of our predictions. Let’s try and define this vector.
Consider a dataset of 𝑛 points, (𝑥1 , 𝑦1), (𝑥2 , 𝑦2), . . . , (𝑥𝑛 , 𝑦𝑛), onwhichwe’d like to fit a simple linear
regression model ℎ(𝑥𝑖) = 𝑤0 + 𝑤1𝑥𝑖 .

• The observation vector, ®𝑦, is a vector in R𝑛 with the 𝑛 𝑦-values from the dataset.

®𝑦 =


𝑦1
𝑦2
...
𝑦𝑛

 =


actual commute time1
actual commute time2

...
actual commute time𝑛

︸                          ︷︷                          ︸
for the commute times example

This vector contains our “right answers” that we are trying to predict as best as we can.

• The prediction vector, ®𝑝, is a vector in R𝑛 with the 𝑛 predicted values from the model.

®𝑝 =


ℎ(𝑥1)
ℎ(𝑥2)
...

ℎ(𝑥𝑛)

 =


𝑤0 + 𝑤1𝑥1
𝑤0 + 𝑤1𝑥2

...
𝑤0 + 𝑤1𝑥𝑛





Chapter 7. Regression using Linear Algebra 359

We want ®𝑝 to be as close as possible to ®𝑦.
We can express the prediction vector, ®𝑝, as a matrix-vector product!

®𝑝 =


𝑤0 + 𝑤1𝑥1
𝑤0 + 𝑤1𝑥2

...
𝑤0 + 𝑤1𝑥𝑛

 = 𝑤0


1
1
...
1

 + 𝑤1


𝑥1
𝑥2
...
𝑥𝑛

 =


1 𝑥1
1 𝑥2
...

...
1 𝑥𝑛


[
𝑤0

𝑤1

]
= 𝑋 ®𝑤

In ®𝑝 = 𝑋 ®𝑤,

• 𝑋, called the design matrix, is an 𝑛 × 2 matrix with its first column being all 1s and its sec-
ond column being the inputs 𝑥1 , 𝑥2 , . . . , 𝑥𝑛 . It’s the most important among these definitions,
hence why this section is titled “The Design Matrix”.

𝑋 =


1 𝑥1
1 𝑥2
...

...
1 𝑥𝑛

 =


1 departure time1
1 departure time2
...

...
1 departure time𝑛

︸                      ︷︷                      ︸
for the commute times example

I haven’t been able to find a good reason for why this is called the design matrix; my best
explanation is that it has to do with how we designed our model. The column of 1s is there
for our intercept term, 𝑤0.

• The parameter vector, ®𝑤, is a 2 × 1 vector containing our model’s parameters, 𝑤0 and 𝑤1.

®𝑤 =

[
𝑤0

𝑤1

]
We’re trying to find the best choice of ®𝑤.

Remember, our goal is to convert

𝑅sq(𝑤0 , 𝑤1) = 1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − (𝑤0 + 𝑤1𝑥𝑖))2

into an expression that involves vectors and matrices. Using our new definitions, we’re almost
there! 𝑅sq involves a sum of squared errors. So, let’s define the error vector, ®𝑒, as the difference
between ®𝑦 and ®𝑝 = 𝑋 ®𝑤.

®𝑒 = ®𝑦 − ®𝑝 = ®𝑦 − 𝑋 ®𝑤 =


𝑦1
𝑦2
...
𝑦𝑛

 −

𝑤0 + 𝑤1𝑥1
𝑤0 + 𝑤1𝑥2

...
𝑤0 + 𝑤1𝑥𝑛

 =


𝑦1 − (𝑤0 + 𝑤1𝑥1)
𝑦2 − (𝑤0 + 𝑤1𝑥2)

...
𝑦𝑛 − (𝑤0 + 𝑤1𝑥𝑛)


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The components of ®𝑒 are the quantities being summed and squared in 𝑅sq. How do we get that
sum and square? By taking the norm, as I alluded to earlier.

‖ ®𝑒‖2 =
𝑛∑
𝑖=1

𝑒2𝑖 =
𝑛∑
𝑖=1

(𝑦𝑖 − (𝑤0 + 𝑤1𝑥𝑖))2

‖ ®𝑒‖2 is almost 𝑅sq, it’s just missing a 1
𝑛 up front. So,

𝑅sq( ®𝑤) = 1

𝑛
‖ ®𝑒‖2 = 1

𝑛
‖ ®𝑦 − 𝑋 ®𝑤‖2

We’ve completed our “conversion” of 𝑅sq into a vector-based expression.

The Normal Equations Return
Now, our goal is to find the vector ®𝑤∗ that minimizes

𝑅sq( ®𝑤) = 1

𝑛
‖ ®𝑦 − 𝑋 ®𝑤‖2

This sounds like a familiar problem. 𝑋 ®𝑤 is a vector in colsp(𝑋), so it looks like we want to find
the vector in colsp(𝑋) that is closest to ®𝑦. The extra 1

𝑛 up front doesn’t change the optimization
problem; as we studied in our calculus review at the start of the semester (and in the examples in
Appendix 2), the minimizer of 𝑐 𝑓 (𝑤) is the same as the minimizer of 𝑓 (𝑤) when 𝑐 > 0.
This is exactly the problem we solved in Chapter 6.3!

In Chapter 6.3, we found that the vector in colsp(𝑋) that is closest to ®𝑦 is the orthogonal projection
of ®𝑦 onto colsp(𝑋), which is the vector
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®𝑝 = 𝑋 ®𝑤∗

where ®𝑤∗ is chosen to satisfy the normal equation,

𝑋𝑇𝑋 ®𝑤∗ = 𝑋𝑇 ®𝑦

Note that both projection and prediction start with “p”, making it easy to remember that they’re
related, and the vector ®𝑝 can be interpreted as either. Predictions are projections onto the column
space of the design matrix.
What makes the projection “orthogonal” is that the projection ®𝑝 = 𝑋 ®𝑤∗ has an error vector ®𝑒 =
®𝑦 − 𝑋 ®𝑤∗ that is orthogonal to every vector in colsp(𝑋).

𝑋𝑇®𝑒 = ®0

When 𝑋’s columns are linearly independent, then 𝑋𝑇𝑋 is invertible, and the unique solution ®𝑤∗ to
the normal equation is

®𝑤∗ = (𝑋𝑇𝑋)−1𝑋𝑇 ®𝑦

The vector ®𝑤∗, in this context, is called our optimal parameter vector, since it contains our optimal
choices of parameters, 𝑤∗

0 and 𝑤∗
1. Note that

𝑋 =


1 𝑥1
1 𝑥2
...

...
1 𝑥𝑛


is invertible as long as not all of the 𝑥𝑖’s are the same. If they are all the same, then 𝑋’s second
column is a multiple of its first column, and so 𝑋 is not of full rank, and neither is 𝑋𝑇𝑋 (since both
matrices have the same rank). This corresponds to the case where the data points all lie on a single
vertical line, so no line of the form ℎ(𝑥𝑖) = 𝑤∗

0 + 𝑤∗
1𝑥𝑖 can pass through them.

So, to summarize,

𝑅sq( ®𝑤) = 1

𝑛
‖ ®𝑦 − 𝑋 ®𝑤‖2

is minimized when

𝑋𝑇𝑋 ®𝑤∗ = 𝑋𝑇 ®𝑦 =⇒ ®𝑤∗ = (𝑋𝑇𝑋)−1𝑋𝑇 ®𝑦︸                  ︷︷                  ︸
if 𝑋’s columns are linearly independent
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To be clear, when 𝑋 is the 𝑛 × 2 design matrix and ®𝑦 is a vector with our 𝑛 𝑦-values, then ®𝑤∗ as
defined above contains the exact same values as our calculus-based formulas for 𝑤∗

0 and 𝑤∗
1!

Errors Sum to 0. Since the first column of the design matrix 𝑋 is a column of all 1s, the condition

𝑋𝑇®𝑒 = ®0 tells us that the error vector ®𝑒 must be orthogonal to


1
1
...
1

 . That means


1
1
...
1

 ·

𝑒1
𝑒2
...
𝑒𝑛

 = 𝑒1 + 𝑒2 + · · · + 𝑒𝑛 = 0

So, for a fit simple linear regression model with an intercept term, the components of the error vec-
tor are guaranteed to sum to 0. This is worth caring about because it gives us a concrete constraint
that our best fit model must satisfy: some errors may be positive and some negative, but overall
they must balance out exactly.
In Chapter 7.2, we’ll explore the process of introducing additional features to our models. In that
process, we might sometimes choose to build a model without an intercept term. If we do, then
the design matrix no longer has to contain a column of all 1s, and this guarantee no longer has to
hold. So this is not a universal fact about every linear model; it is a consequence of fitting by least
squares and including an intercept term.

Implementing ®𝑤∗ in Code
While you may have to wait until you complete Homework 7 to see a proof that

®𝑤∗ = (𝑋𝑇𝑋)−1𝑋𝑇 ®𝑦 =

[
𝑦̄ − 𝑟 𝜎𝑦𝜎𝑥 𝑥̄
𝑟
𝜎𝑦
𝜎𝑥

]
I think it’s worthwhile for me to give you a preview that these are equivalent, through the lens of
code. The commutes DataFrame in pandas, stored below, contains our commute times data. The
first column, departure_hour, is our 𝑥-variable, while minutes is

commutes
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departure_hour minutes
0 10.816667 68.0
1 7.750000 94.0
2 8.450000 63.0
3 7.133333 100.0
4 9.150000 69.0
... ... ...
60 7.516667 85.0
61 7.550000 91.0
62 7.583333 68.0
63 7.450000 90.0
64 7.600000 83.0

65 rows × 2 columns

Approach 1: The Old Formulas. We’ve done this before, but let’s implement our original formu-
las for 𝑤∗

0 and 𝑤∗
1 in code.

𝑤∗
1 =

∑𝑛
𝑖=1(𝑥𝑖 − 𝑥̄)(𝑦𝑖 − 𝑦̄)∑𝑛

𝑖=1(𝑥𝑖 − 𝑥̄)2
= 𝑟

𝜎𝑦

𝜎𝑥
, 𝑤∗

0 = 𝑦̄ − 𝑤∗
1 𝑥̄

def optimal_slope(x, y):
r = np.corrcoef(x, y)[0, 1]
return r * np.std(y) / np.std(x)

optimal_slope(commutes['departure_hour'], commutes['minutes'])

-8.186941724265557

def optimal_intercept(x, y):
return np.mean(y) - optimal_slope(x, y) * np.mean(x)

optimal_intercept(commutes['departure_hour'], commutes['minutes'])

142.44824158772875

To actually use these optimal parameters to make predictions, we need to execute 𝑤∗
0 + 𝑤∗

1𝑥𝑖 our-
selves.

def predicted_commute(departure_hour):
w0_star = optimal_intercept(commutes['departure_hour'], commutes['minutes'])
w1_star = optimal_slope(commutes['departure_hour'], commutes['minutes'])
return w0_star + w1_star * departure_hour

predicted_commute(15)

19.644115723745387
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Approach 2: The Normal Equations. Now, we’ll use the fact that

®𝑤∗ = (𝑋𝑇𝑋)−1𝑋𝑇 ®𝑦

to find the optimal slope and intercept. Remember, Chapter 6.2 told us that it’s generally a bad
idea to use np.linalg.inv directly; instead, we should use np.linalg.solve to solve the normal
equations.

# We need to make the n x 2 design matrix X, which has a column of 1's
# to account for the intercept.
commutes.loc[:, '1'] = 1
commutes[['1', 'departure_hour']]

1 departure_hour
0 1 10.816667
1 1 7.750000
2 1 8.450000
3 1 7.133333
4 1 9.150000
... ... ...
60 1 7.516667
61 1 7.550000
62 1 7.583333
63 1 7.450000
64 1 7.600000

65 rows × 2 columns

X = commutes[['1', 'departure_hour']]
y = commutes['minutes']

w_star = np.linalg.solve(X.T @ X, X.T @ y)
w_star

array([142.44824159, -8.18694172])

w_star contains the same values as our calculus-based formulas for 𝑤∗
0 and 𝑤∗

1 from above!
To use w_star to make predictions, we eventually need to evaluate 𝑤∗

0 + 𝑤∗
1𝑥𝑖 , but it turns out this

can be expressed as a dot product between ®𝑤∗ and
[
1
𝑥𝑖

]
. More on this in Chapter 7.2.

# Same as w0_star + w1_star * 15
np.dot(w_star, np.array([1, 15]))

19.644115723744356

# Also the same
w_star @ np.array([1, 15])

19.644115723744356
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Approach 3: sklearn. Finally, we can use sklearn’s LinearRegression class to find 𝑤∗
0 and 𝑤∗

1.

from sklearn.linear_model import LinearRegression

model = LinearRegression()

# By default, sklearn knows to minimize mean squared error,
# and knows to add an intercept term to the model.
# If you want to turn off the intercept, you can set `fit_intercept=False`.
model.fit(commutes[['departure_hour']].to_numpy(), commutes['minutes'].to_numpy())

print(model.intercept_, model.coef_)

142.4482415877287 [ -8.18694172]

Once again, we get the same values as the prior two approaches! None of this should be a surprise,
but it’s reassuring to see that (1) our calculus and linear algebra approaches are consistent, and (2)
both of those are equivalent to using sklearn. All three approaches involve the same three step
modeling recipe.
And finally, to use model to make predictions, we don’t need to do any of the math ourselves: we
can use the predict method.

# The same, once again!
# Notice that the input is a 2D array.
# More on this in Chapter 7.2.
model.predict([[15]])

array([19.64411572])

The Three Pictures
Throughout Chapter 2.3 and here in Chapter 7.1, we’ve seen three different diagrams involving the
simple linear regression model, and it’s important to understand what each one depicts.

Picture 1: The Data and Model (R2). The first and most intuitive diagram is the one that shows
the original points (𝑥1 , 𝑦1), (𝑥2 , 𝑦2), . . . , (𝑥𝑛 , 𝑦𝑛) in R2 with the fit line ℎ(𝑥𝑖) = 𝑤∗

0 + 𝑤∗
1𝑥𝑖 .

In the scatter plot below, the vertical errors from the fitted line – some of which are positive, some
of which are negative – add up to 0, as we discussed in the section above titled Errors Sum to 0.
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Picture 2: The Projection View (R𝑛). Then, there is the diagram that shows that the optimal
predictions, ®𝑝 = 𝑋 ®𝑤∗, are the orthogonal projections of ®𝑦 onto colsp(𝑋). Unlike the above plot,
which is in R2, this one is in R𝑛 , where 𝑛 is our number of data points.

Picture 3: The Loss Surface (R3). The final relevant picture is that of the graph of mean squared
error, i.e. the graph whose 𝑥-axis is ®𝑤0, 𝑦-axis is ®𝑤1, and whose 𝑧-axis is 𝑅sq( ®𝑤). The 𝑤0 and 𝑤1

coordinates of the “bottom” of the graph correspond to the optimal parameters in ®𝑤∗, which are
the weights in the linear combination of the columns of 𝑋 that is closest to ®𝑦.
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You should take time to understand how these are all related.

• Our goal is to find the best fitting line in Picture 1.

• To do that, we minimize mean squared error in Picture 3.

• To do that, we project ®𝑦 onto colsp(𝑋) in Picture 2.

With this inmind, let’s move to Chapter 7.2, wherewe’ll see how to extend our new linear algebraic
approach to multiple input variables, in what’s called multiple linear regression.
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7.2. Multiple Linear Regression
In Chapter 7.1, we learned how to use our knowledge of spans and projections to recast the problem
of finding optimal model parameters for the simple linear regression model, ℎ(𝑥𝑖) = 𝑤0 + 𝑤1𝑥𝑖 .
Along the way, we defined new characters, most importantly, the design matrix

𝑋 =


1 𝑥1
1 𝑥2
...

...
1 𝑥𝑛


Here, we’ll look at how and why to extend 𝑋 to include multiple input features, in what’s called
multiple linear regression.

Incorporating Multiple Features
Motivation. The commute times dataset that we were reintroduced to in Chapter 7.1 has several
columns in it, but we’ve only used one – departure_hour – as an input variable.

commutes_full.head()
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date day home_departure_timehome_departure_mileagework_arrival_timework_arrival_mileagecomments_from_home_to_workwork_departure_timework_departure_mileagehome_arrival_timehome_arrival_mileagecomments_from_work_to_homeminutesdeparture_hourmileage_to_workminutes_to_homework_departure_time_hrmileage_to_homeday_of_month
0 5/15/2023Mon2023-

05-
15
10:49:00

15873.02023-
05-
15
11:57:00

15926.0stopped
for
cof-
fee

2023-
05-
15
17:10:00

15926.02023-
05-
15
18:22:00

15979.0NaN68.0 10.81666753.0 72.0 17.16666753.0 15

1 5/16/2023Tue 2023-
05-
16
07:45:00

15979.02023-
05-
16
09:19:00

16033.0stopped
for
gas
by
exit
10
of
state
route
16

NaNNaNNaNNaNNaN94.0 7.75000054.0 NaNNaNNaN16

2 5/22/2023Mon2023-
05-
22
08:27:00

50407.02023-
05-
22
09:30:00

50461.0NaN2023-
05-
22
15:54:00

50461.02023-
05-
22
17:16:00

50515.0NaN63.0 8.45000054.0 82.0 15.90000054.0 22

3 5/23/2023Tue 2023-
05-
23
07:08:00

50535.02023-
05-
23
08:48:00

50589.0NaNNaNNaNNaNNaNNaN100.07.13333354.0 NaNNaNNaN23

4 5/30/2023Tue 2023-
05-
30
09:09:00

50664.02023-
05-
30
10:18:00

50718.0South
Gate
did
not
open,
drove
around
to
North...

2023-
05-
30
17:07:00

50718.02023-
05-
30
18:23:00

50772.0NaN69.0 9.15000054.0 76.0 17.11666754.0 30

Let’s take a look at a subset of them.

commutes_full[['departure_hour', 'day', 'day_of_month', 'minutes']].head()

departure_hour day day_of_month minutes
0 10.816667 Mon 15 68.0
1 7.750000 Tue 16 94.0
2 8.450000 Mon 22 63.0
3 7.133333 Tue 23 100.0
4 9.150000 Tue 30 69.0

For example, the first row above tells us that the first recorded commute was on a Monday, which
was the 15th of that month.
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Using day seems like it would be a good idea, since traffic patterns likely differ based on the day of
the week. But, it’s not clear how to use strings, like 'Tue', in a linear model. We’ll address this in
a moment. For now, suppose we’d like to fit a linear model that predicts commute time in minutes
using both departure_hour and day_of_month (“dom” for short).
Such a hypothesis function is of the form

ℎ(departure hour𝑖 , dom𝑖)︸                            ︷︷                            ︸
=pred. commute𝑖

= 𝑤0 + 𝑤1 · departure hour𝑖 + 𝑤2 · dom𝑖

which is a plane in R3. Once we figure out how to find 𝑤∗
0, 𝑤

∗
1, and 𝑤

∗
2, we’ll visualize the resulting

plane, not to worry.
(To be crystal clear, the ·’s in the above equations refer to “regular” scalar multiplication, not the
dot product. There are no vectors in the equation above.)
But, how do we find these three optimal model parameters? If we consult the modeling recipe,
and choose squared loss, we need to find the values of 𝑤∗

0, 𝑤
∗
1, and 𝑤

∗
2 that minimize

𝑅sq(𝑤0 , 𝑤1 , 𝑤2) = 1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − (
𝑤0 + 𝑤1 · departure hour𝑖 + 𝑤2 · dom𝑖

))2
The solution is to use what we know about spans, projections, and the design matrix. The de-
sign matrix for this problem will have 3 columns: a column of 1’s for the intercept, a column of
departure_hour values, and a column of dom values.

®𝑝 =


𝑤0 + 𝑤1 · departure hour1 + 𝑤2 · dom1

𝑤0 + 𝑤1 · departure hour2 + 𝑤2 · dom2
...

𝑤0 + 𝑤1 · departure hour𝑛 + 𝑤2 · dom𝑛


=


1 departure hour1 dom1

1 departure hour2 dom2
...

...
...

1 departure hour𝑛 dom𝑛

︸                                  ︷︷                                  ︸
𝑋


𝑤0

𝑤1

𝑤2

︸︷︷︸
®𝑤

To find ®𝑤∗, all we need to do is define the observation vector, ®𝑦 =


𝑦1
𝑦2
...
𝑦𝑛

 , and find the ®𝑤∗ that

minimizes

𝑅sq( ®𝑤) = 1

𝑛



®𝑦 − 𝑋 ®𝑤

2
which is a solved problem at this point: it’s the ®𝑤∗ that satisfies the normal equation,𝑋𝑇𝑋 ®𝑤∗ = 𝑋𝑇 ®𝑦.
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Generalized Notation. Let me try and state this problem in slightly more general terms, where
we have 𝑑 features rather than just 1 or 2.
As before, subscripts distinguish between individuals (rows) in our dataset, and we will try and
use superscripts (in parentheses) to distinguish between features (columns). Specifically, we’ll use
the notation 𝑥(𝑗)𝑖 to represent the 𝑗-th feature for the 𝑖-th individual. In the example above, 𝑥(1)5 is
the departure hour for the 5th row in the dataset. Think of 𝑥(1), 𝑥(2), ... as new variable names, like
new letters.
Consider the following example dataset.

departure_hour day_of_month minutes
0 10.816667 15 68.0
1 7.750000 16 94.0
2 8.450000 22 63.0

There are 𝑛 = 3 rows, each of which has 𝑑 = 2 features (minutes is not a feature, it’s what we’re
trying to predict).

We can represent each row (day) with a feature vector, ®𝑥𝑖 =
[
𝑥(1)𝑖
𝑥(2)𝑖

]
. A feature vector contains all of

the information we’re using to make predictions for the 𝑖-th individual.

®𝑥1 =
[
10.816667

15

]
, ®𝑥2 =

[
7.75
16

]
, ®𝑥3 =

[
8.45
22

]
In general,

®𝑥𝑖 =


𝑥(1)𝑖
𝑥(2)𝑖
...
𝑥(𝑑)𝑖


Note that if our model has 𝑑 features, then there are 𝑑 + 1 parameters, 𝑤0, 𝑤1, 𝑤2, ..., 𝑤𝑑. There
is one parameter for each feature, plus one for the intercept. So, the generalized multiple linear
regression model has a hypothesis function of the form

ℎ(®𝑥𝑖) = 𝑤0 + 𝑤1𝑥
(1)
𝑖 + 𝑤2𝑥

(2)
𝑖 + . . . + 𝑤𝑑𝑥(𝑑)𝑖

It’d be great if we could express our hypothesis function ℎ as a dot product between a parameter
vector ®𝑤 and a feature vector ®𝑥𝑖 , but we can’t: ®𝑤 has 𝑑 + 1 components while ®𝑥𝑖 has 𝑑 components.
To address this issue, we’ll define the augmented feature vector, Aug(®𝑥𝑖), which is the vector ob-
tained by adding a 1 to the front of feature vector ®𝑥𝑖 (much like the design matrix 𝑋 has a column
of 1’s).
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Aug(®𝑥𝑖) =



1

𝑥(1)𝑖
𝑥(2)𝑖
...
𝑥(𝑑)𝑖


Then, the multiple linear regression model can be written as

ℎ(®𝑥𝑖) = 𝑤0 + 𝑤1𝑥
(1)
𝑖 + 𝑤2𝑥

(2)
𝑖 + . . . + 𝑤𝑑𝑥(𝑑)𝑖 = ®𝑤 · Aug(®𝑥𝑖)

The General Problem. Now we can finally state the problem of multiple linear regression in its
most general form. Suppose we have 𝑛 data points,

(®𝑥1 , 𝑦1) , (®𝑥2 , 𝑦2) , . . . , (®𝑥𝑛 , 𝑦𝑛 ) , where each ®𝑥𝑖
is a feature vector of 𝑑 features:

®𝑥𝑖 =


𝑥(1)𝑖
𝑥(2)𝑖
...
𝑥(𝑑)𝑖


We’d like to find a good linear model,

ℎ(®𝑥𝑖) = 𝑤0 + 𝑤1𝑥
(1)
𝑖 + 𝑤2𝑥

(2)
𝑖 + . . . + 𝑤𝑑𝑥(𝑑)𝑖 = ®𝑤 · Aug(®𝑥𝑖)

By good, we mean that we’d like to find optimal parameters 𝑤∗
0, 𝑤

∗
1, ..., 𝑤

∗
𝑑 that minimize mean

squared error:

𝑅sq( ®𝑤) = 1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − ℎ(®𝑥𝑖))2

=
1

𝑛

𝑛∑
𝑖=1

(
𝑦𝑖 − (𝑤0 + 𝑤1𝑥

(1)
𝑖 + 𝑤2𝑥

(2)
𝑖 + . . . + 𝑤𝑑𝑥(𝑑)𝑖 )

)2
=

1

𝑛

𝑛∑
𝑖=1

(
𝑦𝑖 − ®𝑤 · Aug(®𝑥𝑖))2

=
1

𝑛
‖ ®𝑦 − 𝑋 ®𝑤‖2︸                                                                           ︷︷                                                                           ︸
all equivalent ways of writing mean squared error!

The solution is to define the 𝑛 × (𝑑 + 1) design matrix 𝑋 and 𝑛-dimensional observation vector ®𝑦:
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𝑋 =



1 𝑥(1)1 𝑥(2)1 . . . 𝑥(𝑑)1

1 𝑥(1)2 𝑥(2)2 . . . 𝑥(𝑑)2

...
...

...
...

1 𝑥(1)𝑛 𝑥(2)𝑛 . . . 𝑥(𝑑)𝑛


=



Aug( ®𝑥1)𝑇

Aug( ®𝑥2)𝑇

...

Aug( ®𝑥𝑛)𝑇


, ®𝑦 =


𝑦1
𝑦2
...
𝑦𝑛


and to solve the normal equation to find the optimal parameter vector, ®𝑤∗:

𝑋𝑇𝑋 ®𝑤∗ = 𝑋𝑇 ®𝑦

The ®𝑤∗ that satisfies the equations above minimizes mean squared error, 𝑅sq( ®𝑤), so use this ®𝑤∗ to
make predictions in ℎ(®𝑥𝑖) = ®𝑤∗ · Aug(®𝑥𝑖). Once you find that ®𝑤∗,

• ®𝑝 = 𝑋 ®𝑤∗ is a prediction vector of predicted 𝑦-values for the entire dataset. It is also the
projection of ®𝑦 onto the span of the columns of 𝑋.

• ℎ(®𝑥𝑖) = ®𝑤∗ · Aug(®𝑥𝑖) is the predicted 𝑦-value for just the input ®𝑥𝑖 .

Using sklearn. Earlier in the course, we saw how to use sklearn to fit a simple linear regression
model. Performing multiple linear regression is just as easy.

from sklearn.linear_model import LinearRegression

model_multiple = LinearRegression()
model_multiple.fit(X=commutes_full[['departure_hour', 'day_of_month']],

y=commutes_full['minutes'])↩→

LinearRegression()

In a Jupyter environment, please rerun this cell to show the HTML representation or trust the
notebook.
On GitHub, the HTML representation is unable to render, please try loading this page with
nbviewer.org.
[x] LinearRegression?Documentation for LinearRegressioniFitted

LinearRegression()

After calling fit, we can access ®𝑤∗.

model_multiple.intercept_, model_multiple.coef_

(141.86402699471932, array([ -8.2233821 , 0.05615985]))

https://scikit-learn.org/1.5/modules/generated/sklearn.linear_model.LinearRegression.html
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The outputs above tell us that the “best way” (according to squared loss) to make commute time
predictions using a linear model is using:

pred. commute𝑖 = 141.86 − 8.22 · departure hour𝑖 + 0.06 · day of month𝑖

This is the plane of best fit given historical data; it is not a causal statement.

Fit LinearRegression objects have a predictmethod, which can be used to predict commute times
given a departure_hour and day_of_month.

# What if I leave at 9:15AM on the 26th of the month?
# To supress the warning below, we should convert X and y to numpy arrays before calling

.fit.↩→
model_multiple.predict([[9.25, 26]])

/Users/surajrampure/miniforge3/envs/pds/lib/python3.10/site
-packages/sklearn/base.py:493: UserWarning:↩→

X does not have valid feature names, but LinearRegression was fitted with feature names

array([67.25789852])

model_multiple.predict(pd.DataFrame({'departure_hour': [9.25], 'day_of_month': [26]}))

array([67.25789852])

ComparingModels. While it’s not difficult to implement ourselves, sklearnhas a built-in mean_squared_error
function.

from sklearn.metrics import mean_squared_error
mean_squared_error(commutes_full['minutes'],

model_multiple.predict(commutes_full[['departure_hour', 'day_of_month']]))↩→
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96.78730488437492

So, the mean squared error of our plane of best fit is 96.78 minutes2.
Throughout this section, we’ll fit various different models to the commute times dataset, and it’ll
be useful to keep track of their mean squared errors in one place. I’ll do so in a Python dictionary.
(I’m intentionally showing you more code than I typically have, so you have some sense of how to
do this all yourself – I hope you don’t mind!)

mse_dict = {}

# Multiple linear regression model.
mse_dict['departure_hour + day_of_month'] = mean_squared_error(commutes_full['minutes'],

model_multiple.predict(commutes_full[['departure_hour', 'day_of_month']]))↩→

# Simple linear regression model.
model_simple = LinearRegression()
model_simple.fit(X=commutes_full[['departure_hour']], y=commutes_full['minutes'])
mse_dict['departure_hour'] = mean_squared_error(commutes_full['minutes'],

model_simple.predict(commutes_full[['departure_hour']]))↩→

# Constant model.
model_constant = commutes_full['minutes'].mean()
mse_dict['constant'] = mean_squared_error(commutes_full['minutes'],

np.ones(commutes_full.shape[0]) * model_constant)↩→

mse_dict

{'departure_hour + day_of_month': 96.78730488437492,
'departure_hour': 97.04687150819183,
'constant': 167.535147928994}

As you can see, adding day_of_month barely reduced our model’s mean squared error, which
matches our intuition that knowing whether it’s the 15th or 19th or 3rd of the month doesn’t seem
like it would be helpful in predicting commute time. The activity below has you think about why
the mean squared error still did decrease, and whether this is always the case.

Activity 1

Activity 1

Recall, training data is the data that we use to fit/train/create the model. Test data refers to
any other data that we might use to evaluate the model’s performance.

1. As we add more features, the mean squared error of a model’s predictions on the train-
ing data will never increase. Why?

2. Could a model’s mean squared error on test data increase as we add more features?
When would it?



Chapter 7. Regression using Linear Algebra 376

Feature Engineering
So far, we’ve limited ourselves to using departure_hour and day_of_month, two features that al-
ready came to us in the dataset. In practice, we’ll often need to engineer features, which means
creating new features from existing ones, or “transforming” raw data into good features. Wemight
do this to improve model performance, for example, in case the relationship between the features
and output variable isn’t truly linear, or maybe even to enable the use of categorical features.

Example: One Hot Encoding. Suppose we’d like to use the day column from commutes_full as
a feature.

commutes_full[['departure_hour', 'day', 'day_of_month']].head()

departure_hour day day_of_month
0 10.816667 Mon 15
1 7.750000 Tue 16
2 8.450000 Mon 22
3 7.133333 Tue 23
4 9.150000 Tue 30

One naive approach would be to convert each day value to a number, e.g. "Mon" is 1, "Tue" is 2,
"Wed" is 3, etc. The reason this is a bad idea is that this approach implies thatMonday is somehow
“less than” Tuesday and should impact our model’s predictions less than Tuesday (remember that
this column will be multiplied by a parameter in order to make predictions). This is what’s called
an ordinal encoding, and these only make sense when the features have some inherent order that
is meaningful to the prediction problem.
Instead, we’ll perform one hot encoding, which turns a categorical feature into several binary
features: one per unique value of the categorical feature.

Since day has 5 unique values, we’ll need to create 5 new binary features.
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# pandas Series have a value_counts method, which describes the frequency of each unique
value in the Series.↩→

commutes_full['day'].value_counts()

day
Tue 25
Mon 20
Thu 15
Wed 3
Fri 2
Name: count, dtype: int64

Suppose we want to build a model that predicts minutes using departure_hour, day_of_month,
and one hot encoded day. That model would have 1+1+5 = 7 features, so its design matrix would
have 7 + 1 = 8 columns!

1 departure_hourday_of_monthday ==
Mon

day ==
Tue

day ==
Wed

day ==
Thu

day ==
Fri

0 1 10.816667 15 1 0 0 0 0
1 1 7.750000 16 0 1 0 0 0
2 1 8.450000 22 1 0 0 0 0
3 1 7.133333 23 0 1 0 0 0
4 1 9.150000 30 0 1 0 0 0

The actual process of one hot encoding can bedone efficiently using sklearn.preprocessing.OneHotEncoder.
You’ll see how to use this in a homework assignment.
Note that while it looks like the day == Wed, day == Thu, and day == Fri columns are all 0’s,
this is just because therewere noWednesday, Thursday, or Friday values in the first five rows of the
dataset. Somewhere later on in the dataset, there were rows with Wednesday, Thursday, or Friday
values, and so those columns have non-zero values later on. If there were never any Wednesday,
Thursday, or Friday values, then we wouldn’t make those columns in the first place (just like we
never made a Saturday column, or a Zebra column, etc.).
Question: What is the rank of the design matrix, whose first five rows are shown above?
You might notice that among the 5 binary columns, in a particular row, exactly one of them is 1,
and the other 4 are 0. This means that if we sum together the 5 binary columns, we’ll get a column
of 1’s – which is already the first column in our design matrix!
Thismeans that, by default, whenweperformone hot encoding, the designmatrix doesn’t have full
rank. This doesn’t stop us from projecting ®𝑦 onto colsp(𝑋), but it doesmean that there are infinitely
many possible optimal parameters ®𝑤∗. Again, all of these would give us the same predictions and
same mean squared error, but it’s annoying to have to deal with this setting.

np.linalg.matrix_rank(X_for_ohe) # Not 8!

7

X_for_ohe['day == Mon'] + X_for_ohe['day == Tue'] + X_for_ohe['day == Wed'] +
X_for_ohe['day == Thu'] + X_for_ohe['day == Fri']↩→
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0 1
1 1
2 1
3 1
4 1

..
60 1
61 1
62 1
63 1
64 1
Length: 65, dtype: int64

So, a common solution when performing one hot encoding is to drop one of the binary columns.
This doesn’t change the information conveyed by the other features, and doesn’t change colsp(𝑋),
which is what matters for the quality of the model’s predictions. And intuitively, even if we don’t
have the value of day == Fri, we know it’s Friday if day == Mon, day == Tue, day == Wed, and
day == Thu are all 0.
Now that we’ve converted day to a numerical variable, we can use it as input in a regression model.
Here’s the model we’ll try to fit:

pred. commute time𝑖 = 𝑤0 + 𝑤1 · departure hour𝑖
+ 𝑤2 · day of month𝑖
+ 𝑤3 · day𝑖 == Mon
+ 𝑤4 · day𝑖 == Tue
+ 𝑤5 · day𝑖 == Wed
+ 𝑤6 · day𝑖 == Thu

This model has 6 features (1 + 1 + 4) and hence 7 parameters. Its design matrix is 𝑛 × 7.

X_for_ohe = for_ohe[['1', 'departure_hour', 'day_of_month', 'day == Mon', 'day == Tue',
'day == Wed', 'day == Thu']]↩→

X_for_ohe.head()

1 departure_hourday_of_monthday ==
Mon

day ==
Tue

day ==
Wed

day ==
Thu

0 1 10.816667 15 1 0 0 0
1 1 7.750000 16 0 1 0 0
2 1 8.450000 22 1 0 0 0
3 1 7.133333 23 0 1 0 0
4 1 9.150000 30 0 1 0 0

Notice that below, I’ve set fit_intercept=False, because I manually added a column of 1’s to the
design matrix, so I don’t need sklearn to add another one.
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model_with_ohe = LinearRegression(fit_intercept=False)
model_with_ohe.fit(X=X_for_ohe, y=commutes_full['minutes'])

LinearRegression(fit_intercept=False)

In a Jupyter environment, please rerun this cell to show the HTML representation or trust the
notebook.
On GitHub, the HTML representation is unable to render, please try loading this page with
nbviewer.org.
[x] LinearRegression?Documentation for LinearRegressioniFitted

LinearRegression(fit_intercept=False)

model_with_ohe.coef_

array([ 1.34043066e+02, -8.41714813e+00, -2.52657944e -02, 5.09024617e+00,
1.63763100e+01, 5.11983892e+00, 1.14972088e+01])

So, our linear model to predict commute time given departure_hour, day_of_month, and day
(Mon, Tue, Wed, or Thu) is:

pred. commute time𝑖 = 134 − 8.42 · departure hour𝑖
− 0.03 · day of month𝑖
+ 5.09 · day𝑖 == Mon
+ 16.38 · day𝑖 == Tue
+ 5.12 · day𝑖 == Wed
+ 11.5 · day𝑖 == Thu

While this model has 6 features, and thus requires 7 dimensions to graph, it’s really a collection of
five parallel planes in 3D, all with slightly different 𝑧-intercepts! Remember that day𝑖 == Mon,
day𝑖 == Tue, etc. aren’t all free variables: if one of them is 1, the others must be 0. There are 5 cases
to consider, and each one corresponds to one of these 5 parallel planes. You’re exploring this idea
in Homework 7, Question 3.
If we do want to visualze the model in R2, we need to pick a single feature to place on the 𝑥-axis.

https://scikit-learn.org/1.5/modules/generated/sklearn.linear_model.LinearRegression.html
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Despite being a linear model, this model doesn’t look like a straight line, since it’s linear in terms
of all 6 features, but when you project it into 2D, it no longer appears linear.
How does this new model compare to our previous models?

mse_dict['departure_hour + day_of_month + day'] = mean_squared_error(
commutes_full['minutes'],
model_with_ohe.predict(X_for_ohe)

)

mse_dict

{'departure_hour + day_of_month': 96.78730488437492,
'departure_hour': 97.04687150819183,
'constant': 167.535147928994,
'departure_hour + day_of_month + day': 70.21791287461917}

Note that adding the day of theweek decreased ourmodel’s mean squared error significantly: this
one hot encoded model is our best yet.

Activity 2

Activity 2

Suppose we use the code below to build a multiple linear regression model to predict the
width of a fish, given its height and weight.

model = LinearRegression()
model.fit(X, y)

# Used in the answer choices below.
ws = np.append(model.intercept_, model.coef_)
preds = model.predict(X)
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squares = X.shape[0] * mean_squared_error(y, preds)

Assume that:

• 𝑋 and X refer to the full rank 𝑛 × 3 design matrix used to fit the model.

• ®𝑦 and y refer to the obdservation vector.

• ®𝑤∗ refers to the optimal parameter vector found by sklearn.

In each column of the grid below, select all mathematical expressions that have the same
value as the expression provided in the column header. Some rows may end up empty, but
every column should have at least one expression picked. Assume that 0 and ®0 are the same
for the purposes of this question.

preds ws squares np.sum(y - preds)
0

‖ ®𝑦 − 𝑋 ®𝑤∗‖2
𝑋𝑇𝑋 ®𝑤∗ − 𝑋𝑇 ®𝑦
®1𝑇( ®𝑦 − 𝑋 ®𝑤∗)
(𝑋𝑇𝑋)−1𝑋𝑇 ®𝑦
𝑋(𝑋𝑇𝑋)−1𝑋𝑇 ®𝑦
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Solution

preds ws squares np.sum(y - preds)
0 ×
‖ ®𝑦 − 𝑋 ®𝑤∗‖2 ×
𝑋𝑇𝑋 ®𝑤∗ − 𝑋𝑇 ®𝑦 ×
®1𝑇( ®𝑦 − 𝑋 ®𝑤∗) ×
(𝑋𝑇𝑋)−1𝑋𝑇 ®𝑦 ×
𝑋(𝑋𝑇𝑋)−1𝑋𝑇 ®𝑦 ×

Let’s look at each column one by one.

• preds, in math, is a vector of predicted values, ®𝑝 = 𝑋 ®𝑤∗. Since 𝑋’s columns
are linearly independent, ®𝑤∗ is the unique vector ®𝑤∗ = (𝑋𝑇𝑋)−1𝑋𝑇 ®𝑦, and so
®𝑝 = 𝑋(𝑋𝑇𝑋)−1𝑋𝑇 ®𝑦.

• ws is (𝑋𝑇𝑋)−1𝑋𝑇 ®𝑦, as discussed above.

• squares is the mean squared error of the predictions, multiplied by 𝑛 (i.e. it’s the
sum of squared errors). Mean squared error is 1

𝑛 ‖ ®𝑦 − 𝑋 ®𝑤∗‖2, so squares is ‖ ®𝑦 −
𝑋 ®𝑤∗‖2.

• np.sum(y - preds) is the sum of the components in ®𝑦 −𝑋 ®𝑤∗, which we know is 0.
This is because:

– 𝑋 contains a column of 1’s, and
– the error vector ®𝑒 = ®𝑦 − 𝑋 ®𝑤∗ must be orthogonal to each of 𝑋’s columns, so

– ®𝑒 ·

1
...
1

 = 0, so

– 𝑒1 + 𝑒2 + . . . + 𝑒𝑛 = 0. This was introduced in Chapter 6.3 and revisited in
Chapter 7.1.

So, any other expression on the left that is equal to 0 (or ®0) should be selected.

– 0, the first row, should be seleccted.
– 𝑋𝑇𝑋 ®𝑤∗ − 𝑋𝑇 ®𝑦 is equal to ®0, since ®𝑤∗ satisfies the normal equations, 𝑋𝑇𝑋 ®𝑤∗ =
𝑋𝑇 ®𝑦.

– ®1𝑇( ®𝑦 − 𝑋 ®𝑤∗) is equal to 0, using the logic above.

Example: Numerical Transformations. Another common step in feature engineering is to pro-
duce new numerical features out of existing ones.
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departure_hour day day_of_month
0 10.816667 Mon 15
1 7.750000 Tue 16
2 8.450000 Mon 22
3 7.133333 Tue 23
4 9.150000 Tue 30

As an example, I could fit a degree 2 polynomial model

ℎ(𝑥𝑖) = 𝑤0 + 𝑤1𝑥𝑖 + 𝑤2𝑥2𝑖

by producing the design matrix

𝑋 =


1 𝑥1 𝑥21
1 𝑥2 𝑥22
...

...
...

1 𝑥𝑛 𝑥2𝑛


Below, we’ll apply this thinking to the departure_hour feature. We’ll create these features manu-
ally, though in homework assignments you’ll see how to do this easily and more efficiently using
sklearn.preprocessing.PolynomialFeatures.

X_for_quadratic = commutes_full[['departure_hour']].copy()
X_for_quadratic['departure_hour^2'] = X_for_quadratic['departure_hour'] ** 2

model_quadratic = LinearRegression()
model_quadratic.fit(X=X_for_quadratic, y=commutes_full['minutes'])
model_quadratic.intercept_, model_quadratic.coef_

(351.324480895268, array([ -57.14500476, 2.8270457 ]))

This tells us that the best-fitting quadratic model is

ℎ(𝑥𝑖) = 351.32 − 57.14 · departure hour𝑖 + 2.83 · (departure hour𝑖)2.

which looks like:
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This is a linear model, even though the features themselves are made up of non-linear functions.
If we treat 𝑥𝑖 and 𝑥2𝑖 as two separate features, then each data point lives in R3 with coordinates

(𝑥𝑖 , 𝑥2𝑖 , 𝑦𝑖)

In that feature space, the model is

predicted commute𝑖 = 𝑤0 + 𝑤1 · departure hour𝑖︸               ︷︷               ︸
feature 1

+𝑤2 · (departure hour𝑖)2︸                  ︷︷                  ︸
feature 2

so the predictions lie on a plane. It only looks curved when we project back down to the usual 2D
plot of departure_hour versus minutes, because the points we draw must satisfy the relationship
𝑥2𝑖 = (𝑥𝑖)2.
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We could follow the same idea to fit a degree 3 polynomial model, or a degree 4 polynomial model,
or a degree 5 polynomial model, and so on. Just to try this one more time, let’s fit a degree 3 model.

X_for_cubic = commutes_full[['departure_hour']].copy()
X_for_cubic['departure_hour^2'] = X_for_cubic['departure_hour'] ** 2
X_for_cubic['departure_hour^3'] = X_for_cubic['departure_hour'] ** 3

model_cubic = LinearRegression()
model_cubic.fit(X=X_for_cubic, y=commutes_full['minutes'])
model_cubic.intercept_, model_cubic.coef_

(816.0936290109973, array([ -227.63718864, 23.33213694, -0.80864398]))
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Overfitting. Is thismodelbetter than the simple linear regressionmodel or quadraticmodel from
earlier?

75.27, themean squared error of the cubicmodel, is lower than the simple linear regressionmodel’s
mean squared error of 97.04 (but worse than we got when one hot encoding day) and lower than
the quadratic model’s mean squared error of 75.32.
Keep in mind that adding complex features doesn’t always equate to a “better model”, even if it
lowers the mean squared error on the training data. To illustrate what I mean, what if we fit a
degree 10 polynomial to the data?

Without computing it, we can tell this model’s mean squared error is lower than that of the simple
linear, quadratic, or cubic models, since it passes closer to the training data. But, this model is
overfit to the training data. Remember, our eventual goal is to build models that generalize well
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to new data, and it seems unlikely that this degree 10 polynomial reflects the true relationship
between departure hour and commute time in nature.
The question, then, is how to choose the right model, e.g. how to choose the right polynomial
degree, if we’re committed to making polynomial features. The solution is to intentionally split
our data into training data and test data, and use only the training data to pick the features we’d
like to include (e.g. polynomial degree). Then, we pick the combination of features that performed
best on the test data, since that combination of features seems most likely to generalize well on
unseen data. You’ll explore this paradigm in homework assignments.
In the above examples, I created polynomial features out of departure_hour only, but there’s noth-
ing stopping me from creating features out of day_of_month too, or out of both of them simultane-
ously. A perfectly valid model is

pred. commute time𝑖 = 𝑤0 + 𝑤1 · departure hour𝑖 + 𝑤2 · (departure hour𝑖 · dom𝑖) + 𝑤3 · log(dom𝑖)

which, using our more generic syntax, would look like

ℎ(®𝑥𝑖) = 𝑤0 + 𝑤1𝑥
(1)
𝑖 + 𝑤2

(
𝑥(1)𝑖 𝑥(2)𝑖

)
+ 𝑤3 log(𝑥(2)𝑖 )

You may wonder, how do I know which features to create? Through a variety of techniques:

• Domain knowledge

• Trial and error

• By visualizing the data

In the polynomial examples above, the data didn’t particularly look like it was quadratic or cubic,
so a linearmodel sufficed. But if we’re given a dataset that clearly has some non-linear relationship,
visualization can help us identify what features might improve model performance.
As the dimensionality of our data increases, though, visualization becomes less possible. (How do
we visualize a dataset with 100 features?) Strategies for reducing the dimensionality of our data
will be explored in Chapter 10.

Linear in the Parameters. What is the extent to which I can use linear regression to fit a model?
As long as a model can be expressed in the form

ℎ(®𝑥𝑖) = ®𝑤 · Aug(®𝑥𝑖)

for some parameter vector ®𝑤 and some feature vector ®𝑥𝑖 , then it can be fit using linear regression
(i.e. by creating a design matrix 𝑋 and finding ®𝑤∗ by solving the normal equations). We say such
a model is linear in the parameters. The choice of features to include in ®𝑥𝑖 is up to us.
For example,

• If 𝑥𝑖 is a scalar, then



Chapter 7. Regression using Linear Algebra 388

ℎ(𝑥𝑖) = 𝑤0 + 𝑤1𝑥𝑖 + 𝑤2 cos(𝑥𝑖) + 𝑤3𝑒𝑥𝑖 = ®𝑤 ·


1
𝑥𝑖

cos(𝑥𝑖)
𝑒𝑥𝑖


is linear in the parameters. It would be linear in the parameters even if the 𝑤0 term wasn’t
there; then, we wouldn’t need to augment ®𝑥𝑖 with a 1.

• If 𝑥(1)𝑖 and 𝑥(2)𝑖 are scalars (e.g. height and weight), then

ℎ(®𝑥𝑖) = 𝑤0 + 𝑤1𝑥
(1)
𝑖 + 𝑤2𝑥

(2)
𝑖 + 𝑤3𝑥

(1)
𝑖 𝑥(2)𝑖 + 𝑤4

𝑒𝑥
(1)
𝑖

𝑥(2)𝑖
= ®𝑤 ·



1

𝑥(1)𝑖
𝑥(2)𝑖

𝑥(1)𝑖 𝑥(2)𝑖
𝑒𝑥

(1)
𝑖

𝑥(2)𝑖


is linear in the parameters.

• If 𝑥𝑖 is a scalar, then

ℎ(𝑥𝑖) = 𝑤0 + 𝑤1 cos(𝑥𝑖) + sin(𝑤2𝑥𝑖)

is not linear in the parameters, because 𝑤2 is within the sin function. This model can’t be
written as ®𝑤 · Aug(®𝑥𝑖) for any choice of ®𝑥𝑖 .
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8.1. The Gradient Vector
The big theme in our course so far has been the three-step modeling recipe, of choosing a model,
choosing a loss function, and then minimizing empirical risk (i.e. average loss) to find optimal
model parameters.
InChapter 2.3, we used calculus to find the slope𝑤∗

1 and intercept𝑤∗
0 thatminimizedmean squared

error,

𝑅sq(𝑤0 , 𝑤1) = 1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − (𝑤0 + 𝑤1𝑥𝑖))2

by computing 𝜕𝑅sq
𝜕𝑤0

(the partial derivative with respect to 𝑤0)
𝜕𝑅sq
𝜕𝑤1

, setting both to zero, and solving
the resulting system of equations.
Then, in Chapters 7.1 and 7.2, we focused on the multiple linear regression model and the squared
loss function, which saw us minimize

𝑅sq( ®𝑤) = 1

𝑛
‖ ®𝑦 − 𝑋 ®𝑤‖2 = 1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − ®𝑤 · Aug(®𝑥𝑖))2

where 𝑋 is the 𝑛 × (𝑑 + 1) design matrix, ®𝑦 ∈ R𝑛 is the observation vector, and ®𝑤 ∈ R𝑑+1 is the
parameter vector we’re trying to pick. In Chapter 6.3, we minimized 𝑅sq( ®𝑤) by arguing that the
optimal ®𝑤∗ had to create an error vector, ®𝑒 = ®𝑦 − 𝑋 ®𝑤∗, that was orthogonal to colsp(𝑋), which led
us to the normal equations.
It turns out that there’s a way to use our calculus-based approach from Chapter 2.3 to minimize
the more general version of 𝑅sq for any 𝑑, that doesn’t involve computing 𝑑 partial derivatives. To
see how this works, we need to define a new object, the gradient vector, which we’ll do here in
Chapter 8.1. After we’re familiar with how the gradient vector works, we’ll use it to build a new
approach to function minimization, one that works even when there isn’t a closed-form solution
for the optimal parameters: that technique is called gradient descent, which we’ll see in Chapter
8.3.

Domain and Codomain
As we saw in Chapter 6.2 when we first introduced the concept of the inverse of a matrix, the
notation

𝑓 : R𝑑 → R𝑛

means that 𝑓 is a function whose inputs are vectors with 𝑑 components and whose outputs are
vectors with 𝑛 components. R𝑑 is the domain of the function, and R𝑛 is the codomain. I’ve used 𝑑
and 𝑛 to match the notation we’ve used for matrices and linear transformations. In general, if 𝐴 is
an 𝑛 × 𝑑 matrix, then any vector ®𝑥 multiplied by 𝐴 (on the right) must be in R𝑑 and the result 𝐴®𝑥
will be in R𝑛 .
Given this framing, consider the following four types of functions.
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Type Domain and Codomain Examples
Scalar-to-scalar 𝑓 : R → R 𝑓 (𝑥) = 𝑥2 + sin(𝑥)

𝑅sq(𝑤) = 1
𝑛

∑𝑛
𝑖=1(𝑦𝑖 − 𝑤)2

Vector-to-scalar 𝑓 : R𝑑 → R 𝑓 (®𝑥) = ®𝑥𝑇 ®𝑥
𝑓 (®𝑥) = (𝑥1−1)2+(𝑥1− 𝑥2)2+3
𝑅sq( ®𝑤) = 1

𝑛 ‖ ®𝑦 − 𝑋 ®𝑤‖2

Scalar-to-vector 𝑓 : R → R𝑛 𝑓 (𝑥) =

1
2
1

 + 𝑥

3
0
−4

︸         ︷︷         ︸
parametric form of a line

𝑓 (𝑥) =
[
𝑥2 + 𝑒𝑥
−3

]
Vector-to-vector 𝑓 : R𝑑 → R𝑛 𝑓 (®𝑥) =


3 4
2 0
0 1

 ®𝑥︸             ︷︷             ︸
linear transformation

𝑓 (®𝑥) =

𝑥21 + 𝑥1𝑥2 + cos(𝑥41)

3𝑥1𝑥2 + 4
5𝑥1
𝑥2/𝑥3


The first two types of functions are “scalar-valued”, while the latter two are “vector-valued”. These
are not the only types of functions that exist; for instance, the function 𝑓 (𝐴) = rank(𝐴) is a matrix-
to-scalar function.
The type of function we’re most concerned with at the moment are vector-to-scalar functions, i.e.
functions that take in a vector (or equivalently, multiple scalar inputs) and output a single scalar.

𝑅sq( ®𝑤) = 1

𝑛
‖ ®𝑦 − 𝑋 ®𝑤‖2

is one such function, and it’s the focus of this section.

Rates of Change
Let’s think from the perspectives of rates of change, since ultimately what we’re building towards
is a technique for minimizing functions. We’re most familiar with the concept of rates of change
for scalar-to-scalar functions.
If

𝑓 (𝑥) = 𝑥2 sin(𝑥)

then its derivative,
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d 𝑓
d𝑥 = 2𝑥 sin(𝑥) + 𝑥2 cos(𝑥)

itself is a scalar-to-scalar function, which describes how quickly 𝑓 is changing at any point 𝑥 in the
domain of 𝑓 . At 𝑥 = 3, for instance, the instantaneous rate of change is

d 𝑓
d𝑥 (3) = 2 · 3 sin(3) + 32 cos(3) ≈ −8.06

meaning that at 𝑥 = 3, 𝑓 is decreasing at a rate of (approximately) 8.06 per unit change in 𝑥. Perhaps
a more intuitive way of thinking about the instantaneous rate of change is to think of it as the slope
of the tangent line to 𝑓 at 𝑥 = 3.

The steeper the slope, the faster 𝑓 is changing at that point; the sign of the slope tells us whether 𝑓
is increasing or decreasing at that point.
In Chapter 2.3, we saw how to compute derivatives of functions that take in multiple scalar inputs,
like

𝑓 (𝑥, 𝑦, 𝑧) = 𝑥2 + 2𝑥𝑦 + 3𝑥𝑧 + 4(𝑦 − 𝑧)2

In the language of Chapter 8.1, we’d call such a function a vector-to-scalar function, andmight use
the notation

𝑓 (®𝑥) = 𝑥21 + 2𝑥1𝑥2 + 3𝑥1𝑥3 + 4(𝑥2 − 𝑥3)2

This function has threepartial derivatives, each ofwhichdescribes the instantaneous rate of change
of 𝑓 with respect to one of its inputs, while holding the other two inputs constant. There’s a good
animation of what it means to hold an input constant in Chapter 2.2 that is worth revisiting.
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Here,

𝜕 𝑓
𝜕𝑥1

= 2𝑥1 + 2𝑥2 + 3𝑥3 ,
𝜕 𝑓
𝜕𝑥2

= 2𝑥1 + 8𝑥2 − 8𝑥3 ,
𝜕 𝑓
𝜕𝑥3

= 3𝑥1 − 8𝑥2 + 8𝑥3

The big idea of this section, the gradient vector, packages all of these partial derivatives into a
single vector. This will allow us to think about the direction in which 𝑓 is changing, rather than
just looking at its rates of change in each dimension independently.

The Gradient Vector

Definition: Gradient Vector

Suppose 𝑓 : R𝑑 → R is a vector-to-scalar function. The gradient vector of 𝑓 , denoted ∇ 𝑓 (®𝑥),
is the vector in R𝑑 of partial derivatives of 𝑓 :

∇ 𝑓 (®𝑥) =



𝜕 𝑓
𝜕𝑥1
𝜕 𝑓
𝜕𝑥2
...
𝜕 𝑓
𝜕𝑥𝑑


∇ 𝑓 (®𝑥) itself is a vector-to-vector function; it takes in a vector ®𝑥 ∈ R𝑑 and outputs a new vector
inR𝑑, describing the rates of change of 𝑓 along each dimension. The gradient, when evaluated
at a point ®𝑥0 describes the direction of steepest ascent of 𝑓 at ®𝑥0, i.e. the direction in which 𝑓
is increasing most quickly.

Let’s start with a straightforward example where the partial derivatives are easy to compute. Let

𝑓 (®𝑥) = 𝑥21 + 𝑥22 − 3𝑥1𝑥2

Then

𝜕 𝑓
𝜕𝑥1

= 2𝑥1 − 3𝑥2 ,
𝜕 𝑓
𝜕𝑥2

= 2𝑥2 − 3𝑥1

so

∇ 𝑓 (®𝑥) =
[
2𝑥1 − 3𝑥2
2𝑥2 − 3𝑥1

]
If we evaluate the gradient at ®𝑥 =

[
2
1

]
, we get

∇ 𝑓
( [
2
1

] )
=

[
2(2) − 3(1)
2(1) − 3(2)

]
=

[
1
−4

]



Chapter 8. Gradients 394

What does the fact that ∇ 𝑓
( [
2
1

] )
=

[
1
−4

]
tell us? It tells us that the direction of steepest ascent of 𝑓

at
[
2
1

]
is

[
1
−4

]
. To put this into context, let’s consider another example.

Visualizing the Gradient Vector
Let’s look at another example and use it to understand what the gradient of a function tells us
visually.
Suppose ®𝑥 ∈ R2, and let

𝑓 (®𝑥) = 𝑥1𝑒−𝑥
2
1−𝑥22

To find ∇ 𝑓 (®𝑥), we need to compute the partial derivatives of 𝑓 with respect to each component of
®𝑥. The “input variables” to 𝑓 are 𝑥1 and 𝑥2, so we need to compute 𝜕 𝑓

𝜕𝑥1
and 𝜕 𝑓

𝜕𝑥2
, but if you’d like,

replace 𝑥1 and 𝑥2 with 𝑥 and 𝑦 if it makes the algebra a little cleaner, and then replace 𝑥 and 𝑦 with
𝑥1 and 𝑥2 at the end.

𝑓 (®𝑥) = 𝑥1𝑒−𝑥
2
1−𝑥22
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𝜕 𝑓
𝜕𝑥1

=
𝜕

𝜕𝑥1

(
𝑥1𝑒−𝑥

2
1−𝑥22

)
= 1 · 𝑒−𝑥21−𝑥22 + 𝑥1 · 𝑒−𝑥21−𝑥22 · (−2𝑥1)︸                                    ︷︷                                    ︸

product rule

= (1 − 2𝑥21)𝑒−𝑥
2
1−𝑥22

𝜕 𝑓
𝜕𝑥2

=
𝜕

𝜕𝑥2

(
𝑥1𝑒−𝑥

2
1−𝑥22

)
= 𝑥1 · 𝑒−𝑥21−𝑥22 · (−2𝑥2)︸                   ︷︷                   ︸

chain rule

= −2𝑥1𝑥2𝑒−𝑥21−𝑥22

Putting these together, we have

∇ 𝑓 (®𝑥) =
[(1 − 2𝑥21)𝑒−𝑥

2
1−𝑥22

−2𝑥1𝑥2𝑒−𝑥21−𝑥22
]

Remember, ∇ 𝑓 (®𝑥) itself is a function. If we plug in a value of ®𝑥, we get a new vector back.

∇ 𝑓
( [−1

0

] )
=

[(1 − 2(−1)2)𝑒−(−1)2−02
−2(−1)(0)𝑒−(−1)2−02

]
=

[−1/𝑒
0

]
What does ∇ 𝑓

( [−1
0

] )
=

[−1/𝑒
0

]
really tell us? In order to visualize it, let me introduce another way

of visualizing 𝑓 , called a contour plot.

I think of the contour plot as a bird’s-eye view of 𝑓 when you look at the surface from above. Notice
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the correspondence between the colors in both graphs.
The circle-like traces in the contour plot are called level curves; they represent slices through the
surface at a constant height. On the right, the circle labeled 0.1 represents the set of points where
𝑓 (𝑥1 , 𝑥2) = 0.1.

Visualizing the fact that ∇ 𝑓
( [−1

0

] )
=

[−1/𝑒
0

]
is easier to do in the contour plot, since the contour

plot is 2-dimensional, like the gradient vector is. Remember that red values are high and blue
values are low.

At the point
[−1
0

]
, which is at the tail of the vector drawn in gold, 𝑓 is near the global minimum,

meaning there are lots of directions in which we canmove to increase 𝑓 . But, the gradient vector at

this point is
[−1/𝑒

0

]
, which points in the direction of steepest ascent starting at

[−1
0

]
. The gradient

describes the “quickest way up”.

As another example, consider the fact that ∇ 𝑓
( [
1.25
−0.5

] )
≈

[−0.347
0.204

]
.
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Again, the gradient at
[
1.25
−0.5

]
gives us the direction in which 𝑓 is increasing the quickest at that

very point. If we move even a little bit in any direction (in the direction of the gradient or some
other direction), the gradient will change.
One way to see this more globally is to draw many gradient vectors at once, forming a gradient
field.
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Each arrow in this gradient field shows the gradient vector at a different point, and the arrow
lengths are proportional to the magnitude of the gradient there. Longer arrows indicate places
where 𝑓 increases more steeply, while shorter arrows indicate places where the rate of increase is
smaller. Note that the arrows don’t necessarily all point to the “top” of the function, located at[√

2
2
0

]
≈

[
0.707
0

]
– instead, they point in the direction of steepest ascent at each point.

At the two critical points
[
−

√
2
2
0

]
and

[√
2
2
0

]
, the gradient really is

[
0
0

]
, so those locations are shown

as points instead of arrows.
As you might guess, to find the critical points of a function - that is, places where it is neither
increasing nor decreasing - we need to find points where the gradient is zero. Hold that thought.
In our course, most of the functions we’ll work with won’t be defined in terms of the individual
components of the input vector ®𝑥, like in the case of 𝑓 (®𝑥) = 𝑥21 + 𝑥22 − 3𝑥1𝑥2. Instead, they’ll be
defined in terms of matrix-vector operations, like 𝑓 (®𝑥) = ®𝑥𝑇𝐴®𝑥. Chapter 8.2 explores how to
compute gradients of functions like this.
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8.2. Gradients of Matrix-Vector Operations
More typically, the functions we’ll need to take the gradient of will themselves be defined in terms
ofmatrix and vector operations. In all of these examples, remember that we’reworkingwith vector-
to-scalar functions.

The Big Three Rules

Example: Dot Product. Let ®𝑎 ∈ R𝑑 be some fixed vector (the equivalent of a constant in this
context). Let’s find the gradient of

𝑓 (®𝑥) = ®𝑎 · ®𝑥

I find it helpful to think about 𝑓 (®𝑥) in its expanded form,

𝑓 (®𝑥) = ®𝑎 · ®𝑥 = 𝑎1𝑥1 + 𝑎2𝑥2 + · · · + 𝑎𝑑𝑥𝑑

Remember, ∇ 𝑓 (®𝑥) contains all of the partial derivatives of 𝑓 , which we now need to compute.

• What is 𝜕 𝑓
𝜕𝑥1

? To me, that looks like 𝑎1, since the first term is 𝑎1𝑥1 and none of the other terms
involve 𝑥1.

• Similarly, 𝜕 𝑓
𝜕𝑥2

= 𝑎2.

• In general, 𝜕 𝑓
𝜕𝑥𝑖

= 𝑎𝑖 .

Putting these together, we get

∇ 𝑓 (®𝑥) =



𝜕 𝑓
𝜕𝑥1
𝜕 𝑓
𝜕𝑥2
...
𝜕 𝑓
𝜕𝑥𝑑


=


𝑎1
𝑎2
...
𝑎𝑑

 = ®𝑎

To visualize this, let ®𝑎 =
[
2
−3

]
. Then

𝑓 (®𝑥) = ®𝑎𝑇 ®𝑥 = 2𝑥1 − 3𝑥2

so the graph of 𝑓 is the plane 𝑧 = 2𝑥1 − 3𝑥2 in R3. The two arrows below show the gradient at two
different points on the plane. They point in the same direction because ∇ 𝑓 (®𝑥) = ®𝑎 everywhere, so
the direction of steepest ascent doesn’t change.
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Example: Norm and Chain Rule. Here’s an extremely important example that shows up every-
where in machine learning. Find the gradients of:

1. 𝑓 (®𝑥) = ‖ ®𝑥‖2
2. 𝑓 (®𝑥) = ‖ ®𝑥‖
Solution

1. As we did in the previous example, we can expand 𝑓 (®𝑥) = ‖ ®𝑥‖2 to get

𝑓 (®𝑥) = ®𝑥 · ®𝑥 = 𝑥21 + 𝑥22 + · · · + 𝑥2𝑑

For each 𝑖, 𝜕 𝑓
𝜕𝑥𝑖

= 2𝑥𝑖 . So,

∇ 𝑓 (®𝑥) =

2𝑥1
2𝑥2
...

2𝑥𝑑

 = 2®𝑥

Think of this as the equivalent of the “power rule” for vectors.

2. There are two ways to find the gradient of 𝑓 (®𝑥) = ‖ ®𝑥‖ : directly, or by using the chain
rule. It’s not immediately obvious how the chain rule should work here, so we’ll start
with the direct method and reason about how the chain rule may arise.
Direct method: Let’s start by expanding 𝑓 (®𝑥) = ‖ ®𝑥‖ like we did above.

𝑓 (®𝑥) =
√
®𝑥 · ®𝑥 = (®𝑥 · ®𝑥)1/2 = (𝑥21 + 𝑥22 + · · · + 𝑥2𝑑)1/2
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For each 𝑖, the (regular, scalar-to-scalar) chain rule tells us that

𝜕 𝑓
𝜕𝑥𝑖

=
1

2
(𝑥21 + 𝑥22 + · · · + 𝑥2𝑑)−1/2 · 2𝑥𝑖 =

𝑥𝑖√
𝑥21 + 𝑥22 + · · · + 𝑥2𝑛

=
𝑥𝑖
‖ ®𝑥‖

So,

∇ 𝑓 (®𝑥) =


𝑥1
‖ ®𝑥‖
𝑥2
‖ ®𝑥‖
...
𝑥𝑑
‖ ®𝑥‖


=

®𝑥
‖ ®𝑥‖

Chain rule method: Let me start by writing 𝑓 (®𝑥) in terms of a composition of two func-
tions.

𝑓 (®𝑥) = ‖ ®𝑥‖ =
√
‖ ®𝑥‖2 = ℎ(𝑔(®𝑥))

where 𝑔(®𝑥) = ‖ ®𝑥‖2 and ℎ(𝑥) = √
𝑥. Note that 𝑔 : R𝑑 → R is the vector-to-scalar function

we found the gradient of above, and ℎ : R → R is a scalar-to-scalar function.
Then, generalizing the calculation we did with the first method, we have a “chain rule”
for a function ℎ(𝑔(®𝑥)) (where ℎ is scalar-to-scalar and 𝑔 is vector-to-scalar):

∇ 𝑓 (®𝑥) =
(
dℎ
d𝑥 (𝑔(®𝑥))

)
︸        ︷︷        ︸

ℎ′(𝑔(®𝑥))

∇𝑔(®𝑥)

Remember that ℎ(𝑥) = √
𝑥, so dℎ

d𝑥 (𝑥) = 1
2
√
𝑥
and dℎ

d𝑥 (𝑔(®𝑥)) = 1

2
√
𝑔(®𝑥) =

1
2‖ ®𝑥‖ . This means

∇ 𝑓 (®𝑥) =
(
dℎ
d𝑥 (𝑔(®𝑥))

)
∇𝑔(®𝑥) =

(
1

2‖ ®𝑥‖
)
2®𝑥 =

®𝑥
‖ ®𝑥‖

which is what we found earlier. This chain rule is extremely powerful.

Chain Rule for Vector-to-Scalar Functions. To recap from the previous example, suppose 𝑓 (®𝑥) =
ℎ(𝑔(®𝑥)), where ℎ : R → R is a scalar-to-scalar function (meaning ℎ has a derivative) and 𝑔 : R𝑑 → R
is a vector-to-scalar function (meaning 𝑔 has a gradient). Then,

∇ 𝑓 (®𝑥) =
(
dℎ
d𝑥 (𝑔(®𝑥))

)
∇𝑔(®𝑥)

Example: Norm to an Exponent. Find the gradient of 𝑓 (®𝑥) = ‖ ®𝑥‖ 𝑝 , where 𝑝 is some real number.
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Solution

We can treat this as a composition of two functions, 𝑔(®𝑥) = ‖ ®𝑥‖ and ℎ(𝑥) = 𝑥𝑝 , and use the
chain rule introduced in the solution to the previous example.
dℎ
d𝑥 (𝑥) = 𝑝𝑥𝑝−1 and ∇𝑔(®𝑥) = ®𝑥

‖ ®𝑥‖ . Putting these together yields

∇ 𝑓 (®𝑥) =
(
dℎ
d𝑥 (𝑔(®𝑥))

)
∇𝑔(®𝑥)

= 𝑝 𝑔(®𝑥)𝑝−1 ®𝑥
‖ ®𝑥‖

= 𝑝 ‖ ®𝑥‖ 𝑝−1 ®𝑥
‖ ®𝑥‖

= 𝑝 ‖ ®𝑥‖ 𝑝−2 ®𝑥

Example: Log Sum Exp. If ®𝑥 ∈ R𝑑, we can define the log sum exp function as

𝑓 (®𝑥) = log

(
𝑑∑
𝑖=1

𝑒𝑥𝑖

)
What is ∇ 𝑓 (®𝑥)? (The answer is called the softmax function, and comes up all the time in machine
learning, when we want our models to output predicted probabilities in a classification problem.)

Solution

Let’s look at the partial derivatives with respect to each 𝑥𝑖 .

𝜕 𝑓
𝜕𝑥𝑖

=
𝜕

𝜕𝑥𝑖
©­«log ©­«

𝑑∑
𝑗=1

𝑒𝑥 𝑗ª®¬ª®¬ =

(
1∑𝑑

𝑗=1 𝑒
𝑥 𝑗

)
𝜕

𝜕𝑥𝑖
©­«

𝑑∑
𝑗=1

𝑒𝑥 𝑗ª®¬ =
𝑒𝑥𝑖∑𝑑
𝑗=1 𝑒

𝑥 𝑗

Then,

∇ 𝑓 (®𝑥) =



𝑒𝑥1∑𝑑
𝑗=1 𝑒

𝑥𝑗

𝑒𝑥2∑𝑑
𝑗=1 𝑒

𝑥𝑗

...
𝑒𝑥𝑛∑𝑑
𝑗=1 𝑒

𝑥𝑗


=

1∑𝑑
𝑗=1 𝑒

𝑥 𝑗


𝑒𝑥1

𝑒𝑥2
...
𝑒𝑥𝑑


There isn’t really a way to simplify the expression using matrix-vector operations, so I’ll leave
it as-is. Asmentioned above, the gradient we’re looking at is called the softmax function. The
softmax function maps R𝑑 → R𝑑, meaning it’s a vector-to-vector function.

Let’s suppose we have the matrix

3
5
−1

 . What does passing it through the softmax function

yield?
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softmax ©­«

3
5
−1

ª®¬ =
1

𝑒3 + 𝑒5 + 𝑒−1

𝑒3

𝑒5

𝑒−1

 ≈

0.119
0.879
0.0002


The output vector has the same number of elements as the input vector, but each element is
between 0 and 1, and the sum of elements is 1, meaning that we can interpret the outputted
vector as a probability distribution. Larger values in the output correspond to larger values in
the input, and almost all of the “mass” is concentrated at the maximum element of the input

vector (position 2), hence the name “soft” max. (The “hard” max might be

0
1
0

 in this case.)

Example: Quadratic Forms. Suppose 𝑥 ∈ R𝑛 and 𝐴 is an 𝑛 × 𝑛 matrix. The function

𝑓 (®𝑥) = ®𝑥𝑇𝐴®𝑥

is called a quadratic form, and its gradient is given by

∇ 𝑓 (®𝑥) = (𝐴 + 𝐴𝑇)®𝑥

We won’t directly cover the proof of this formula here; one place to find it is here. Instead, we’ll
focus our energy on understanding how it works, since it’s extremely important.

1. Let 𝐴 =

[
𝑎 𝑏
𝑐 𝑑

]
. Expand out 𝑓 (®𝑥) = ®𝑥𝑇𝐴®𝑥 and compute ∇ 𝑓 (®𝑥) directly by computing partial

derivatives, and verify that the result you get matches the formula above.

2. In quadratic forms, we typically assume that 𝐴 is symmetric, meaning that 𝐴 = 𝐴𝑇 . Why do
you think this assumption is made (what does it help with)?

• Hint: Let 𝐴 =

[
3 2
6 1

]
and 𝐵 =

[
3 4
4 1

]
. Compute ∇(®𝑥𝑇𝐴®𝑥) and ∇(®𝑥𝑇𝐵®𝑥).

3. If 𝐴 is any symmetric 𝑛 × 𝑛 matrix, what is ∇ 𝑓 (®𝑥)?
4. Suppose 𝐴 is symmetric and 𝑛 × 𝑛, ®𝑏 ∈ R𝑛 , and 𝑐 ∈ R. Find the gradient of

𝑓 (®𝑥) = ®𝑥𝑇𝐴®𝑥 + ®𝑏 · ®𝑥 + 𝑐

Solution

1. If 𝐴 =

[
𝑎 𝑏
𝑐 𝑑

]
, then

https://www.cs.ubc.ca/~schmidtm/Courses/Notes/linearQuadraticGradients.pdf
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𝑓 (®𝑥) = ®𝑥𝑇𝐴®𝑥
=

[
𝑥1 𝑥2

] [
𝑎 𝑏
𝑐 𝑑

] [
𝑥1
𝑥2

]
=

[
𝑥1 𝑥2

] [
𝑎𝑥1 + 𝑏𝑥2
𝑐𝑥1 + 𝑑𝑥2

]
= 𝑎𝑥21 + (𝑏 + 𝑐)𝑥1𝑥2 + 𝑑𝑥22

Then,

𝜕 𝑓
𝜕𝑥1

= 2𝑎𝑥1 + (𝑏 + 𝑐)𝑥2 , 𝜕 𝑓
𝜕𝑥2

= (𝑏 + 𝑐)𝑥1 + 2𝑑𝑥2

∇ 𝑓 (®𝑥) =
[
2𝑎𝑥1 + (𝑏 + 𝑐)𝑥2
(𝑏 + 𝑐)𝑥1 + 2𝑑𝑥2

]
=

[
2𝑎 𝑏 + 𝑐
𝑏 + 𝑐 2𝑑

] [
𝑥1
𝑥2

]
= (𝐴 + 𝐴𝑇)®𝑥

since 𝐴𝑇 =

[
𝑎 𝑐
𝑏 𝑑

]
, meaning 𝐴 + 𝐴𝑇 =

[
2𝑎 𝑏 + 𝑐
𝑏 + 𝑐 2𝑑

]
.

2. For a particular quadratic form, there are infinitely many choices of matrices 𝐴 that

represent it. To illustrate, let’s look at 𝐴 =

[
3 2
6 1

]
and 𝐵 =

[
3 4
4 1

]
as provided in the

hint.

®𝑥𝑇𝐴®𝑥 =
[
𝑥1 𝑥2

] [
3 2
6 1

] [
𝑥1
𝑥2

]
= 3𝑥21 + (2 + 6)𝑥1𝑥2 + 𝑥22

®𝑥𝑇𝐵®𝑥 =
[
𝑥1 𝑥2

] [
3 4
4 1

] [
𝑥1
𝑥2

]
= 3𝑥21 + (4 + 4)𝑥1𝑥2 + 𝑥22

Note that both ®𝑥𝑇𝐴®𝑥 and ®𝑥𝑇𝐵®𝑥 are equal to the expression 3𝑥21 + 8𝑥1𝑥2 + 𝑥22. In fact, any

matrix of the form
[
3 𝑏
𝑐 1

]
where 𝑏 + 𝑐 = 8 would produce the same quadratic form.

So, to avoid this issue of having infinitely many choices of the matrix 𝐴, we pick the
symmetric matrix 𝐴, where 𝐴 = 𝐴𝑇 . As we’re about to see, this choice of 𝐴 simplifies
the calculation of the gradient.

3. If 𝐴 is any symmetric 𝑛 × 𝑛 matrix, then 𝐴 = 𝐴𝑇 , and 𝐴 + 𝐴𝑇 = 2𝐴. So,

∇(®𝑥𝑇𝐴®𝑥) = (𝐴 + 𝐴𝑇)®𝑥 = 2𝐴®𝑥

This is also an important rule; don’t forget it.
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4. Think of 𝑓 (®𝑥) = ®𝑥𝑇𝐴®𝑥 + ®𝑏 · ®𝑥 + 𝑐 as the matrix-vector equivalent of a quadratic function,
𝑎𝑥2 + 𝑏𝑥 + 𝑐. The derivative of 𝑎𝑥2 + 𝑏𝑥 + 𝑐 is 2𝑎𝑥 + 𝑏. Check out what the gradient of
𝑓 (®𝑥) ends up being!

𝑓 (®𝑥) = ®𝑥𝑇𝐴®𝑥 + ®𝑏 · ®𝑥 + 𝑐
∇ 𝑓 (®𝑥) = (𝐴 + 𝐴𝑇)®𝑥 + ®𝑏

= 2𝐴®𝑥 + ®𝑏 (since 𝐴 is symmetric)

Summary of the Big Three Rules. These are the main three rules you need to know moving
forward, not just because we’re about to use them in an important proof, but because they’ll come
up repeatedly in your future machine learning work.

Function Name Gradient
𝑓 (®𝑥) = ®𝑎 · ®𝑥 dot product ∇ 𝑓 (®𝑥) = ®𝑎
𝑓 (®𝑥) = ‖ ®𝑥‖2 squared norm ∇ 𝑓 (®𝑥) = 2®𝑥
𝑓 (®𝑥) = ®𝑥𝑇𝐴®𝑥 quadratic form ∇ 𝑓 (®𝑥) = (𝐴 + 𝐴𝑇)®𝑥

if 𝐴 is symmetric, ∇ 𝑓 (®𝑥) =
2𝐴®𝑥

Optimization
In the calculus of scalar-to-scalar functions, we have a well-understood procedure for finding the
extrema of a function. The general strategy is to take the derivative, set it to zero, and solve for the
inputs (called critical points) that satisfy that condition. To be thorough, we’d perform a second
derivative test to check whether each critical point is a maximum, minimum, or neither.
In the land of vector-to-scalar functions, the equivalent is to solve for where the gradient is zero,
which corresponds to finding where all partial derivatives are zero. Assessing whether we’ve ar-
rived at a maximum or minimum is more difficult to do in the vector-to-scalar case, and we will
save a discussion of this for Chapter 8.5.
As an example, consider

𝑓 (®𝑥) = ®𝑥𝑇
[
3 4
4 1

]
®𝑥 +

[
1
2

]
· ®𝑥 + 3

As we computed earlier, the gradient of 𝑓 (®𝑥) = ®𝑥𝑇𝐴®𝑥 + ®𝑏 · ®𝑥 + 𝑐 is ∇ 𝑓 (®𝑥) = 2𝐴®𝑥 + ®𝑏 for symmetric
𝐴. So,

∇ 𝑓 (®𝑥) = 2

[
3 4
4 1

]
®𝑥 +

[
1
2

]
=

[
6𝑥1 + 8𝑥2 + 1
8𝑥1 + 2𝑥2 + 2

]
To find the critical points, we set the gradient to zero and solve the resulting system. We can also
accomplish this by using the inverse of 𝐴, if we happen to have it:
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∇ 𝑓 (®𝑥) = 0 =⇒ 2𝐴®𝑥 + ®𝑏 = 0 =⇒ ®𝑥∗ = −1

2
𝐴−1®𝑏

Either way, we find that ®𝑥∗ =
[−7/26
1/13

]
satisfies ∇ 𝑓 (®𝑥∗) = 0, which corresponds to a local minimum.

Minimizing Mean Squared Error
Remember, the goal of this section is to minimize mean squared error,

𝑅sq( ®𝑤) = 1

𝑛
‖ ®𝑦 − 𝑋 ®𝑤‖2

In the general case, 𝑋 is an 𝑛 × (𝑑 + 1) matrix, 𝑦 ∈ R𝑛 , and ®𝑤 ∈ R𝑑+1.
We’re now equipped with the tools to minimize 𝑅sq( ®𝑤) by taking its gradient and setting it to zero.
Hopefully, we end up with the same conditions on ®𝑤∗ that we derived in Chapter 6.3.
In the most recent example we saw, the optimal vector ®𝑥∗ corresponded to a local minimum. We
know that we won’t run into such an issue here since 𝑅sq( ®𝑤) cannot output a negative number (it
is the average of squared losses), so its minimum possible output is 0, meaning that there will be
some global minimizer ®𝑤∗.
Let’s start by rewriting the squared norm as a dot product and eventually matrix multiplication.
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𝑅sq( ®𝑤) = 1

𝑛
‖ ®𝑦 − 𝑋 ®𝑤‖2 = 1

𝑛
( ®𝑦 − 𝑋 ®𝑤) · ( ®𝑦 − 𝑋 ®𝑤)

=
1

𝑛
( ®𝑦 − 𝑋 ®𝑤)𝑇( ®𝑦 − 𝑋 ®𝑤)︸                      ︷︷                      ︸

since ®𝑢·®𝑣=®𝑢𝑇 ®𝑣

=
1

𝑛

( ®𝑦𝑇 − (𝑋 ®𝑤)𝑇 ) ( ®𝑦 − 𝑋 ®𝑤)
=

1

𝑛

( ®𝑦𝑇 ®𝑦 − ®𝑦𝑇𝑋 ®𝑤 − (𝑋 ®𝑤)𝑇 ®𝑦 + (𝑋 ®𝑤)𝑇𝑋 ®𝑤)
Let’s focus on the two terms in orange. They are both equal: they are both the dot product of ®𝑦 and
𝑋 ®𝑤. Ideally, I want to express each term as a dot product of ®𝑤 with something, since I’m taking
the gradient with respect to ®𝑤. Remember, the dot product is a scalar, and the transpose of a scalar
is just that same scalar. So,

®𝑦𝑇𝑋 ®𝑤 = ( ®𝑦𝑇𝑋 ®𝑤)𝑇 = ®𝑤𝑇𝑋𝑇 ®𝑦 = ®𝑤𝑇(𝑋𝑇 ®𝑦)

so, performing this substitution in for both orange terms gives us

𝑅sq( ®𝑤) = 1

𝑛

( ®𝑦𝑇 ®𝑦 − ®𝑤𝑇(𝑋𝑇 ®𝑦) − ®𝑤𝑇𝑋𝑇 ®𝑦 + ®𝑤𝑇(𝑋𝑇𝑋) ®𝑤)
=

1

𝑛

( ®𝑦𝑇 ®𝑦 − 2 ®𝑤𝑇(𝑋𝑇 ®𝑦) + ®𝑤𝑇(𝑋𝑇𝑋) ®𝑤)
Now, we’re ready to take the gradient, which we’ll do term by term.

• ∇ ( ®𝑦𝑇 ®𝑦) = ®0, since ®𝑦𝑇 ®𝑦 is a constant with respect to ®𝑤
• ∇ (

2 ®𝑤𝑇(𝑋𝑇 ®𝑦)) = 2𝑋𝑇 ®𝑦 using the dot product rule, since this is the dot product between 2𝑋𝑇 ®𝑦
(a vector) and ®𝑤 (a vector)

• ∇ ( ®𝑤𝑇(𝑋𝑇𝑋) ®𝑤)
= 2𝑋𝑇𝑋 ®𝑤, using the quadratic form rule, since 𝑋𝑇𝑋 is a symmetric matrix

Plugging these terms in gives us

𝑅sq( ®𝑤) = 1

𝑛

( ®𝑦𝑇 ®𝑦 − 2 ®𝑤𝑇(𝑋𝑇 ®𝑦) + ®𝑤𝑇(𝑋𝑇𝑋) ®𝑤)
∇𝑅sq( ®𝑤) = 1

𝑛

(∇ ( ®𝑦𝑇 ®𝑦) − ∇ (
2 ®𝑤𝑇(𝑋𝑇 ®𝑦)) + ∇ ( ®𝑤𝑇(𝑋𝑇𝑋) ®𝑤) )

=
1

𝑛

(
0 − 2𝑋𝑇 ®𝑦 + 2𝑋𝑇𝑋 ®𝑤)

=
2

𝑛
(𝑋𝑇𝑋 ®𝑤 − 𝑋𝑇 ®𝑦)

Finally, to find the minimizer ®𝑤∗, we set the gradient to zero and solve.
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2

𝑛
(𝑋𝑇𝑋 ®𝑤∗ − 𝑋𝑇 ®𝑦) = 0 =⇒ 𝑋𝑇𝑋 ®𝑤∗ = 𝑋𝑇 ®𝑦

Stopme if this feels familiar... these are the normal equations once again! It shouldn’t be a surprise
that we ended up with the same conditions on ®𝑤∗ that we derived in Chapter 6.3, since we were
solving the same problem.
We’ve now shown that the minimizer of

𝑅sq( ®𝑤) = 1

𝑛
‖ ®𝑦 − 𝑋 ®𝑤‖2

is given by solving𝑋𝑇𝑋 ®𝑤∗ = 𝑋𝑇 ®𝑦. These equations have a unique solution if𝑋𝑇𝑋 is invertible, and
infinitely many solutions otherwise. If ®𝑤∗ satisfies the normal equations, then 𝑋 ®𝑤∗ is the vector in
colsp(𝑋) that is closest to ®𝑦. All of that interpretation from Chapter 6.3 and Chapter 7 carry over;
we’ve just introduced a new way of finding the solution.
Heads up: In Homework 10, you’ll follow similar steps to minimize a new objective function, that
resembles 𝑅sq( ®𝑤) but involves another term. There, you’ll minimize

𝑅ridge( ®𝑤) = ‖ ®𝑦 − 𝑋 ®𝑤‖2 + 𝜆‖ ®𝑤‖2

where 𝜆 > 0 is a constant, called the regularization hyperparameter. (Notice the missing 1
𝑛 .) A

good way to practice what you’ve learned (and to get a head start on the homework) is to compute
the gradient of 𝑅ridge( ®𝑤) and set it to zero. We’ll walk through what the significance of 𝑅ridge( ®𝑤) is
in the homework.
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8.3. Gradient Descent
In Chapter 8.1, we learned about the gradient, the equivalent of the derivative for vector-to-scalar
functions. The big takeaway was that ∇ 𝑓 (®𝑥) describes the direction in which 𝑓 is increasing the
quickest, at the point ®𝑥.
At the end of Chapter 8.1, we minimized

𝑅sq( ®𝑤) = 1

𝑛
‖ ®𝑦 − 𝑋 ®𝑤‖2

by computing its gradient, setting it to 0, and solving for ®𝑤∗, which gave us another way of deriving
the normal equations.
So far, most of the empirical risk functions that we’ve minimized had closed-form solutions – that
is, formulas for the optimal parameters 𝑤∗

0 , 𝑤
∗
1 , ... that we could find by hand using algebra.

𝑅sq(𝑤) = 1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − 𝑤)2 =⇒ 𝑤∗ = 𝑦̄

𝑅sq(𝑤0 , 𝑤1) = 1

𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − (𝑤0 + 𝑤1𝑥𝑖))2 =⇒ 𝑤∗
1 = 𝑟

𝜎𝑦

𝜎𝑥
, 𝑤∗

0 = 𝑦̄ − 𝑤∗
1 𝑥̄

𝑅sq( ®𝑤) = 1

𝑛
‖ ®𝑦 − 𝑋 ®𝑤‖2 =⇒ ®𝑤∗ = (𝑋𝑇𝑋)−1𝑋𝑇 ®𝑦

But, soon we’ll encounter combinations of models and loss functions whose empirical risk func-
tions that have some global minimum, but that global minimum isn’t described by a formula that
we can write by hand. There was an example of such an empirical risk function from a previous
homework; see if you can remember what it was!
As another example, the logistic regression model, used for predicting the probability of a binary
event (e.g. whether or not a patient has a disease) makes predictions using

ℎ(®𝑥𝑖) = 𝑃(𝑦𝑖 = 1 | ®𝑥𝑖) = 1

1 + 𝑒− ®𝑤·Aug(®𝑥𝑖)

Logistic regression typically uses the cross-entropy loss function,

𝐿ce(𝑦𝑖 , ℎ(®𝑥𝑖)) = − (
𝑦𝑖 log ℎ(®𝑥𝑖) + (1 − 𝑦𝑖) log(1 − ℎ(®𝑥𝑖)))

resulting in the empirical risk function

𝑅ce( ®𝑤) = − 1

𝑛

𝑛∑
𝑖=1

(
𝑦𝑖 log

(
1

1 + 𝑒− ®𝑤·Aug(®𝑥𝑖)

)
+ (1 − 𝑦𝑖) log

(
1 − 1

1 + 𝑒− ®𝑤·Aug(®𝑥𝑖)

))
(What a mess!)
𝑅ce( ®𝑤) is a vector-to-scalar function, and it has a gradient, ∇𝑅ce( ®𝑤). The issue is that the solutions
to ∇𝑅ce( ®𝑤) = ®0 can’t be found by hand. But, ∇𝑅ce( ®𝑤) still means something – and we can use it to
estimate ®𝑤∗ without solving for it explicitly.
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Throughout this section, keep the following thought exercise in mind:

Suppose you’re at the top of a mountain � and need to get to the bottom. And, perhaps
it’s really cloudy �, meaning you can only see a few feet around you. How would you
get to the bottom?

What do Derivatives Tell Us?
Let’s start with a simpler, scalar-to-scalar example. Suppose we’d like to minimize the function

𝑓 (𝑥) = 5𝑥4 − 𝑥3 − 5𝑥2 + 2𝑥 − 9

There are some not-so-elegant techniques for minimizing 𝑓 . For instance, we could evaluate 𝑓 at
dozens (or hundreds) of possible 𝑥’s, and pick the one that had the smallest output. But, that’s an
inefficient way to go about things, especially as the number of input variables (i.e. the 𝑑 in ®𝑥 ∈ R𝑑)
increases.
Instead, we’ll use the fact that 𝑓 is differentiable. Its derivative is

d 𝑓
d𝑥 (𝑥) = 20𝑥3 − 3𝑥2 − 10𝑥 + 2

Typically, to minimize 𝑓 , we’d

1. Find d 𝑓
d𝑥 (𝑥).

2. Solve for the input 𝑥∗ such that d 𝑓
d𝑥 (𝑥∗) = 0.

But, d 𝑓
d𝑥 (𝑥) = 0 is a cubic equation, which is difficult to solve by hand (there is actually a “cubic

formula”, the same way there’s a “quadratic formula”, but higher-degree polynomials don’t have
similar formulas). What can we do with its derivative?
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The key idea is that we’ll take an iterative approach. Suppose we start with an initial guess for
𝑥∗, say, 𝑥(0).
Case 1: If the derivative at 𝑥(0) is positive �, then 𝑓 is increasing at 𝑥(0), which means to decrease 𝑓 ,
we should move to the left of 𝑥(0).

Case 2: If the derivative at 𝑥(0) is negative �, then 𝑓 is decreasing at 𝑥(0), which means to decrease
𝑓 , we should move to the right of 𝑥(0) �.

Remember that at a minimum (or maximum), the derivative is 0 (if it exists), and gradually ap-
proaches 0, at least for the types of functions we’ll consider. So, if the derivative at our current
guess is large, we must be far away from a minimum, and should take a larger step than if the
derivative is small (which must mean we’re close to the minimum already).
This intuition is the basic idea behind gradient descent. The fact that “gradient” is in the name
implies that it’s typically used for minimizing vector-to-scalar functions 𝑓 : R𝑑 → R, which wewill
use it for shortly. I just figured a scalar-to-scalar example would help build intuition.
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Gradient Descent

Definition: Gradient Descent

Suppose 𝑓 : R𝑑 → R is a differentiable vector-to-scalar function, meaning that all of its partial
derivatives are defined everywhere.
To find ®𝑥∗, the minimizer of 𝑓 :

1. Choose a positive number, 𝛼. This number is called the learning rate, or step size.

2. Choose an initial guess for the minimizer, ®𝑥(0).
3. Then, repeatedly update the guess using the update rule:

®𝑥(𝑡+1) = ®𝑥(𝑡) − 𝛼∇ 𝑓 (®𝑥(𝑡))

4. Terminate once the algorithm converges, which happens when the norm of the gradient,
‖∇ 𝑓 (®𝑥(𝑡))‖ , is below some small tolerance level, e.g. 0.001 (since this must mean we’re
very close to a minimum).

Gradient descent is a numerical method for finding the input to a function 𝑓 that minimizes the
function. Ultimately, that’s what this is about: minimizing functions.
A numerical method is a technique for approximating the solution to a mathematical problem,
often by using the computer. Since it only involves first (partial) derivatives, it’s called a first-order
method; numericalmethods that use second (partial) derivatives are called second-ordermethods.
Gradient descent is the workhorse of machine learning. As I stated earlier, it’s used to minimize
empirical risk, 𝑅( ®𝑤), in the general case, where it can’t be minimized by hand. (In the first few ex-
amples we’ll see, we’ll use gradient descent to minimize arbitrary functions of the form 𝑓 (®𝑥), but
in Chapter 8.4 we’ll return to minimizing empirical risk functions specifically.) This is especially
true for state-of-the-art models, like neural networks and transformers, which have billions of pa-
rameters. So, when you hear about companies spending billions of dollars on training models,
they’re spending money to run gradient descent on their oceans of data and models with billions
of parameters.

Example Implementation. To get a feel for how it works, let’s implement gradient descent our-
selves on the scalar-to-scalar function we looked at earlier,

𝑓 (𝑥) = 5𝑥4 − 𝑥3 − 5𝑥2 + 2𝑥 − 9,
d 𝑓
d𝑥 (𝑥) = 20𝑥3 − 3𝑥2 − 10𝑥 + 2

For scalar-to-scalar functions, we can replace the gradient with the derivative, and the update rule
becomes

𝑥(𝑡+1) = 𝑥(𝑡) − 𝛼
d 𝑓
d𝑥 (𝑥

(𝑡))

Let’s start with an initial guess of 𝑥(0) = 0 and a learning rate of 𝛼 = 0.01.
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def df(x):
return 20 * (x**3) - 3 * (x**2) - 10 * x + 2

def minimize_f(x0, alpha, tol=0.0001):
x = x0 # Initial guess
t = 0 # Iteration counter (just for tracking)

while np.abs(df(x)) > tol:
# The core logic is in this one line
x = x - alpha * df(x)

# Everything below is for us to track the progress of the algorithm
t += 1
if t % 10 == 0:

print(f't = {t}: x = {x}, df/dx = {df(x)}')
print(f"Converged in {t} iterations")

minimize_f(x0=0, alpha=0.01)

t = 10: x = -0.3019961066782706, df/dx = 4.195505266352445
t = 20: x = -0.6539833552473451, df/dx = 1.6626527284020556
t = 30: x = -0.7227462183452047, df/dx = 0.10967130332536357
t = 40: x = -0.7267760078170167, df/dx = 0.005439315124045052
t = 50: x = -0.7269745284952817, df/dx = 0.0002654471448240159
Converged in 54 iterations

With our initial guess of 𝑥(0) = 0 and a learning rate of 𝛼 = 0.01, the algorithm converges to
𝑥∗ ≈ −0.727 in 54 iterations.

Animations. Let’s visualize the execution of the algorithm on this 𝑓 (𝑥), with several different
choices of initial guess and learning rate. In each animation, click the “� Start animation” button to
see the algorithm in action. (If the algorithm stops somewhere that isn’t a minimum, it’s because I
set them to only show 50 iterations.)
Initial guess = 0, step size = 0.01

The algorithm converges to the true global minimum, but it takes a while.
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What if we choose a different initial guess?
Initial guess = 1.1, step size = 0.01

Uh oh: the algorithm gets trapped in a local minimum that isn’t the global minimum! From its
perspective, local and global minima are the same, in that they have derivatives of 0. Gradient
descent doesn’t seem well-suited for functions with multiple local minima.
What if we try a different step size?
Initial guess = 1.1, step size = 0.1

At first, seemingly by luck, the algorithm jumps over to the neighborhood of the global minimum.
But our step size appears to be too large, causing the algorithm to keep jumping back and forth
across the global minimum.
The choice of step size is critical. In future courses, you may encounter some theoretical results
that give you insight on how to choose the step size, but in practice, we often just try different step
sizes and see what works. Another technique is to choose a decaying learning rate, in which the
value of 𝛼 decreases over time.
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Vector-to-Scalar Functions
Let’s look at another more complex example,

𝑓 (®𝑥) = 3 sin(2𝑥1) cos(2𝑥2) + 𝑥21 + 𝑥22

Note that I’ve chosen a function 𝑓 : R2 → R, since the resulting function exists in three dimensions,
which is the largest space we can visualize. If 𝑓 took in vectors with 3, or 4, or more components,
we couldn’t visualize how gradient descent operations on it.
That said, we’ll visualize 𝑓 (®𝑥) in two ways: as a surface and as a contour plot. (Remember, you
should think of the latter as a “birds-eye view” of the former.)
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This is the type of function that gradient descent is often used on in practice: functions with mul-
tiple (remember, billions! of) input variables, often with local minima.

We can see that 𝑓 (®𝑥) has a global minimum around ®𝑥∗ ≈
[−0.6

0

]
. But, computers don’t have eyes,

and instead need to rely on gradient descent. Recall, gradient descent updates are given by

®𝑥(𝑡+1) = ®𝑥(𝑡) − 𝛼∇ 𝑓 (®𝑥(𝑡))

𝑓 (®𝑥)’s gradient is

∇ 𝑓 (®𝑥) =
[
6 cos(2𝑥1) cos(2𝑥2) + 2𝑥1
−6 sin(2𝑥1) sin(2𝑥2) + 2𝑥2

]
Just to make sure we’re 100% on the same page, even though we have a formula for 𝑓 ’s gradient,
the reason we’re using gradient descent is that it is impossible to solve for the vector ®𝑥∗ where
∇ 𝑓 (®𝑥∗) = ®0 by hand: the algebra doesn’t work.
So, gradient descent updates are given by

®𝑥(𝑡+1) = ®𝑥(𝑡) − 𝛼

[
6 cos(2𝑥1) cos(2𝑥2) + 2𝑥1
−6 sin(2𝑥1) sin(2𝑥2) + 2𝑥2

]
The Gradient Describes the Direction of Steepest Ascent

Remember that the gradient vector at a point describes the direction of the steepest ascent. So,
if wewant tominimize the function, we shouldmove in the direction opposite to the gradient,
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hence the negative sign!

The negative of the gradient vector is the direction we want to move in! The amount we move in
this direction is determined by both ‖∇ 𝑓 (®𝑥)‖ and 𝛼.
Let’s visualize the path of gradient descent on this function, again at several different initial guesses
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and learning rates.

Initial guess =
[−1.5
−1

]
, step size = 0.1

®𝑥(𝑡) converged to a local minimum, of which there are many in this function. Also, notice that this
step size (𝛼 = 0.1) worked here even though a step size that large caused the earlier polynomial
example to diverge. There is no universal best step size.

Initial guess =
[−1.5
−1

]
, step size = 0.25
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We can visualize the same path on the surface itself.

We can even step through one of these runs interactively: drag the slider to move forward one
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iteration at a time and watch the path unfold.

Initial guess =
[

1
−0.5

]
, step size = 0.05

Initial guess =
[

1
−0.5

]
, step size = 0.25
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Remember not to rely too heavily on visual intuition, since practical examples will take us into
higher dimensions, where we can’t visualize. But I think both the surface and contour plots are
helpful.

Activity 1

Activity 1

Consider the following function.

𝑓 (®𝑥) = (𝑥1 − 2)2 + 2𝑥1 − (𝑥2 − 3)2

1. Is 𝑓 (®𝑥) a quadratic form?

2. Given an initial guess of ®𝑥(0) =
[
0
0

]
and a step size of 𝛼 = 1

3 , perform two iterations of

gradient descent. What is ®𝑥(2)?

It seems that the ability for gradient descent to converge on the global minimum depends on lots
of factors:

• The existence of “traps” – that is, local minima that aren’t the global minimum.

• The step size, 𝛼.

• The initial guess.

If there are no local minima, then gradient descent will converge to the global minimum, given
a sufficiently small step size. The type of function that has no local minima is called convex. In-
tuitively, a convex function has a “bowl-like” shape, as you have seen in calculus. In Chapter 8.5,
we’ll study the idea of convexity in more detail.
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8.4. Gradient Descent for Empirical Risk Minimization
While gradient descent can be used to (attempt to) minimize any differentiable function 𝑓 (®𝑥), we
typically use it tominimize empirical risk functions, 𝑅( ®𝑤). As I said inChapter 8.3, gradient descent
is the tool in practice for finding optimal model parameters. This is because most empirical risk
functions in practice don’t have closed-form solutions, i.e. a formula for ®𝑤∗ that we can derive
algebraically by hand.

Simple Linear Regression
Let’s try using gradient descent to fit a linear regression model - that is, let’s use it to minimize

𝑅sq( ®𝑤) = 1

𝑛
‖ ®𝑦 − 𝑋 ®𝑤‖2

This function has a closed-form minimizer, ®𝑤∗ = (𝑋𝑇𝑋)−1𝑋𝑇 ®𝑦, so we don’t need gradient descent.
Still, it’s worthwhile to see how gradient descent works on it.
In Chapter 8.2, we found that the gradient of 𝑅sq( ®𝑤) is

∇𝑅sq( ®𝑤) = 2

𝑛
(𝑋𝑇𝑋 ®𝑤 − 𝑋𝑇 ®𝑦)

so, the update rule is

®𝑤(𝑡+1) = ®𝑤(𝑡) − 𝛼
2

𝑛
(𝑋𝑇𝑋 ®𝑤(𝑡) − 𝑋𝑇 ®𝑦)

Let’s start by using gradient descent to fit a simple linear regression model to predict commute
times in minutes from departure_hour – a problem we’ve solved many times.
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First, for reference, we’ll compute ®𝑤∗ using the closed-form solution,

®𝑤∗ = (𝑋𝑇𝑋)−1𝑋𝑇 ®𝑦

x = df["departure_hour"].to_numpy(dtype=float)
y = df["minutes"].to_numpy(dtype=float)
n = len(df)

X = np.column_stack([np.ones(n), x])

w_star_closed_form = np.linalg.solve(X.T @ X, X.T @ y)
w_star_closed_form

array([142.44824159, -8.18694172])

The code below implements gradient descent. At each iteration, it computes the MSE, its gradient,
and logs the current ®𝑤(𝑡) vector. That current ®𝑤(𝑡) vector is sometimes called an “iterate”. For every
500 iterations, it displays the current values of MSE, the norm of the gradient vector, and ®𝑤(𝑡). I’ve
collapsed the code since it’s relatively lengthy.

t = 0 | w^(0) = [ 0.000, 0.000] | mse = 5523.5231 | ||grad|| = 1229.842640
t = 500 | w^(500) = [ 19.804, 6.102] | mse = 314.8511 | ||grad|| = 3.527944
t = 1000 | w^(1000) = [ 36.133, 4.200] | mse = 260.7135 | ||grad|| = 3.058219
t = 1500 | w^(1500) = [ 50.289, 2.551] | mse = 220.0323 | ||grad|| = 2.651035
t = 2000 | w^(2000) = [ 62.559, 1.121] | mse = 189.4630 | ||grad|| = 2.298065
t = 2500 | w^(2500) = [ 73.196, -0.118] | mse = 166.4919 | ||grad|| = 1.992091
t = 3000 | w^(3000) = [ 82.416, -1.193] | mse = 149.2306 | ||grad|| = 1.726856
t = 3500 | w^(3500) = [ 90.409, -2.124] | mse = 136.2598 | ||grad|| = 1.496935
t = 4000 | w^(4000) = [ 97.338, -2.931] | mse = 126.5130 | ||grad|| = 1.297627
t = 4500 | w^(4500) = [ 103.344, -3.631] | mse = 119.1889 | ||grad|| = 1.124856
t = 5000 | w^(5000) = [ 108.551, -4.237] | mse = 113.6852 | ||grad|| = 0.975088
t = 5500 | w^(5500) = [ 113.064, -4.763] | mse = 109.5496 | ||grad|| = 0.845261
t = 6000 | w^(6000) = [ 116.976, -5.219] | mse = 106.4419 | ||grad|| = 0.732719
t = 6500 | w^(6500) = [ 120.368, -5.614] | mse = 104.1067 | ||grad|| = 0.635162
t = 7000 | w^(7000) = [ 123.308, -5.957] | mse = 102.3519 | ||grad|| = 0.550594
t = 7500 | w^(7500) = [ 125.856, -6.254] | mse = 101.0333 | ||grad|| = 0.477285
t = 8000 | w^(8000) = [ 128.065, -6.511] | mse = 100.0424 | ||grad|| = 0.413738
t = 8500 | w^(8500) = [ 129.980, -6.734] | mse = 99.2978 | ||grad|| = 0.358651
t = 9000 | w^(9000) = [ 131.640, -6.928] | mse = 98.7383 | ||grad|| = 0.310899
t = 9500 | w^(9500) = [ 133.079, -7.095] | mse = 98.3179 | ||grad|| = 0.269504
t = 10000 | w^(10000) = [ 134.327, -7.241] | mse = 98.0020 | ||grad|| = 0.233621
t = 10500 | w^(10500) = [ 135.408, -7.367] | mse = 97.7646 | ||grad|| = 0.202516
t = 11000 | w^(11000) = [ 136.345, -7.476] | mse = 97.5862 | ||grad|| = 0.175552
t = 11500 | w^(11500) = [ 137.158, -7.571] | mse = 97.4521 | ||grad|| = 0.152179
t = 12000 | w^(12000) = [ 137.862, -7.653] | mse = 97.3514 | ||grad|| = 0.131917
t = 12500 | w^(12500) = [ 138.473, -7.724] | mse = 97.2757 | ||grad|| = 0.114353
t = 13000 | w^(13000) = [ 139.002, -7.785] | mse = 97.2188 | ||grad|| = 0.099127
t = 13500 | w^(13500) = [ 139.461, -7.839] | mse = 97.1761 | ||grad|| = 0.085929
t = 14000 | w^(14000) = [ 139.859, -7.885] | mse = 97.1440 | ||grad|| = 0.074488
t = 14500 | w^(14500) = [ 140.204, -7.925] | mse = 97.1198 | ||grad|| = 0.064571
t = 15000 | w^(15000) = [ 140.502, -7.960] | mse = 97.1017 | ||grad|| = 0.055973



Chapter 8. Gradients 424

t = 15500 | w^(15500) = [ 140.761, -7.990] | mse = 97.0881 | ||grad|| = 0.048521
t = 16000 | w^(16000) = [ 140.986, -8.017] | mse = 97.0778 | ||grad|| = 0.042061
t = 16500 | w^(16500) = [ 141.181, -8.039] | mse = 97.0701 | ||grad|| = 0.036460
t = 17000 | w^(17000) = [ 141.350, -8.059] | mse = 97.0644 | ||grad|| = 0.031606
t = 17500 | w^(17500) = [ 141.496, -8.076] | mse = 97.0600 | ||grad|| = 0.027398
t = 18000 | w^(18000) = [ 141.623, -8.091] | mse = 97.0567 | ||grad|| = 0.023750
t = 18500 | w^(18500) = [ 141.733, -8.104] | mse = 97.0543 | ||grad|| = 0.020588
t = 19000 | w^(19000) = [ 141.828, -8.115] | mse = 97.0524 | ||grad|| = 0.017847
t = 19500 | w^(19500) = [ 141.910, -8.124] | mse = 97.0511 | ||grad|| = 0.015470
t = 20000 | w^(20000) = [ 141.982, -8.133] | mse = 97.0500 | ||grad|| = 0.013411
t = 20500 | w^(20500) = [ 142.044, -8.140] | mse = 97.0492 | ||grad|| = 0.011625
t = 21000 | w^(21000) = [ 142.098, -8.146] | mse = 97.0486 | ||grad|| = 0.010077
t = 21027 | w^(21027) = [ 142.101, -8.146] | mse = 97.0486 | ||grad|| = 0.010000

As you can see in the first line, we started with an initial guess of ®𝑤(0) =
[
0 0

]
. We also chose a

step size of 𝛼 = 0.01 arbitrarily.
By the final iteration (number 21027), gradient descent has essentially matched the closed-form
least-squares solution. After ~10000 iterations, the norm of the gradient vector is already close to
0, and the MSE stops changing very much.
Instead of just looking at printed logs, here’s an interactive figure. Drag the slider from left to right:
the left panel tracks theMSE over time, while the right panel shows the regression line correspond-
ing to the selected iteration. The title reports the MSE of the model at that iteration number. This
is the sort of figure that machine learning practitioners draw frequently when training large-scale
models.
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To be clear, the function we are actually minimizing doesn’t appear in either of the plots above.
That function, 𝑅sq( ®𝑤) = 1

𝑛 ‖ ®𝑦 − 𝑋 ®𝑤‖2, is a vector-to-scalar function that we’d need to draw in R3

here.
Gradient descent is beautiful: once we can write down a model, a loss for a single example, and
the gradient of the resulting average loss, we can search for optimal parameters for far more com-
plicated model-loss combinations. Least squares is just one example. As long as the average loss
is differentiable, gradient descent gives us a general recipe for finding the model’s optimal param-
eters.
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Another Example: Logistic Regression
Coming soon!

Issues of Scale
When I get a chance, I’ll flesh this section out more. For now, refer to this blog post by Sebastian
Ruder. It discusses stochastic gradient descent, a variant of gradient descent used in practical
machine learning applications.

https://www.ruder.io/optimizing-gradient-descent/
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8.5. Convexity

Attention

This chapter is currently under development and has more bugs and typos than usual.

As we saw in Chapter 8.3, gradient descent is prone to getting stuck in local minima.
When I use gradient descent to minimize an empirical risk function, getting stuck at a local mini-
mum that is not global means landing on a parameter vector ®𝑤 that is not actually optimal. That
is a real problem.
In modern machine learning, the loss surfaces people care about are often huge and messy, and
dealing with bad local minima is part of the game. I am not going to get into those fixes here.
Instead, I want to focus on a special family of functions where life is much nicer: convex functions.
The following video, recorded in an earlier semester, summarizes the key ideas of this section.

Formal Definition of Convexity
Let me start with the picture, because the picture is the whole point.
If you need a refresher on what a secant line is, take a quick look at the appendix. For a scalar-
to-scalar function, I want every secant line between two points on the graph to lie on or above
the graph itself. If that happens no matter which two points I pick, the function has the familiar
bowl-shaped behavior I want.
The figure below is the geometry I have in mind.

That picture turns almost directly into algebra. Suppose I pick two inputs 𝑥 and 𝑦, and some
𝑡 ∈ [0, 1].

• The input that is a fraction 𝑡 of the way from 𝑥 to 𝑦 is (1 − 𝑡)𝑥 + 𝑡𝑦.
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• The height of the secant line at that same horizontal location is (1 − 𝑡) 𝑓 (𝑥) + 𝑡 𝑓 (𝑦).
So saying “the secant line lies above the graph” is the same as saying

𝑓 ((1 − 𝑡)𝑥 + 𝑡𝑦) ≤ (1 − 𝑡) 𝑓 (𝑥) + 𝑡 𝑓 (𝑦).

That is the formal definition in one dimension. In higher dimensions, nothing really changes: I just
replace the scalar inputs 𝑥 and 𝑦with vectors ®𝑥 and ®𝑦, and think about the line segment connecting
them.

Definition: Convex Function

Suppose 𝑓 : R𝑑 → R. I say that 𝑓 is convex if for all ®𝑥, ®𝑦 ∈ R𝑑 and all 𝑡 ∈ [0, 1],

𝑓 ((1 − 𝑡)®𝑥 + 𝑡 ®𝑦) ≤ (1 − 𝑡) 𝑓 (®𝑥) + 𝑡 𝑓 ( ®𝑦).

For 𝑑 = 1, this is exactly the secant-line picture above. For 𝑑 > 1, it says the same thing along every
line segment in the domain.

This is one of those definitions that is much more useful than it first looks. I do not just want a
fancy way to say “bowl-shaped.” I want an inequality that I can actually plug into proofs.
Once I know that every point on every line segment satisfies a weighted-average inequality, I can
stop arguing from a picture and start choosing ®𝑥, ®𝑦, and 𝑡 strategically. That is what makes the
next result work.

Local Minimums are Global Minimums
This is the payoff.
Suppose 𝑓 is convex, and suppose ®𝑥∗ is a localminimumof 𝑓 . I want to show that ®𝑥∗ is automatically
a global minimum.
Take any other point ®𝑧. Since ®𝑥∗ is a local minimum, points on the line segment from ®𝑥∗ toward ®𝑧
that stay close enough to ®𝑥∗ cannot have smaller function value. So for all sufficiently small 𝑡 > 0,

𝑓 ((1 − 𝑡)®𝑥∗ + 𝑡®𝑧) ≥ 𝑓 (®𝑥∗).
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But convexity also gives

𝑓 ((1 − 𝑡)®𝑥∗ + 𝑡®𝑧) ≤ (1 − 𝑡) 𝑓 (®𝑥∗) + 𝑡 𝑓 (®𝑧).

Putting those together,

𝑓 (®𝑥∗) ≤ (1 − 𝑡) 𝑓 (®𝑥∗) + 𝑡 𝑓 (®𝑧).

Subtract (1 − 𝑡) 𝑓 (®𝑥∗) from both sides:

𝑡 𝑓 (®𝑥∗) ≤ 𝑡 𝑓 (®𝑧).

Since 𝑡 > 0, I can divide by 𝑡 and get

𝑓 (®𝑥∗) ≤ 𝑓 (®𝑧).

And since ®𝑧 was arbitrary, ®𝑥∗ beats every other point in the domain. So ®𝑥∗ is a global minimum.
This is why convexity matters so much in optimization. It does not magically make minimization
easy, but it does remove the possibility of bad local minima.
There is one important caveat, though: convex functions do not need to have global minima in the
first place. A standard example is 𝑓 (𝑥) = 𝑒𝑥 . It is convex, and it keeps getting smaller as I move
left, but it never actually attains its infimum of 0.

Strict Convexity
Convexity rules out bad local minima, but it does not rule out ties.
A convex function can have a completely flat bottom, in which case every point in that flat region
is a local minimum and a global minimum. The example below does exactly that.
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So if I want a guarantee of a single best point, I need to strengthen the definition a little.

Definition: Strictly Convex Function

Suppose 𝑓 : R𝑑 → R. I say that 𝑓 is strictly convex if for all distinct ®𝑥, ®𝑦 ∈ R𝑑 and all 𝑡 ∈ (0, 1),

𝑓 ((1 − 𝑡)®𝑥 + 𝑡 ®𝑦) < (1 − 𝑡) 𝑓 (®𝑥) + 𝑡 𝑓 ( ®𝑦).

The only difference is that the inequality is now strict once I move away from the endpoints. Geo-
metrically, the secant line is allowed to touch the graph at the two endpoints, but not in between.
Now I can prove the uniqueness statement I really want. Suppose a strictly convex function has a
global minimum, but that there are two different minimizers, ®𝑥∗ and ®𝑦∗. Let their common mini-
mum value be 𝑚.
For any 𝑡 ∈ (0, 1), strict convexity says

𝑓 ((1 − 𝑡)®𝑥∗ + 𝑡 ®𝑦∗) < (1 − 𝑡) 𝑓 (®𝑥∗) + 𝑡 𝑓 ( ®𝑦∗) = (1 − 𝑡)𝑚 + 𝑡𝑚 = 𝑚.

But that says there is a point with function value smaller than the global minimum value𝑚, which
is impossible. So a strictly convex function can have at most one global minimum. In other words:
if a global minimum exists, it is unique.

Strict Convexity and Mean Squared Error. This is exactly the distinction I want you to keep in
mind for mean squared error.
Recall that

𝑅sq( ®𝑤) = 1

𝑛
‖ ®𝑦 − 𝑋 ®𝑤‖2.

When the columns of𝑋 are linearly independent, this risk surface curves upward in every direction,
so there is a single best parameter vector. When the columns of 𝑋 are linearly dependent, there are
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flat directions: I can move in some directions without changing the predictions, and the minimum
need not be unique.
The contour plots below show both behaviors.

The left-hand plot is the nice case: one bowl, one bottom, one minimizer. The right-hand plot
still describes a convex function, but not a strictly convex one, because there is a whole line of
minimizers.
I am not proving the full criterion for 𝑅sq here just yet. The clean explanation comes from the
Hessian, and one chapter from now we will phrase that explanation using eigenvalues of 𝑋𝑇𝑋.
But the geometry is already visible: full rank gives curvature in every direction; linear dependence
creates flat directions.

Second Derivative Test
The formal definition is the ground truth, but it is not always the fastestway to check that a function
is convex.
For scalar-to-scalar functions, you may already know the second derivative test from calculus: if a
twice-differentiable function satisfies

𝑑2 𝑓
𝑑𝑥2

(𝑥) > 0

for all 𝑥 in its domain, then 𝑓 is convex. In fact, the slightly weaker condition 𝑑2 𝑓
𝑑𝑥2 (𝑥) ≥ 0 is enough

for convexity, while > 0 points toward strict convexity.
What does this look like for vector-to-scalar functions? Now there is no single second derivative.
There are many of them.
For example, if

𝑓 (𝑥1 , 𝑥2) = 𝑥21 + 𝑥1𝑥2 + 2𝑥22 ,

then the first partial derivatives are



Chapter 8. Gradients 432

𝜕 𝑓
𝜕𝑥1

= 2𝑥1 + 𝑥2 , 𝜕 𝑓
𝜕𝑥2

= 𝑥1 + 4𝑥2 ,

and the second partial derivatives are

𝜕2 𝑓

𝜕𝑥21
= 2,

𝜕2 𝑓
𝜕𝑥1𝜕𝑥2

= 1,
𝜕2 𝑓

𝜕𝑥22
= 4.

The natural thing to do is collect all of those second partial derivatives into a matrix.

Definition: Hessian

Suppose 𝑓 : R𝑑 → R is twice differentiable. The Hessian of 𝑓 at ®𝑥 is the matrix of second
partial derivatives,

𝐻 𝑓 (®𝑥) =



𝜕2 𝑓
𝜕𝑥21

𝜕2 𝑓
𝜕𝑥1𝜕𝑥2

· · · 𝜕2 𝑓
𝜕𝑥1𝜕𝑥𝑑

𝜕2 𝑓
𝜕𝑥2𝜕𝑥1

𝜕2 𝑓
𝜕𝑥22

· · · 𝜕2 𝑓
𝜕𝑥2𝜕𝑥𝑑

...
...

. . .
...

𝜕2 𝑓
𝜕𝑥𝑑𝜕𝑥1

𝜕2 𝑓
𝜕𝑥𝑑𝜕𝑥2

· · · 𝜕2 𝑓
𝜕𝑥2𝑑


.

For the example above,

𝐻 𝑓 (®𝑥) =
[
2 1
1 4

]
,

which does not even depend on ®𝑥.
The vector-valued second derivative test says: a twice-differentiable function 𝑓 is convex exactly
when its Hessian is positive semidefinite everywhere, meaning

®𝑣𝑇𝐻 𝑓 (®𝑥)®𝑣 ≥ 0 for all ®𝑥 ∈ R𝑑 and all ®𝑣 ∈ R𝑑 .

If the Hessian is positive definite everywhere, then I get strict convexity.
This brings us back to mean squared error. For

𝑅sq( ®𝑤) = 1

𝑛
‖ ®𝑦 − 𝑋 ®𝑤‖2 ,

we already computed

∇𝑅sq( ®𝑤) = 2

𝑛
(𝑋𝑇𝑋 ®𝑤 − 𝑋𝑇 ®𝑦).

Differentiate once more, and the Hessian is
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𝐻𝑅sq( ®𝑤) = 2

𝑛
𝑋𝑇𝑋.

That is a really nice conclusion: the Hessian is constant, and it is always positive semidefinite. So
mean squared error is always convex. If the columns of 𝑋 are linearly independent, then 𝑋𝑇𝑋 is
positive definite, which is why 𝑅sq becomes strictly convex and has a unique minimizer. If the
columns are dependent, there is a zero-curvature direction, which is exactly the flat valley we saw
above.

Aside: Tangent Hyperplanes
For scalar-to-scalar functions, there is another way to recognize convexity: a differentiable convex
function always lies above each of its tangent lines.
For vector-to-scalar functions, the same story holds, except the tangent line becomes a tangent
hyperplane. When the input has two coordinates, that hyperplane is literally just a plane in 3D.
The next figure shows a convex surface together with its tangent plane at one point.

Suppose I fix a point ®𝑎. The tangent hyperplane to 𝑓 at ®𝑎 is the linear approximation

𝐿®𝑎(®𝑥) = 𝑓 (®𝑎) + ∇ 𝑓 (®𝑎)𝑇(®𝑥 − ®𝑎).

This is the vector-valued version of the tangent-line formula from calculus.

First-order characterization of convexity

If 𝑓 : R𝑑 → R is differentiable, then 𝑓 is convex if and only if
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𝑓 ( ®𝑦) ≥ 𝑓 (®𝑥) + ∇ 𝑓 (®𝑥)𝑇( ®𝑦 − ®𝑥)

for all ®𝑥, ®𝑦 ∈ R𝑑.

In words: the graph of a differentiable convex function lies above every tangent hyperplane.
I like this characterization because it tells me that the local linear information in the gradient is
globally trustworthy. On a non-convex function, a tangent line or tangent plane can point you in
a misleading direction. On a convex function, the tangent hyperplane never overshoots the graph,
which is a big part of why gradient-based optimization behaves so nicely in this setting.
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9.1. Eigenvalues and Eigenvectors
Overview
In Chapter 9 – which will last us the majority of the remainder of the semester – we’re going to
introduce a new lens through which we can view the information stored in a matrix: through its
eigenvalues and eigenvectors. As Gilbert Strang says in his book, eigenvalues and eigenvectors
allow us to look into the “heart” of a matrix and see what it’s really doing.
Throughout this chapter, we’ll see how eigen-things can help usmore deeply understand the topics
we’ve already covered, like linear regression, the normal equations, gradient descent, and convex-
ity.

• The eigenvalues of the Hessian matrix (matrix of partial second derivatives) of a vector-to-
scalar function will tell us whether or not the function is convex, i.e. they will give us a
“second derivative test” for vector-to-scalar functions, which we haven’t yet seen.

• Eigenvalues will explain why the matrix 𝑋𝑇𝑋 + 𝜆𝐼 is always invertible, even if 𝑋’s columns
aren’t linearly independent.

• And eventually, in Chapter 10.4, we’ll use eigenvalues and eigenvectors to address the di-
mensionality reduction problem, first introduced in Chapter 1.1.

On top of all of that, eigenvalues and eigenvectors will unlock a new set of applications – those
that involve some element of time. My favorite such example is Google’s PageRank algorithm.
The algorithm, first published in 1998 by Sergey Brin and Larry Page (Google’s cofounders, the
latter of whom is a Michigan alum), is used to rank pages on the internet based on their relative
importance.

From the research paper linked above:

PageRank or PR(A) can be calculated using a simple iterative algorithm, and corre-
sponds to the principal eigenvector of the normalized link matrix of the web.

We’ll make sense of the algorithm in Homework 10: just know that this is where we’re heading.

http://infolab.stanford.edu/~backrub/google.html
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Introduction
Before we get started, keep inmind that everythingwe’re about to introduce only applies to square
matrices. This was also true whenwe first studied invertibility, and for the same reason: we should
think of eigenvalues and eigenvectors as properties of a linear transformation from R𝑛 to R𝑛 (that
is, from a vector space to itself), not between vector spaces of different dimensions. Rectangular
matrices will have their moment in Chapter 10.1.

Definition: Eigenvalues and Eigenvectors

Suppose 𝐴 is an 𝑛 × 𝑛 matrix. A non-zero vector ®𝑣 ∈ R𝑛 is an eigenvector of 𝐴 if:

𝐴®𝑣 = 𝜆®𝑣

for some scalar 𝜆 ∈ R. The scalar 𝜆 is called the eigenvalue of 𝐴 corresponding to ®𝑣.

This definition is a bit hard to parse when you first look at it. But here’s the intuitive interpretation.

If ®𝑣 is an eigenvector of 𝐴, then 𝐴®𝑣 is a vector that points in the same direction as ®𝑣, just
stretched by a factor of 𝜆!

As we’ve seen, the function 𝑓 (®𝑣) = 𝐴®𝑣 is a linear transformation that maps vectors in R𝑛 to
vectors in R𝑛 . Eigenvectors of 𝐴 are vectors whose directions are unchanged by the linear
transformation 𝑓 . The corresponding eigenvalues are the scalars by which the eigenvectors
are scaled.

“Eigen” is a German word meaning “own”, as in “one’s own”. So, an eigenvector is a vector who
still points in its own direction when transformed by 𝐴.

A First Example. Let’s start with a 2 × 2 matrix:

𝐴 =

[
1 2
2 1

]
I’ve chosen the numbers in 𝐴 to be small enough that we can roughly eyeball the eigenvectors.
Here’s how I look at 𝐴:

• First, notice that both rows of 𝐴 sum to 3, meaning that[
1 2
2 1

] [
1
1

]
=

[
3
3

]
= 3

[
1
1

]
This tells me that

[
1
1

]
is an eigenvector of 𝐴with eigenvalue 3. But,

[
2
2

]
is also an eigenvector

of 𝐴 with the same eigenvalue, since
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[
1 2
2 1

] [
2
2

]
=

[
6
6

]
= 3

[
2
2

]
Indeed, if ®𝑣 is an eigenvector of 𝐴 with eigenvalue 𝜆, then so is 𝑐®𝑣 for any non-zero scalar
𝑐. So really, eigenvectors define directions.

• Additionally, noticing that there’d be some symmetry if I took the difference of the entries in
each row of 𝐴, consider [

1 2
2 1

] [−1
1

]
=

[
1
−1

]
= −1

[−1
1

]
This tells me that

[−1
1

]
is an eigenvector of 𝐴 with eigenvalue -1.

So, 𝐴 =

[
1 2
2 1

]
has two eigenvalues, 3 and -1, and two corresponding eigenvectors,

[
1
1

]
and

[−1
1

]
.

In general, an 𝑛×𝑛matrix has 𝑛 eigenvalues, but some of themmay be the same, and some of them
may not be real numbers. We’ll see how to systematically find these eigenvalues and eigenvectors
in just a bit.

Visually, this means that ®𝑣1 =
[
1
1

]
lives on the same line as 𝐴®𝑣1, which is also the line that 𝑐®𝑣1 and

𝐴(𝑐®𝑣1) live on (for any non-zero scalar 𝑐). And, ®𝑣2 =
[−1
1

]
lives on the same line as 𝐴®𝑣2.

But, if a vector isn’t already on one of the two aforementioned lines – like ®𝑥 =

[−1
0

]
– then it will

change directions when multiplied by 𝐴, and it is not an eigenvector.

Just to be 100% clear, I’ve used 2®𝑣2 instead of ®𝑣2 above just to illustrate the fact that eigenvectors
are only defined up to a scalar multiple; 2®𝑣2 is just as good as an eigenvector as ®𝑣2 is, and both
correspond to the same eigenvalue, 𝜆 = 1.
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You might notice that the two eigenvectors of 𝐴 corresponding to the two different eigenvalues
are orthogonal in the example above. This is not true in general for any 2 × 2 matrix, but there’s
a specific reason it’s true for 𝐴: it’s symmetric. I’ll elaborate more on this idea in Chapter 9.5, but
for now, just remember that symmetric matrices have orthogonal eigenvectors.

Finding Eigenvalues using numpy. Just to show you another example, consider

𝐵 =

[
2 5
1 0

]
Its eigenvalues and eigenvectors aren’t particularly nice, and since we don’t yet have a way to find
them by hand, now is as good as a time as any to use numpy:

B = np.array([[2, 5],
[1, 0]])

np.linalg.eig(B)

EigResult(eigenvalues=array([ 3.44948974, -1.44948974]), eigenvectors=array([[
0.96045535, -0.82311938],↩→

[ 0.27843404, 0.56786837]]))

So, 𝐵 has eigenvalues of ≈ 3.45 and ≈ −1.45. Note that the eigenvectors are the columns of the
matrix returned, not the rows!

eigvals, eigvecs = np.linalg.eig(B)
for i in range(eigvecs.shape[1]):

print(f"Eigenvector {i+1}: {eigvecs[:, i]}")
print(f"Eigenvalue {i+1}: {eigvals[i]}")
print()

Eigenvector 1: [0.96045535 0.27843404]
Eigenvalue 1: 3.4494897427831783

Eigenvector 2: [ -0.82311938 0.56786837]
Eigenvalue 2: -1.449489742783178

eigvecs is a matrix where each column is an eigenvector of 𝐵. For now, call this matrix 𝑃. Below,
I calculate 𝑃𝑇𝑃, which contains the dot products of all pairs of eigenvectors of 𝐵. The diagonal of
this matrix contains the dot products of each eigenvector with itself; since these are 1, this tells us
that the returned eigenvectors are unit vectors. This was a design decision by the implementors of
np.linalg.eig – remember that we can scale an eigenvector by any non-zero scalar and it is still an
eigenvector. The off-diagonal entries of -0.632 tell us that the two eigenvectors are not orthogonal.

eigvecs.T @ eigvecs

array([[ 1. , -0.63245553],
[ -0.63245553, 1. ]])



Chapter 9. Eigenvalues and Eigenvectors 440

Let’s take a look at the directions of the eigenvectors for 𝐵.

While the eigenvectors of 𝐵 are not orthogonal, they are still linearly independent and span all of
R2. This was also the case in the 𝐴 example above. The fact that the eigenvectors of an 𝑛 × 𝑛
matrix are linearly independent and span all of R𝑛 is also not guaranteed to be true, though
it’s a desirable property. The class of matrices that have this property are called diagonalizable,
which are the focus of Chapter 9.4.
Let’s consider a few more examples, each of which is meant to highlight a different key property
of eigenvalues and eigenvectors.

Example: Matrix Powers. Let 𝐴 =

[
1 2
2 1

]
be the matrix from the first example above. What

are the eigenvalues and eigenvectors of 𝐴2? Find them manually. You should notice the property
below.

Solution

𝐴2 =

[
1 2
2 1

] [
1 2
2 1

]
=

[
5 4
4 5

]
Similar to the original example, 𝐴2’s rows both sum to the same number, 9, meaning that[

5 4
4 5

] [
1
1

]
=

[
9
9

]
= 9

[
1
1

]
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We can do the same thing with 𝐴2

[
1
−1

]
:

𝐴2

[
1
−1

]
=

[
1
−1

]
= 1

[
1
−1

]
So the eigenvalues of 𝐴2 are 9 and 1, and their respective eigenvectors are

[
1
1

]
and

[
1
−1

]
.

But, these are the same two eigenvectors that 𝐴 has, and the corresponding eigenvalues are
the squares of 𝐴’s eigenvalues, since 32 = 9 and (−1)2 = 1. Is this true more generally? Yes!

If 𝜆 is an eigenvalue of 𝐴 with eigenvector ®𝑣, then 𝜆𝑘 is an eigenvalue of 𝐴𝑘 with the same
eigenvector ®𝑣. (Click to see the proof.)

A quick proof: suppose 𝐴®𝑣 = 𝜆®𝑣. Then,
𝐴2®𝑣 = 𝐴(𝐴®𝑣) = 𝐴(𝜆®𝑣) = 𝜆(𝐴®𝑣) = 𝜆2®𝑣

This logic can be extended to 𝐴3, then 𝐴4, and so on. (If you are familiar with induction from
EECS 203, you can think of this as an inductive proof.)
Note that the converse of this statement is not necessarily true, meaning it’s possible for 𝐴2 to
have an eigenvector that is not an eigenvector of 𝐴. For example, if 𝐴 corresponds to a rotation
by 90º degrees (or 𝜋

2 radians), then 𝐴2 corresponds to a rotation by 180º degrees (or 𝜋 radians).
No vector lies on the same line after rotation by 90º degrees, but all vectors lie on the same
line after rotation by 180º degrees. So, in this example, 𝐴2 has plenty of eigenvectors that 𝐴
does not have.

Example: Non-Invertible Matrices. Let 𝐴 =

[
1 4
3 12

]
. Notice that rank(𝐴) = 1. 𝐴 has an eigen-

value of 13 with eigenvector
[
1
3

]
– verify that this is the case. Does it have another eigenvalue?

What is the corresponding eigenvector?

Solution

Since rank(𝐴) = 1, 𝐴 has a non-trivial null space, and any vector in the null space will get sent
to 0 times itself when multiplied by 𝐴. Since 4 · column 1 = column 2, the null space of 𝐴 is

spanned by the vector
[
4
−1

]
. So,

𝐴

[
4
−1

]
=

[
1 4
3 12

] [
4
−1

]
=

[
0
0

]
= 0

[
4
−3

]
®0 can’t be an eigenvector, but 0 is a perfectly good eigenvalue.
Our intuition tells us that𝐴 should have another eigenvalue, since it’s a 2×2matrix. It happens

to be 13, corresponding to the eigenvector
[
1
3

]
. In Chapter 9.2: The Characteristic Polynomial,
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we’ll see how to find this eigenvalue-eigenvector pair without guesswork.

0 is an eigenvalue of 𝐴 if and only if 𝐴 is not invertible. (Click to see more details.)

If 𝐴 is invertible, then the only solution to 𝐴®𝑣 = 0®𝑣 = ®0 is the trivial solution where ®𝑣 is
the zero vector itself. But, we defined eigenvectors to be non-zero vectors. So, 0 can’t be an
eigenvalue of an invertible matrix. If 𝐴 is not invertible, then 𝐴 has a non-trivial null space,
and any non-zero vector in the null space is an eigenvector corresponding to the eigenvalue 0.

Example: The Identity Matrix. What are the eigenvalues and eigenvectors of 𝐼 =
[
1 0
0 1

]
?

Solution

The identity matrix multiplied by any vector ®𝑣 returns that same vector back, meaning that
all vectors in R2 are eigenvectors of 𝐼, all with eigenvalue 1.
This is the first example we’ve seen so far where there exist multiple “lines” or “directions” of

eigenvectors for a single eigenvalue. The vectors
[
2
3

]
and

[−1
4

]
are both eigenvectors of 𝐼 with

eigenvalue 1 but they don’t lie on the same line. We will study this idea – of having multiple
eigenvector directions for a single eigenvalue – more precisely in Chapter 9.4.

A question on your mind might be, how do we find the eigenvalues of a generic matrix, when they
aren’t easy to eyeball? Keep reading! The bottom of Chapter 9.2 also has a great summary of the
key ideas from this section.
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9.2. The Characteristic Polynomial
So far, we’ve found the eigenvalues and eigenvectors of a matrix by eyeballing them or reasoning
about them geometrically, but this is not a sustainable strategy. Let’s develop a more systematic
approach.

Deriving the Characteristic Polynomial
We’re looking for combinations of scalars, 𝜆, and vectors, ®𝑣, such that

𝐴®𝑣 = 𝜆®𝑣

In some ways, we’re trying to “solve” for 𝜆 and ®𝑣 given 𝐴. Let’s experiment a little:

𝐴®𝑣 = 𝜆®𝑣
𝐴®𝑣 − 𝜆®𝑣 = ®0

(𝐴 − 𝜆𝐼)®𝑣 = ®0

What the above says is that if ®𝑣 is an eigenvector of 𝐴 with eigenvalue 𝜆, then ®𝑣 is in the null
space of 𝐴 − 𝜆𝐼. But, since eigenvectors can’t be the zero vector, this means that 𝐴 − 𝜆𝐼 is not
invertible, since it has a non-trivial null space!
Thinking back to Chapter 6.2, we know that there are several equivalent ways to check if a matrix
is not invertible. Perhaps the most computational approach is to compute its determinant; if a
(square) matrix’s determinant is 0, then it is not invertible, otherwise it is.
So, since 𝐴 − 𝜆𝐼 is not invertible, its determinant must be 0!

𝐴®𝑣 = 𝜆®𝑣 =⇒ det(𝐴 − 𝜆𝐼) = 0

Definition: Characteristic Polynomial

The characteristic polynomial of an 𝑛 × 𝑛 matrix 𝐴 is defined as

𝑝(𝜆) = det(𝐴 − 𝜆𝐼)

This is a polynomial in 𝜆 of degree 𝑛.
The eigenvalues of 𝐴 are the roots of its characteristic polynomial, i.e. the values of 𝜆 that
satisfy det(𝐴 − 𝜆𝐼) = 0.

(We won’t always use the symbol 𝑝(𝜆), I just introduced it above to make it clear that det(𝐴 − 𝜆𝐼)
is a polynomial function of 𝜆.)

Let’s revisit our example 𝐴 =

[
1 2
2 1

]
.
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The matrix 𝐴 − 𝜆𝐼 is

𝐴 − 𝜆𝐼 =

[
1 2
2 1

]
− 𝜆

[
1 0
0 1

]
=

[
1 − 𝜆 2
2 1 − 𝜆

]
Note that 𝐴 − 𝜆𝐼 involves subtracting 𝜆 from the diagonal elements of 𝐴, and leaving all other
elements unchanged.
The determinant of 𝐴 − 𝜆𝐼 is

det(𝐴 − 𝜆𝐼) = (1 − 𝜆)(1 − 𝜆) − 2 · 2 = 𝜆2 − 2𝜆 + 1 − 4 = 𝜆2 − 2𝜆 − 3︸        ︷︷        ︸
𝑝(𝜆)

The eigenvalues of 𝐴 are the values of 𝜆 where 𝜆2 − 2𝜆 − 3 = 0.

(In general, we’re not going to plot the characteristic polynomial each time, but I think it’s useful
to see once or twice to give the idea some context.)
By factoring, I can write this equation as

(𝜆 + 1)(𝜆 − 3) = 0

which tells me that the eigenvalues of 𝐴 are 𝜆1 = −1 and 𝜆2 = 3. If this equation weren’t factorable,
I’d need to use the quadratic formula to find the eigenvalues. For now, there’s no particular “or-
dering” to the eigenvalues, i.e. I could have said 𝜆1 = 3 and 𝜆2 = −1; all that matters is that I stay
consistent throughout a particular example.
Once we find the eigenvalues by solving 𝑝(𝜆) = 0, we can find the eigenvectors by solving (𝐴 −
𝜆𝐼)®𝑣 = ®0 for each eigenvalue.

• For 𝜆1 = −1, we’re looking for vectors ®𝑣 such that 𝐴®𝑣 = −1®𝑣, i.e. if ®𝑣 =

[
𝑎
𝑏

]
, then[

1 2
2 1

] [
𝑎
𝑏

]
=

[−𝑎
−𝑏

]
(I’m using 𝑎 and 𝑏 instead of 𝑣1 and 𝑣2 because I’ll refer to the vectors ®𝑣1 and ®𝑣2 in just a
moment.) As a system of equations, this says
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𝑎 + 2𝑏 = −𝑎
2𝑎 + 𝑏 = −𝑏

The first and second equations both tell us that 𝑏 = −𝑎. Remember, we’d expect there to be
infinitely many solutions to this system, since any scalar multiple of an eigenvector is still an

eigenvector. So, the “simple” solution is ®𝑣1 =
[
1
−1

]
, but

[
2
−2

]
,
[
3
−3

]
, etc. are also solutions.

• For 𝜆2 = 3, let me introduce another way of finding the corresponding eigenvector. There’s
nothing wrong with the system of equations approach, but it’s useful to have multiple tech-
niques for solving problems in our toolkit. 𝜆2 = 3 tells us that 𝐴®𝑣 = 3®𝑣, or equivalently,
(𝐴 − 3𝐼)®𝑣 = ®0. So, the eigenvector we’re looking for is in the null space of 𝐴 − 3𝐼.

𝐴 − 3𝐼 =

[
1 − 3 2
2 1 − 3

]
=

[−2 2
2 −2

]
Here, we notice that both rows of 𝐴 − 3𝐼 sum to 0, meaning that

(𝐴 − 3𝐼)
[
1
1

]
=

[
0
0

]
So,

[
1
1

]
is an eigenvector for 𝜆2 = 3.

Examples

Example: 2 × 2 Matrices. Find the eigenvalues and eigenvectors of 𝐴 =

[
3 1
2 4

]
.

Solution

𝐴 − 𝜆𝐼 =

[
3 − 𝜆 1
2 4 − 𝜆

]
det(𝐴 − 𝜆𝐼) = (3 − 𝜆)(4 − 𝜆) − (1 · 2)

= 12 − 7𝜆 + 𝜆2 − 2

= 𝜆2 − 7𝜆 + 10

= (𝜆 − 2)(𝜆 − 5)
So our eigenvalues are 𝜆1 = 2 and 𝜆2 = 5. Next, let’s find eigenvectors for them. As I did in
the first example, I’ll show two different techniques for finding eigenvectors.

• For 𝜆1 = 2, we’re looking for a vector ®𝑣 =

[
𝑎
𝑏

]
such that 𝐴®𝑣 = 2®𝑣:
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𝐴®𝑣 = 2®𝑣[
3 1
2 4

] [
𝑎
𝑏

]
=

[
2𝑎
2𝑏

]
3𝑎 + 𝑏 = 2𝑎

2𝑎 + 4𝑏 = 2𝑏

As expected, there are infinitely many choices for 𝑎 and 𝑏 (since both equations tell us
that 𝑏 = −𝑎), and the resulting eigenvectors ®𝑣 all lie on the same line. So, if we let 𝑎 = 1,

then we have that ®𝑣1 =
[
1
−1

]
is an eigenvector for 𝜆1.

• For 𝜆2 = 5, I’ll try the null space approach, just to illustrate it once more. Again, I’m
looking for a vector ®𝑣 such that 𝐴®𝑣 = 5®𝑣, or equivalently, (𝐴 − 5𝐼)®𝑣 = ®0.

𝐴 − 5𝐼 =

[
3 − 5 1
2 4 − 5

]
=

[−2 1
2 −1

]
The vector ®𝑣2 =

[
1
2

]
is orthogonal to both rows of 𝐴− 5𝐼, meaning (𝐴− 5𝐼)

[
1
2

]
=

[
0
0

]
. So,

®𝑣2 =

[
1
2

]
is an eigenvector for 𝜆2 = 5, though again any non-zero scalar multiple of

[
1
2

]
will also be an eigenvector for 𝜆2 = 5.

So, 𝐴 has eigenvalues 𝜆1 = 2 and 𝜆2 = 5, and corresponding eigenvectors ®𝑣1 =

[
1
−1

]
and

®𝑣2 =
[
1
2

]
.

Example: Diagonal Matrices. Find the eigenvalues and eigenvectors of 𝐴 =

[
3 0
0 −4

]
. What do

you notice about the eigenvalues? The eigenvectors?

Solution

The key is to notice that for diagonal matrices – that is, matrices where all the entries off the
diagonal are 0 – the eigenvalues are simply the entries on the diagonal.

𝐴 − 𝜆𝐼 =

[
3 − 𝜆 0
0 −4 − 𝜆

]
det(𝐴 − 𝜆𝐼) = (3 − 𝜆)(−4 − 𝜆)

The eigenvalues 𝜆1 = 3 and 𝜆2 = −4 are the same as the values on the diagonal! The corre-

sponding eigenvectors are ®𝑣1 =
[
1
0

]
and ®𝑣2 =

[
0
1

]
. Just to illustrate one of those cases out,
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𝐴®𝑣2 =
[
3 0
0 −4

] [
0
1

]
=

[
0
−4

]
= −4

[
0
1

]
The fact that eigenvalues and eigenvectors are so easy to find for diagonal matrices, coupled
with the fact that diagonal matrices are really easy to compute powers of (e.g. 𝐴2 is just the
diagonal matrix with each entry squared), makes them very useful in practice.

Example: Sharing a Characteristic Polynomial. Find two different 2 × 2 matrices who have the
characteristic polynomial

𝑝(𝜆) = 𝜆2 − 4𝜆 + 3

Solution

Recall that for a 2 × 2 matrix 𝐴 =

[
𝑎 𝑏
𝑐 𝑑

]
:

𝑝(𝜆) = det(𝐴 − 𝜆𝐼)
=

����𝑎 − 𝜆 𝑏
𝑐 𝑑 − 𝜆

����
= (𝑎 − 𝜆)(𝑑 − 𝜆) − 𝑏𝑐

A simple approach to this problem is to find 2 diagonal matrices 𝐷 =

[
𝑎 0
0 𝑑

]
and 𝐷′ =

[
𝑑 0
0 𝑎

]
.

That way, all we have to do is factor 𝑝(𝜆) into the form (𝑎 − 𝜆)(𝑑 − 𝜆):
𝜆2 − 4𝜆 + 3 = (3 − 𝜆)(1 − 𝜆)

So, our two different matrices are 𝐷 =

[
3 0
0 1

]
and 𝐷′ =

[
1 0
0 3

]
.

There exist non-diagonal matrices with the same characteristic polynomial, too. For instance,[
2 1
1 2

]
also has eigenvalues of 1 and 3, and its characteristic polynomial is also 𝑝(𝜆) = 𝜆2 − 4𝜆 + 3.

Example: 3 × 3 Matrices. Recall, if 𝐴 is a 3 × 3 matrix, like

𝐴 =


𝑎 𝑏 𝑐
𝑑 𝑒 𝑓
𝑔 ℎ 𝑖


then det(𝐴) is
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det(𝐴) = 𝑎

����𝑒 𝑓
ℎ 𝑖

���� − 𝑏 ����𝑑 𝑓
𝑔 𝑖

���� + 𝑐 ����𝑑 𝑒
𝑔 ℎ

����
where | · | denotes the determinant of the matrix.
Find the eigenvalues and eigenvectors of the upper triangular matrix

𝐴 =


3 3 0
0 1 5
0 0 2


What do you notice about the eigenvalues?

Solution

We’ll start by calculating det(𝐴−𝜆𝐼) using the formula for the 3× 3 determinant provided for
us:

𝐴 − 𝜆𝐼 =


3 − 𝜆 3 0
0 1 − 𝜆 5
0 0 2 − 𝜆


det(𝐴 − 𝜆𝐼) = (3 − 𝜆)

����1 − 𝜆 5
0 2 − 𝜆

���� − 3

����0 5
0 2 − 𝜆

���� + 0

����0 1 − 𝜆
0 0

����
= (3 − 𝜆)[(1 − 𝜆)(2 − 𝜆) − 0

] − 3
[
0 − 0

] + 0
[
0 − 0

]
= (3 − 𝜆)(1 − 𝜆)(2 − 𝜆)

So, the eigenvalues are the values along the diagonal: 𝜆1 = 3, 𝜆2 = 1, and 𝜆3 = 2. This is
a convenient property of triangular matrices (which is why I’ve planted this example here).
Next, let’s find their eigenvectors.

• For 𝜆1 = 3, I’ll do it the null space way: I’m looking for a vector in the null space of
𝐴 − 3𝐼. (I say “the null space way” but it’s really just a different way of writing the
system of equations approach, and one that can sometimes be easier to eyeball.)

𝐴 − 3𝐼 =


0 3 0
0 −2 5
0 0 −1


The zeros in the first column tell me that (𝐴−3𝐼)


1
0
0

 =


0
0
0

 , so ®𝑣1 =

1
0
0

 is an eigenvector

for 𝜆1 = 3. Because I have three unique eigenvalues and my matrix is 3 × 3, I know that
this is the only possible eigenvector direction for 𝜆1 = 3; in Chapter 9.4, we’ll run into
situations where the null space of 𝐴 − 3𝐼 (for instance) is spanned by more than one
vector, but that’s not the case here.

• For 𝜆2 = 1, I’ll do it the system of equations way: I’m looking for a vector ®𝑣 =


𝑎
𝑏
𝑐

 such

that 𝐴®𝑣 = 1®𝑣.
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𝐴®𝑣 = ®𝑣
3 3 0
0 1 5
0 0 2



𝑎
𝑏
𝑐

 =


𝑎
𝑏
𝑐


3𝑎 + 3𝑏 = 𝑎

𝑏 + 5𝑐 = 𝑏

2𝑐 = 𝑐

Once again, there are infinitely many solutions to this system, which we’d expect since
there’s a whole line of eigenvectors.

– The third equation above tells us that 𝑐 = 0.
– Substituting that into the second equation, we have that 𝑏 + 5 · 0 = 𝑏, i.e. 𝑏 = 𝑏, so

let’s treat 𝑏 as a free variable for now.
– The first equation above tells us that 3𝑎 + 3𝑏 = 𝑎, i.e. 𝑎 = −3

2𝑏.

So, any vector of the form

−3

2𝑏
𝑏
0

 is an eigenvector for 𝜆2 = 1. But we just need to find

one, so let’s take 𝑏 = 2, which gives us ®𝑣2 =

−3
2
0

 .
• Finally, for 𝜆3 = 2, I’ll do it the null space way.

𝐴 − 2𝐼 =


3 − 2 3 0
0 1 − 2 5
0 0 2 − 2

 =


1 3 0
0 −1 5
0 0 0


I’m looking for a vector ®𝑣3 =


𝑎
𝑏
𝑐

 in the null space of 𝐴 − 2𝐼, i.e. a vector whose dot

product with each row of 𝐴 − 2𝐼 is 0. The last row of 𝐴 − 2𝐼 is all zeros, so I can focus
my attention on the first two rows. If the first two components of ®𝑣3 are -3 and 1, then
the dot product of ®𝑣3 with the first row of 𝐴 − 2𝐼 is (1)(−3) + (3)(1) = 0, which is what I
want.
Then, its dot product with the second row is (0)(−3) + (−1)(1) + (5)(𝑐) = −1 + 5𝑐, where
𝑐 is the last component of ®𝑣3. For −1 + 5𝑐 = 0, we need 𝑐 = 1

5 . So, one vector in the null

space of 𝐴− 2𝐼 – which is an eigenvector for 𝜆3 = 2 – is ®𝑣3 =

−3
1
1
5

 . To clean the numbers

up a bit, I’ll scale this vector by 5, which gives us ®𝑣3 =

−15
5
1

 .
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So, our eigenvectors for 𝜆1 = 3, 𝜆2 = 1, and 𝜆3 = 2 are ®𝑣1 =

1
0
0

 , ®𝑣2 =

−3
2
0

 , and ®𝑣3 =

−15
5
1

 .
For upper triangular and lower triangular matrices, the eigenvalues are the values along
the diagonal!

Recall, an upper triangular matrix has all zeros below the diagonal, and a lower triangular
matrix has all zeros above the diagonal.
This comes from the fact that the determinant of an upper triangular matrix is the product of
the diagonal entries, and the determinant of a lower triangular matrix is the product of the
diagonal entries.
So, for example, the eigenvalues of 

10 3 2 −50
0 −94 2 1
0 0 0 3
0 0 0 12


are 10, -94, 0, and 12. And, the eigenvalues of

2 0 0
−1 5 0
4 3 −7


are 2, 5, and -7.

# When in doubt, check with numpy!
np.linalg.eig(

np.array([
[2, 0, 0],
[ -1, 5, 0],
[4, 3, -7]

])
)

EigResult(eigenvalues=array([ -7., 5., 2.]), eigenvectors=array([[0. , 0.
, 0.83925433],↩→

[0. , 0.9701425 , 0.27975144],
[1. , 0.24253563, 0.4662524 ]]))

Number of Eigenvalues. The characteristic polynomial of an 𝑛 × 𝑛 matrix is a polynomial of
degree 𝑛. A fact from algebra is that a polynomial of degree 𝑛 has exactly 𝑛 roots. The intuitive
way of thinking about this is that degree 𝑛 polynomials can have at most 𝑛−1 “bends” (a line can’t
bend, a quadratic can bend once, a cubic can bend twice, etc.), and each time it bends, it can change
directions to cross the 𝑥-axis again.
The issue is that some of these rootsmay be repeated, and somemay be complex numbers, meaning
that they don’t actually cross the 𝑥-axis in the standard 𝑥𝑦-plane (or in our case, the 𝜆-axis and
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𝜆, 𝑝(𝜆)-plane).

For example, the matrix 𝐴 =


4 0 0 0
0 1 0 0
0 0 0 0
0 0 0 4

 is diagonal, meaning its easy to read off its characteristic

polynomial:

𝑝(𝜆) = det(𝐴 − 𝜆𝐼) =

��������
4 − 𝜆 0 0 0
0 1 − 𝜆 0 0
0 0 −𝜆 0
0 0 0 4 − 𝜆

�������� = 𝜆(𝜆 − 1)(𝜆 − 4)2

This characteristic polynomial has a double root at 𝜆 = 4, a single root at 𝜆 = 1, and a single root at
𝜆 = 0. This 𝐴 has 3 distinct eigenvalues, but one of them, 𝜆 = 2, is repeated, and has an algebraic
multiplicity of 2.

As another example, the matrix 𝐴 =

[
3 −4
4 3

]
has the characteristic polynomial

𝑝(𝜆) =
����3 − 𝜆 −4

4 3 − 𝜆

���� = (𝜆 − 3)2 + 16

I can expand this out to get 𝜆2−6𝜆+25, but in a case like this I think the above form is more telling.
Visually, 𝑝(𝜆) here is a parabola that sits entirely above the 𝜆-axis, meaning it has no real roots, so
𝐴 has no real eigenvalues.
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It should not be all that surprising that 𝐴 =

[
3 −4
4 3

]
has no real eigenvalues. 𝐴 is a rotation matrix,

scaled by a factor of 5:

𝐴 =

[
3 −4
4 3

]
= 5

[
3
5 −4

5
4
5

3
5

]
= 5

[
cos𝜃 − sin𝜃
sin𝜃 cos𝜃

]
where 𝜃 = cos−1

(
3
5

)
. This matrix rotates vectors by 𝜃 radians counterclockwise, which means that

no real-valued vector will remain in the same direction after being multiplied by 𝐴. In the 2 × 2
case, the only way to get a real-valued eigenvalue out of a rotation matrix is if the matrix rotates
by an integer multiple of 𝜋 radians (180 degrees), which either corresponds to reflecting/negating

the vector (like in
[−1 0
0 −1

]
) or returning back the same vector itself (like in

[
1 0
0 1

]
, the identity

matrix, which can be thought of as a rotation by 2𝜋).
The solutions to 𝑝(𝜆) = (𝜆 − 3)2 + 16 = 0 are the complex numbers 𝜆 = 3 + 4𝑖 and 𝜆 = 3 − 4𝑖,
again where 𝑖 is the imaginary unit, defined by 𝑖2 = −1. The corresponding eigenvectors are
complex too, and we won’t worry about finding them. (If you’re familiar with complex numbers,
you might recognize these eigenvalues as 5𝑒 𝑖𝜃 and 5𝑒−𝑖𝜃, where 𝜃 = cos−1

(
3
5

)
. This comes from

Euler’s formula, 𝑒 𝑖𝜃 = cos𝜃 + 𝑖 sin𝜃.)

Trace and Determinant. As a final example, consider the arbitrary 2 × 2 matrix

𝐴 =

[
𝑎 𝑏
𝑐 𝑑

]
Its characteristic polynomial is

𝑝(𝜆) =
����𝑎 − 𝜆 𝑏
𝑐 𝑑 − 𝜆

���� = (𝑎 − 𝜆)(𝑑 − 𝜆) − 𝑏𝑐 = 𝜆2 − (𝑎 + 𝑑)𝜆 + 𝑎𝑑 − 𝑏𝑐

The coefficient on 𝜆 is −(𝑎 + 𝑑), which is the negative of the sum of the diagonal entries of 𝐴. A
term often used to refer to the sum of the diagonal entries of a matrix is its trace, trace(𝐴). And,
the constant term of 𝑝(𝜆) above is just det(𝐴)! For 2 × 2 matrices, this says that the characteristic
polynomial is of the form
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𝑝(𝜆) = 𝜆2 − trace(𝐴)𝜆 + det(𝐴)

For example, consider 𝐴 =

[
3 1
7 9

]
. The fact above says that 𝐴’s characteristic polynomial is

𝑝(𝜆) = 𝜆2 − (3 + 9)𝜆 + (3 · 9 − 1 · 7) = 𝜆2 − 12𝜆 + 20

which, with enough practice, is a calculation you might be able to do in your head. But, this gives
way to a more general fact, that is true for any 𝑛 × 𝑛 matrix.

Eigenvalues multiply to the determinant and add to the trace!

That is, the product of the eigenvalues of an 𝑛 × 𝑛 matrix is equal to its determinant, det(𝐴),
and the sum of the eigenvalues of a matrix is equal to the sum of the diagonal, trace(𝐴).
These are two conditions, and if I have a matrix that’s larger than 2 × 2, they’re not enough to
determine the eigenvalues. But, they’re helpful in indicating whether the eigenvalues you’ve
found are correct or not.

Example 1: 𝐴 =

[
3 1
7 9

]
’s eigenvalues add up to 3+ 9 = 12 and multiply to det(𝐴) = 3 · 9− 1 · 7 = 20.

This gives me a quick way of figuring out that 𝐴’s eigenvalues are 10 and 2.

Example 2: 𝐴 =


0.5 0.5 0
0.4 0.3 0.3
0 0.5 0.5

 has an eigenvalue of 1, corresponding to the eigenvector

1
1
1

 , since
the sum of each row of 𝐴 is 1. Let 𝜆2 and 𝜆3 be the other two eigenvalues. The trace fact tells me
that

1 + 𝜆2 + 𝜆3 = 0.5 + 0.3 + 0.5 = 1.3 =⇒ 𝜆2 + 𝜆3 = 0.3

and the determinant fact tells me that

1 · 𝜆2 · 𝜆3 =

������0.5 0.5 0
0.4 0.3 0.3
0 0.5 0.5

������
= 0.5(0.3 · 0.5 − 0.3 · 0.5) − 0.5(0.4 · 0.5 − 0.3 · 0) + 0(0.4 · 0.5 − 0.3 · 0)
= −0.5 · 0.4 · 0.5 = −0.1

In other words, the other two eigenvalues sum to 0.3 and multiply to -0.1. This sounds like a job
for 0.5 and -0.2, which are indeed the other two eigenvalues of 𝐴 (other than 1).

Example 3: 𝐴 =

[
1 2
2 4

]
has a determinant of 1 · 4 − 2 · 2 = 0, which means that its eigenvalues

multiply to 0, which is another reminder that 𝐴 has an eigenvalue of 0. The trace fact tells me that
the other eigenvalue 𝜆2 must satisfy 1 + 4 = 0 + 𝜆2, so 𝜆2 = 5.
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Key Takeaways
Let’s summarize the key ideas from both this section and the last.
Suppose 𝐴 is an 𝑛 × 𝑛 matrix.

1. 𝜆 is an eigenvalue of 𝐴, corresponding to the eigenvector ®𝑣, if

𝐴®𝑣 = 𝜆®𝑣

The English interpretation of this is that ®𝑣 is an eigenvector of 𝐴 if, when multiplied by 𝐴, ®𝑣
still points in the same direction, and is just stretched by a factor of 𝜆.

2. An 𝑛 × 𝑛 matrix 𝐴 has exactly 𝑛 eigenvalues. Some of these may be complex, and some of
these may be repeated, but all of them are roots to the characteristic polynomial of 𝐴,

𝑝(𝜆) = det(𝐴 − 𝜆𝐼)

3. A quick way to check if you’ve found the right eigenvalues is that

• The product of the eigenvalues of 𝐴 is equal to det(𝐴), i.e. 𝜆1𝜆2 · · · 𝜆𝑛 = det(𝐴).
• The sum of the eigenvalues of 𝐴 is equal to the trace of 𝐴, which is the sum of the diagonal

elements of 𝐴.

4. 0 is an eigenvalue of 𝐴 if and only if 𝐴 is not invertible.

5. If 𝜆 is an eigenvalue of 𝐴 with eigenvector ®𝑣, then 𝜆𝑘 is an eigenvalue of 𝐴𝑘 with the same
eigenvector ®𝑣.
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9.3. Markov Chains and Adjacency Matrices
To extend what we’ve seen over the past two sections, I’ll introduce a simplified version of the
PageRank problem, first discussed in Chapter 9.1. This will allow me to highlight a key property
of eigenvalues and eigenvectors: that they can be used to understand the long-term behavior of a
system.

The Game
That sounds abstract – what is a system, and what is long-term behavior? Let’s illustrate with an
example. “The Game” refers to the annual football game between Michigan and Ohio State. Let’s
suppose that:

• If Michigan wins in year 𝑘, there’s an 80% chance we win again in year 𝑘 + 1, and a 20%
chance that Ohio State wins in year 𝑘 + 1.

• If Ohio State wins in year 𝑘, there’s a 70% chance they win again in year 𝑘 + 1, and a 30%
chance that Michigan wins in year 𝑘 + 1.

Question: In the long-run, what percentage of the time does Michigan win? Perhaps a more
approachable way of phrasing this is, what is the (unconditional) probability that Michigan wins
a particular game?
This system is an example of a Markov chain, in which the probabilities of transitioning between
states don’t change over time. In words, the Markov property says that once we know the current
state, the next state depends only on where we are now, not on the full history of howwe got there.
So for this example, once we knowwhowon this year, the probability of next year’s winner doesn’t
depend on who won two years ago, three years ago, and so on. Here, a “state” is the outcome of
the game in a particular year. The probabilities described above are fixed: the chance Michigan
wins in year 100 given they won in year 99 is 80%, and the chance they win in year 55555 given
they won in year 55554 is also 80%.
It’s often useful to visualize Markov chains using a state diagram, which is a directed graph in
which each node represents a state, and each edge represents a transition between states. Each
edge is labeled with the probability of the transition.
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Notice that the sumof the probabilities of the outgoing edges from each node (state) is 1. Intuitively,
this says we must account for all possible transitions from a given state.
This Markov chain can be described by a 2 × 2 adjacency matrix, 𝐴:

𝐴 =

[
𝑝(UM → UM) 𝑝(OSU → UM)
𝑝(UM → OSU) 𝑝(OSU → OSU)

]
=

[
0.8 0.3
0.2 0.7

]
Note that in an adjacency matrix, for our purposes:

• Each column describes the movement from a given node; the sums of the columns in an
adjacency matrix are equal to 1.

• Each row describes the movement into a given node; the sums of the rows in an adjacency
matrix don’t necessarily add to 1.

That is, 𝑎𝑖 𝑗 is the probability of transitioning from node 𝑗 to node 𝑖.
Recall, our goal is to determine the long-run fraction of games that Michigan wins. How does the
adjacency matrix 𝐴 help us with this?

Simulating aChain. Let’s use it to perform a simulation of this system. Let’s seed our simulation
in the year 𝑡 = 0, in which Michigan wins the first game, i.e.

®𝑥0 =
[
1
0

]
where ®𝑥𝑘 is a vector with two components, the first of which is the probability that Michigan wins
in year 𝑘, and the second of which is the probability that Ohio State wins in year 𝑘.
To find the distribution of wins in year 1, we can multiply ®𝑥0 by 𝐴:
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®𝑥1 = 𝐴®𝑥0 =
[
0.8 0.3
0.2 0.7

] [
1
0

]
=

[
0.8
0.2

]
So, in year 1, we’d expect Michigan to win 80% of the time, and Ohio State to win 20% of the time.
What about in year 2?

®𝑥2 = 𝐴®𝑥1 =
[
0.8 0.3
0.2 0.7

] [
0.8
0.2

]
=

[
0.8 · 0.8 + 0.3 · 0.2
0.2 · 0.8 + 0.7 · 0.2

]
=

[
0.7
0.3

]
Or year 3?

®𝑥3 = 𝐴®𝑥2 =
[
0.8 0.3
0.2 0.7

] [
0.7
0.3

]
=

[
0.8 · 0.7 + 0.3 · 0.3
0.2 · 0.7 + 0.7 · 0.3

]
=

[
0.65
0.35

]
In general, the distribution of wins in year 𝑡 is given by

®𝑥𝑘 = 𝐴®𝑥𝑘−1 = 𝐴2 ®𝑥𝑘−2 = · · · = 𝐴𝑘 ®𝑥0

If you look at ®𝑥1, ®𝑥2, and ®𝑥3 above, they don’t seem to be exploding to some really large value. De-
spite repeatedly multiplying by 𝐴, the values seem to be stabilizing. Are these vectors converging?
And, if so, to what?
Python can help verify our intuition.

def simulate_steps(A, x0, num_steps=15):
x = x0
for k in range(1, num_steps+1):

# Note that np.linalg.matrix_power(A, k) is the same as A @ A @ ... @ A (k times)
# A ** k raises each element of A to the kth power, which is not what we want
x_k = np.linalg.matrix_power(A, k) @ x
print(f'x_{k} = {x_k.flatten()}')

A = np.array([[0.8, 0.3],
[0.2, 0.7]])

x0 = np.array([[1], [0]])

simulate_steps(A, x0)

x_1 = [0.8 0.2]
x_2 = [0.7 0.3]
x_3 = [0.65 0.35]
x_4 = [0.625 0.375]
x_5 = [0.6125 0.3875]
x_6 = [0.60625 0.39375]
x_7 = [0.603125 0.396875]
x_8 = [0.6015625 0.3984375]
x_9 = [0.60078125 0.39921875]
x_10 = [0.60039063 0.39960938]
x_11 = [0.60019531 0.39980469]
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x_12 = [0.60009766 0.39990234]
x_13 = [0.60004883 0.39995117]
x_14 = [0.60002441 0.39997559]
x_15 = [0.60001221 0.39998779]

It seems that the sequence of ®𝑥𝑘 ’s is converging to
[
0.6
0.4

]
, which would imply that in the long-run,

Michigan wins 60% of the time.

An Eigenvalue Problem in Disguise

Could we have found the vector
[
0.6
0.4

]
without simulating the system? You sure bet. This is the

eigenvector of 𝐴 corresponding to the eigenvalue 1! Intuitively, since I’m searching for a long-run
distribution, I’m really looking for a vector ®𝑥 such that

𝐴®𝑥 = ®𝑥

meaning that advancing ®𝑥 one step in time won’t change it. This is precisely the definition of an
eigenvector with eigenvalue 𝜆 = 1. Eventually, we will prove that all adjacency matrices have an
eigenvalue of 1, and that the corresponding eigenvector is the long-run distributionwe’re searching
for.
But for now, let’s verify that 1 is indeed an eigenvalue of 𝐴 for this specific 𝐴 by computing 𝐴’s
eigenvalues and eigenvectors ourselves.

𝐴 =

[
0.8 0.3
0.2 0.7

]
Youmight be able to spot the eigenvalues from the trace and determinant facts (they need to add to
1.5 and multiply to 0.5). If not, there’s nothing wrong with explicitly writing out the characteristic
polynomial.

𝑝(𝜆) =
����0.8 − 𝜆 0.3

0.2 0.7 − 𝜆

����
= (0.8 − 𝜆)(0.7 − 𝜆) − 0.2 · 0.3
= 𝜆2 − 1.5𝜆 + 0.5

= (𝜆 − 1)(𝜆 − 0.5)
This tells us that 𝐴’s eigenvalues are 𝜆1 = 1 and 𝜆2 = 0.5.

• For 𝜆1 = 1, we can find an eigenvector ®𝑣1 =
[
𝑎
𝑏

]
by solving 𝐴

[
𝑎
𝑏

]
=

[
𝑎
𝑏

]
.

𝐴

[
𝑎
𝑏

]
=

[
𝑎
𝑏

]
=⇒

[
0.8𝑎 + 0.3𝑏
0.2𝑎 + 0.7𝑏

]
=

[
𝑎
𝑏

]
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Both components of the equation above give the relationship

0.8𝑎 + 0.3𝑏 = 𝑎 =⇒ 0.2𝑎 = 0.3𝑏 =⇒ 𝑏 =
2

3
𝑎

So, one eigenvector is ®𝑣1 =

[
3
2

]
. But, since we’d like to interpret the components of ®𝑣1 as a

probability distribution, we should scale it so that its components sum to 1. Since 3 + 2 = 5,

this gives ®𝑣1 =
[
3/5
2/5

]
=

[
0.6
0.4

]
, which is precisely what our simulated distributions converged

to!

• For 𝜆2 = 0.5, notice that

𝐴

[
1
−1

]
=

[
0.8 0.3
0.2 0.7

] [
1
−1

]
=

[
0.8 − 0.3
0.2 − 0.7

]
=

[
0.5
−0.5

]
= 0.5

[
1
−1

]
So, ®𝑣2 =

[
1
−1

]
is an eigenvector of 𝐴 corresponding to the eigenvalue 𝜆2 = 0.5. There’s no

way to scale ®𝑣2 so that its components are all positive and sum to 1, but there’s no need to,
since we’re only interested in interpreting 𝜆1 = 1’s eigenvector as a probability distribution.

I want to revisit our Python simulation from above. Using the initial vector ®𝑥0 =

[
1
0

]
, the state

vectors ®𝑥𝑘 converged to ®𝑣1 =
[
0.6
0.4

]
.

simulate_steps(A, x0=np.array([[1], [0]]))

x_1 = [0.8 0.2]
x_2 = [0.7 0.3]
x_3 = [0.65 0.35]
x_4 = [0.625 0.375]
x_5 = [0.6125 0.3875]
x_6 = [0.60625 0.39375]
x_7 = [0.603125 0.396875]
x_8 = [0.6015625 0.3984375]
x_9 = [0.60078125 0.39921875]
x_10 = [0.60039063 0.39960938]
x_11 = [0.60019531 0.39980469]
x_12 = [0.60009766 0.39990234]
x_13 = [0.60004883 0.39995117]
x_14 = [0.60002441 0.39997559]
x_15 = [0.60001221 0.39998779]

But, there was nothing special about our choice of ®𝑥0. Had we started with, say, ®𝑥0 =
[
0.5
0.5

]
or even

®𝑥0 =
[
0
1

]
, the state vectors would have still converged to the eigenvector ®𝑣1 =

[
0.6
0.4

]
.

simulate_steps(A, x0=np.array([[0.5], [0.5]]))
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x_1 = [0.55 0.45]
x_2 = [0.575 0.425]
x_3 = [0.5875 0.4125]
x_4 = [0.59375 0.40625]
x_5 = [0.596875 0.403125]
x_6 = [0.5984375 0.4015625]
x_7 = [0.59921875 0.40078125]
x_8 = [0.59960938 0.40039063]
x_9 = [0.59980469 0.40019531]
x_10 = [0.59990234 0.40009766]
x_11 = [0.59995117 0.40004883]
x_12 = [0.59997559 0.40002441]
x_13 = [0.59998779 0.40001221]
x_14 = [0.5999939 0.4000061]
x_15 = [0.59999695 0.40000305]

simulate_steps(A, x0=np.array([[0], [1]]))

x_1 = [0.3 0.7]
x_2 = [0.45 0.55]
x_3 = [0.525 0.475]
x_4 = [0.5625 0.4375]
x_5 = [0.58125 0.41875]
x_6 = [0.590625 0.409375]
x_7 = [0.5953125 0.4046875]
x_8 = [0.59765625 0.40234375]
x_9 = [0.59882813 0.40117188]
x_10 = [0.59941406 0.40058594]
x_11 = [0.59970703 0.40029297]
x_12 = [0.59985352 0.40014648]
x_13 = [0.59992676 0.40007324]
x_14 = [0.59996338 0.40003662]
x_15 = [0.59998169 0.40001831]

What if we start with a ®𝑥0 that isn’t a probability distribution, like ®𝑥0 =
[
50
−15

]
?

simulate_steps(A, x0=np.array([[50], [ -15]]))

x_1 = [35.5 -0.5]
x_2 = [28.25 6.75]
x_3 = [24.625 10.375]
x_4 = [22.8125 12.1875]
x_5 = [21.90625 13.09375]
x_6 = [21.453125 13.546875]
x_7 = [21.2265625 13.7734375]
x_8 = [21.11328125 13.88671875]
x_9 = [21.05664063 13.94335938]
x_10 = [21.02832031 13.97167969]
x_11 = [21.01416016 13.98583984]
x_12 = [21.00708008 13.99291992]
x_13 = [21.00354004 13.99645996]
x_14 = [21.00177002 13.99822998]
x_15 = [21.00088501 13.99911499]



Chapter 9. Eigenvalues and Eigenvectors 461

The state vector is converging on
[
21
14

]
, which is still on the line described by ®𝑣1 =

[
0.6
0.4

]
. So, it

seems that no matter where we start, the state vectors will converge to the eigenvector ®𝑣1 =

[
0.6
0.4

]
or some scalar multiple of it.

The Dominant Eigenvalue

Why is it the case that ®𝑥𝑘 = 𝐴𝑘 ®𝑥0 converges to an eigenvector for 𝜆1 = 1, and not to an eigenvector
for the other eigenvalue of 𝜆2 = 0.5?
The answer is that the dominant eigenvalue, i.e. the one with the largest magnitude, is the one
that determines the long-run behavior of the system. Let’s see why this is the case.
First, recall that 𝐴’s eigenvalues are 𝜆1 = 1 and 𝜆2 = 0.5, and corresponding eigenvectors are

®𝑣1 =
[
0.6
0.4

]
and ®𝑣2 =

[
1
−1

]
. Note that these two eigenvectors are linearly independent, so any other

vector ®𝑥 ∈ R2 can be written as a linear combination of ®𝑣1 and ®𝑣2. The fact that these eigenvectors
are linearly independent is key to the argument below.
So, suppose we start with some vector ®𝑥 = 𝑐1®𝑣1 + 𝑐2®𝑣2. Then, what we’re really interested in is the
behavior of the vectors 𝐴®𝑥, 𝐴2 ®𝑥, 𝐴3 ®𝑥, and so on. What is 𝐴®𝑥?

𝐴®𝑥 = 𝐴(𝑐1®𝑣1 + 𝑐2®𝑣2) = 𝑐1𝐴®𝑣1 + 𝑐2𝐴®𝑣2 = 𝑐1𝜆1®𝑣1 + 𝑐2𝜆2®𝑣2

Above, I used the fact that 𝐴®𝑣1 = 𝜆1®𝑣1 and 𝐴®𝑣2 = 𝜆2®𝑣2 by the definition of eigenvectors.
Recall from the original Chapter 9.1 that if 𝜆 is an eigenvalue of 𝐴 with eigenvector ®𝑣, then 𝐴𝑘®𝑣 =
𝜆𝑘®𝑣 also. So,

𝐴2 ®𝑥 = 𝐴(𝑐1𝜆1®𝑣1 + 𝑐2𝜆2®𝑣2) = 𝑐1𝜆2
1®𝑣1 + 𝑐2𝜆2

2®𝑣2

and more generally, if 𝑘 is a positive integer,

𝐴𝑘 ®𝑥 = 𝑐1𝜆𝑘1®𝑣1 + 𝑐2𝜆𝑘2®𝑣2

So, 𝐴𝑘 ®𝑥 is a linear combination of ®𝑣1 and ®𝑣2 also, with weights 𝑐1𝜆𝑘1 and 𝑐2𝜆𝑘2. Here, 𝜆1 = 1 and
𝜆2 = 0.5, so 𝜆𝑘1 = 1 and 𝜆𝑘2 = 0.5𝑘 .

𝐴𝑘 ®𝑥 = 𝑐1(1)𝑘
[
0.6
0.4

]
+ 𝑐2(0.5)𝑘

[
1
−1

]
= 𝑐1

[
0.6
0.4

]
+ 𝑐2(0.5)𝑘

[
1
−1

]
But, as 𝑘 increases, 0.5𝑘 approaches 0, while 1𝑘 = 1. So,

𝐴𝑘 ®𝑥 = 𝑐1

[
0.6
0.4

]
+ 𝑐2(0.5)𝑘

[
1
−1

]
≈ 𝑐1

[
0.6
0.4

]
as 𝑘 → ∞
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This explains why the state vectors ®𝑥𝑘 converge to (some scalar multiple of) ®𝑣1 =

[
0.6
0.4

]
, no matter

where we start!

Why do Adjacency Matrices Have an Eigenvalue of 1?. Let’s prove that all adjacency matrices
have an eigenvalue of 1. Recall that an adjacency matrix is defined such that:

• Each column describes the movement from a given node; the sums of the columns in an
adjacency matrix are equal to 1.

• Each row describes the movement into a given node; the sums of the rows in an adjacency
matrix don’t necessarily add to 1.

Here’s the key fact: for any squarematrix 𝐴, the eigenvalues of 𝐴 are the same as the eigenvalues
of 𝐴𝑇 . The eigenvectors themselves are usually different, but the eigenvalues are the same. This is
because 𝐴 and 𝐴𝑇 both have the same characteristic polynomial. Remember from Chapter 6.2 that
det(𝐴) = det(𝐴𝑇). So, 𝐴’s characteristic polynomial is

𝑝(𝜆) = det(𝐴 − 𝜆𝐼)

but this is the same as det((𝐴 − 𝜆𝐼)𝑇) = det(𝐴𝑇 − 𝜆𝐼), which is the characteristic polynomial of 𝐴𝑇 .
So, 𝐴 and 𝐴𝑇 have the same characteristic polynomial, and thus the same eigenvalues.
Back to the original question: why does an adjacency matrix have an eigenvalue of 1? Remember,
the columns of an adjacency matrix, which describe the movement from a given node, sum to 1.
If 𝐴 is an adjacency matrix, then

𝐴𝑇


1
1
...
1

 =


sum of column 1 of 𝐴
sum of column 2 of 𝐴

...
sum of column 𝑛 of 𝐴

 =


1
1
...
1


which shows that 𝐴𝑇 has an eigenvector (the all ones vector) with an eigenvalue of 1.

For instance, if 𝐴 =

[
0.8 0.3
0.2 0.7

]
, then 𝐴𝑇 =

[
0.8 0.2
0.3 0.7

]
, and 𝐴𝑇

[
1
1

]
=

[
1
1

]
, which is an eigenvector of

𝐴𝑇 with eigenvalue 1.
But, since 𝐴 and 𝐴𝑇 have the same eigenvalues, 𝐴must have an eigenvalue of 1.
The followup question iswhy it’s guaranteed that the largest eigenvalue of an adjacencymatrix is 1,
because this seems to be crucial in guaranteeing that the state vectors ®𝑥𝑘 converge to the eigenvector
corresponding to the eigenvalue 1. Proving this fact is beyond the scope of our course, but it follows
from the Perron-Frobenius theorem if you’d like to read more.

Example: Non-Adjacency Matrices. You might wonder, if 𝐴’s largest eigenvalue is greater than
1, what happens to the vector 𝐴𝑘 ®𝑥 as 𝑘 increases? (I won’t call 𝐴𝑘 ®𝑥 a state vector, since it’s not a
probability distribution.)

Let’s consider 𝐴 =

[
3 1
2 4

]
, which was used as an example in Chapter 9.2. 𝐴 has eigenvalues 𝜆1 = 2
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and 𝜆2 = 5, and corresponding eigenvectors ®𝑣1 =

[
1
−1

]
and ®𝑣2 =

[
1
2

]
. These eigenvectors are also

linearly independent, so any ®𝑥 ∈ R2 can be written as a linear combination of ®𝑣1 and ®𝑣2. Then,
following the logic from the previous example,

𝐴𝑘 ®𝑥 = 𝑐1(2)𝑘
[
1
−1

]
+ 𝑐2(5)𝑘

[
1
2

]
The issue is that both 5𝑘 and 2𝑘 growwithout bound as 𝑘 increases. So, 𝐴𝑘 ®𝑥 will not converge. But,

the direction of 𝐴𝑘 ®𝑥 is still predictable. Let me start with with ®𝑥 =

[−13
100

]
(nothing special about

these values) and evaluate 𝐴𝑘 ®𝑥 for 𝑘 = 1, 2, ..., 15.

simulate_steps(
A = np.array([[3, 1],

[2, 4]]),
x0 = np.array([[ -13], [100]])

)

x_1 = [ 61 374]
x_2 = [ 557 1618]
x_3 = [3289 7586]
x_4 = [17453 36922]
x_5 = [ 89281 182594]
x_6 = [450437 908938]
x_7 = [2260249 4536626]
x_8 = [11317373 22667002]
x_9 = [ 56619121 113302754]
x_10 = [283160117 566449258]
x_11 = [1415929609 2832117266]
x_12 = [ 7079906093 14160328282]
x_13 = [35400046561 70801125314]
x_14 = [177001264997 354004594378]
x_15 = [ 885008389369 1770020907506]

The numbers are indeed getting bigger and bigger, but a relationship is emerging between the
components of 𝐴𝑘 ®𝑥. Let’s plot the coordinates of the vector 𝐴𝑘 ®𝑥 for 𝑘 = 1, 2, ..., 15.
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I had to log-scale the axes, since the components of𝐴𝑘 ®𝑥 are growing exponentially. But, you should
notice that the vectors 𝐴𝑘 ®𝑥 all lie on the same line – the line described by the eigenvector for the

dominant eigenvalue, ®𝑣2 =

[
1
2

]
! Hover over any point above to see the coordinates of the vector

𝐴𝑘 ®𝑥 for a particular 𝑘, and you’ll see the 𝑦-coordinate tends to be roughly double the 𝑥-coordinate.
So, when the dominant eigenvalue (that is, the eigenvalue with the largest magnitude) is greater
than 1, the vector 𝐴𝑘 ®𝑥 doesn’t converge, but its direction converges to the direction of the eigenvec-
tor corresponding to the dominant eigenvalue. Through the lens of our most recent equation for
𝐴𝑘 ®𝑥,

𝐴𝑘 ®𝑥 = 𝑐1(2)𝑘
[
1
−1

]
+ 𝑐2(5)𝑘

[
1
2

]
Notice that if we divide both sides by 5𝑘 , we see

𝐴𝑘 ®𝑥
5𝑘

= 𝑐1
(2
5

) 𝑘 [
1
−1

]
+ 𝑐2

[
1
2

]
And as 𝑘 increases, the term 𝑐1

(
2
5

) 𝑘 approaches 0. So, the direction of 𝐴𝑘 ®𝑥
5𝑘

approaches the direction

of
[
1
2

]
, but 𝐴𝑘 ®𝑥 and 𝐴𝑘 ®𝑥

5𝑘
have the same direction (but different magnitudes).

(I view our approach above as being similar to an approach used in limit problems in Calculus
1. For example, to find lim𝑥→∞ 𝑥2

3𝑥2−4𝑥 , you divide the numerator and denominator by the highest
power to get lim𝑥→∞ 1

3−4/𝑥 = 1/3. This is similar to what we did above, where we divided by the
highest power of 5𝑘 to make the dominant behavior clear.)
You can view the process of computing 𝐴𝑘 ®𝑥 for larger and larger 𝑘 until the direction stabilizes as
being a technique for approximating the eigenvector corresponding to the dominant eigenvalue.
This is called the power method.
Here’s the cliffhanger: our analysis of the behavior of 𝐴𝑘 ®𝑥 as 𝑘 increases has depended on the
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eigenvectors of 𝐴 (that is, ®𝑣1 and ®𝑣2) being linearly independent. What if the eigenvectors of a
particular matrix aren’t linearly independent? Time for Chapter 9.4 to shine.
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9.4. Multiplicities and Diagonalization
In Chapter 9.1 and Chapter 9.3, we saw that eigenvalues and eigenvectors allow us to better under-
stand the behavior of the linear transformation from R𝑛 to R𝑛 given by an 𝑛 × 𝑛 matrix 𝐴.
When understandingmatrix powers and adjacencymatrices, we often decomposed some arbitrary
vector ®𝑥 as a linear combination of eigenvectors of 𝐴. But sometimes, the eigenvectors of 𝐴 don’t
span all of R𝑛 , meaning we can’t write every other vector as a linear combination of eigenvectors
of 𝐴. When does this happen, and why do we really care?

The Eigenvalue Decomposition
Recall that if 𝐴 is an 𝑛 × 𝑛 matrix, then 𝐴 has 𝑛 eigenvalues, it’s just that some of the eigenvalues
may be complex (leading to complex-valued eigenvectors), and some eigenvalues may be repeated.
These 𝑛 eigenvalues are all solutions to the characteristic polynomial of 𝐴,

𝑝(𝜆) = det(𝐴 − 𝜆𝐼)

The corresponding eigenvectors are the solutions to the system of equations (𝐴 − 𝜆𝐼)®𝑣 = ®0.
Suppose 𝐴 has 𝑛 linearly independent eigenvectors ®𝑣1 , ®𝑣2 , · · · , ®𝑣𝑛 , with eigenvalues 𝜆1 ,𝜆2 , · · · ,𝜆𝑛 .
What I’m about to propose next will seem a little arbitrary, but bear with me – you’ll see the power
of this idea shortly. What happens if we multiply 𝐴 by a matrix, say 𝑉 , whose columns are the
eigenvectors of 𝐴?

𝐴𝑉 = 𝐴


| | |
®𝑣1 ®𝑣2 · · · ®𝑣𝑛
| | |


=


| | |

𝐴®𝑣1 𝐴®𝑣2 · · · 𝐴®𝑣𝑛
| | |


=


| | |

𝜆1®𝑣1 𝜆2®𝑣2 · · · 𝜆𝑛®𝑣𝑛
| | |


𝐴𝑉 is a matrix whose columns are eigenvectors of 𝐴, each scaled by the corresponding eigenvalue!
Is there another way to write the last line above?
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𝐴𝑉 =


| | |

𝜆1®𝑣1 𝜆2®𝑣2 · · · 𝜆𝑛®𝑣𝑛
| | |


=


| | |
®𝑣1 ®𝑣2 · · · ®𝑣𝑛
| | |



𝜆1 0 · · · 0
0 𝜆2 · · · 0
...

...
. . .

...
0 0 · · · 𝜆𝑛


= 𝑉Λ

Here, ∗ (the capitalized Greek letter for 𝜆) is a diagonal matrix of eigenvalues in the same order as
the eigenvectors in 𝑉 .

𝐴𝑉 = 𝑉Λ

We can take this a step further. If 𝑉 is invertible – which it is here, since we assumed 𝐴 has 𝑛
linearly independent eigenvectors – then we can multiply both sides of the equation above by 𝑉−1
on the right to get

𝐴 = 𝑉Λ𝑉−1

The existence of this decomposition is contingent on 𝑉 being invertible, which happens when
𝐴 has 𝑛 linearly independent eigenvectors. If 𝐴 doesn’t have “enough” eigenvectors, then 𝑉
wouldn’t be invertible, and we wouldn’t be able to decompose 𝐴 in this way.

Diagonalizable Matrices.
Definition: Eigenvalue Decomposition

The eigenvalue decomposition (or eigenvector decomposition) of a matrix 𝐴 is a decomposi-
tion of the form

𝐴 = 𝑉Λ𝑉−1

where𝑉 is a matrix containing the eigenvectors of 𝐴 as columns, and ∗ is a diagonal matrix of
eigenvalues in the same order.

Definition: Diagonalizable Matrix

A matrix 𝐴 is diagonalizable if it has an eigenvalue decomposition

𝐴 = 𝑉Λ𝑉−1

using the same definitions of𝑉 and ∗ above. 𝐴 is diagonalizable if and only if it has 𝑛 linearly
independent eigenvectors (which allows for 𝑉 to be invertible). Otherwise, 𝐴 is not diagonal-
izable, and is sometimes called defective.
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Often, 𝐴 is defined to be diagonalizable if and only if it can be written in the form 𝐴 = 𝑃𝐷𝑃−1
where 𝑃 is some invertible matrix and𝐷 is some diagonal matrix. This is a general definition of
diagonalizability. But, the only matrices that can be written in 𝐴 = 𝑃𝐷𝑃−1 have eigenvalue
decompositions and vice versa. The eigenvalue decomposition tells you how to actually di-
agonalize 𝐴.

A First Example. Let’s start with a familiar example, 𝐴 =

[
1 2
2 1

]
, which was the first example

we saw in Chapter 9.1. 𝐴 has eigenvalues 𝜆1 = 3 and 𝜆2 = −1, and corresponding eigenvectors

®𝑣1 =

[
1
1

]
and ®𝑣2 =

[
1
−1

]
. These eigenvectors are linearly independent, so 𝐴 is diagonalizable, and

we can write

𝑉 =

[
1 1
1 −1

]
, Λ =

[
3 0
0 −1

]
which tells us that

𝑉Λ𝑉−1 =
[
1 1
1 −1

] [
3 0
0 −1

] [
1/2 1/2
1/2 −1/2

]
=

[
1 2
2 1

]
= 𝐴

Let’s check with numpy.

V = np.array([[1, 1],
[1, -1]])

Lambda = np.diag([3, -1]) # New tool.
V_inv = np.linalg.inv(V)
V @ Lambda @ V_inv # The same as A!

array([[1., 2.],
[2., 1.]])

Is this decomposition unique? No, because we could have chosen a different set of eigenvectors, or
wrote them in a different order (in which case ∗would be different). We’ll keep the eigenvectors in
the same order, but instead let’s consider

𝑉 =

[
2 −5
2 5

]
which is also a valid eigenvectormatrix for𝐴. (Remember that any scalarmultiple of an eigenvector
is still an eigenvector!)
It is still true that 𝐴 = 𝑉Λ𝑉−1. This may seem a little unbelievable (I wasn’t convinced at first), but
remember that 𝑉−1 “undoes” any changes in scaling we introduce to 𝑉 .

𝑉Λ𝑉−1 =
[
2 −5
2 5

] [
3 0
0 −1

] [
1/4 1/4

−1/10 1/10
]
=

[
1 2
2 1

]
= 𝐴
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V = np.array([[2, -5],
[2, 5]])

Lambda = np.diag([3, -1])
V_inv = np.linalg.inv(V)
V @ Lambda @ V_inv # Same as above!

array([[1., 2.],
[2., 1.]])

Activity 1

Activity 1

Suppose ®𝑣1, ®𝑣2, and ®𝑣3 are eigenvectors of 𝐴with eigenvalues 𝜆1, 𝜆2, and 𝜆3, respectively, and
all three of 𝜆1, 𝜆2, and 𝜆3 are distinct.

1. Prove that ®𝑣1 and ®𝑣2 are linearly independent.

2. Prove that ®𝑣1, ®𝑣2, and ®𝑣3 are linearly independent.
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Solution

Part 1 We’ll start by assuming that 𝐴®𝑣1 = 𝜆1®𝑣1, 𝐴®𝑣2 = 𝜆2®𝑣2, and 𝜆1 ≠ 𝜆2.
If ®𝑣1 and ®𝑣2 are linearly independent, it means that the only solution to the equation

𝑐1®𝑣1 + 𝑐2®𝑣2 = ®0

is 𝑐1 = 𝑐2 = 0. (Otherwise, there are non-zero scalars 𝑐1 and 𝑐2 that make the equation
true.)
Let’s start with 𝑐1®𝑣1 + 𝑐2®𝑣2 = ®0 and do two things to it:

1. Multiply both sides (on the left) by 𝐴, yielding

𝐴(𝑐1®𝑣1 + 𝑐2®𝑣2) = 𝐴®0
𝑐1𝐴®𝑣1 + 𝑐2𝐴®𝑣2 = ®0
𝑐1𝜆1®𝑣1 + 𝑐2𝜆2®𝑣2 = ®0

2. Multiply both sides by 𝜆1, yielding

𝜆1(𝑐1®𝑣1 + 𝑐2®𝑣2) = 𝜆1®0 =⇒ 𝑐1𝜆1®𝑣1 + 𝑐2𝜆1®𝑣2 = ®0

Now, we have two similar equations:

𝑐1𝜆1®𝑣1 + 𝑐2𝜆2®𝑣2 = ®0
𝑐1𝜆1®𝑣1 + 𝑐2𝜆1®𝑣2 = ®0

Subtracting the second equation from the first, we get

𝑐2(𝜆2 − 𝜆1)®𝑣2 = ®0

Since 𝜆1 and 𝜆2 are distinct, 𝜆2 − 𝜆1 ≠ 0, so we must have 𝑐2 = 0.
But if 𝑐2 = 0, then 𝑐1 = 0 also! We can see this by substituting 𝑐2 = 0 into the first equation
we started working with.

𝑐1®𝑣1 + 𝑐2®𝑣2 = ®0 =⇒ 𝑐1®𝑣1 = ®0 =⇒ 𝑐1 = 0

So, the only solution to 𝑐1®𝑣1 + 𝑐2®𝑣2 = ®0 is 𝑐1 = 𝑐2 = 0. This means that ®𝑣1 and ®𝑣2 are
linearly independent.

Part 2
Nowwe need to show that if ®𝑣1, ®𝑣2, and ®𝑣3 are eigenvectors of 𝐴with distinct eigenvalues
(𝜆1, 𝜆2, and 𝜆3, respectively), then they are linearly independent. We need to show that
the only solution to

𝑐1®𝑣1 + 𝑐2®𝑣2 + 𝑐3®𝑣3 = ®0

is 𝑐1 = 𝑐2 = 𝑐3 = 0. The general idea is the same as in Part 1: we need to use the fact that
𝜆1, 𝜆2, and 𝜆3 are different.
Instead of multiplying 𝑐1®𝑣1 + 𝑐2®𝑣2 + 𝑐3®𝑣3 = ®0 by 𝐴 and then 𝜆1 and then subtracting the
two equations, here’s an idea: why don’t we multiply by 𝐴 −𝜆1𝐼 and see what happens?
Doing so gives

(𝐴 − 𝜆1𝐼)(𝑐1®𝑣1 + 𝑐2®𝑣2 + 𝑐3®𝑣3) = (𝐴 − 𝜆1𝐼)®0
𝑐1(𝐴 − 𝜆1𝐼)®𝑣1 + 𝑐2(𝐴 − 𝜆1𝐼)®𝑣2 + 𝑐3(𝐴 − 𝜆1𝐼)®𝑣3 = ®0

𝑐1(𝜆1®𝑣1 − 𝜆1®𝑣1) + 𝑐2(𝜆2®𝑣2 − 𝜆1®𝑣2) + 𝑐3(𝜆3®𝑣3 − 𝜆1®𝑣3) = ®0
𝑐2(𝜆2 − 𝜆1)®𝑣2 + 𝑐3(𝜆3 − 𝜆1)®𝑣3 = ®0

Now, what if we take this last equation and multiply both sides by 𝐴 − 𝜆2𝐼?

(𝐴 − 𝜆2𝐼)(𝑐2(𝜆2 − 𝜆1)®𝑣2 + 𝑐3(𝜆3 − 𝜆1)®𝑣3) = (𝐴 − 𝜆2𝐼)®0
𝑐2(𝜆2 − 𝜆1)(𝐴 − 𝜆2𝐼)®𝑣2 + 𝑐3(𝜆3 − 𝜆1)(𝐴 − 𝜆2𝐼)®𝑣3 = ®0

𝑐2(𝜆2 − 𝜆1)(𝜆2®𝑣2 − 𝜆2®𝑣2) + 𝑐3(𝜆3 − 𝜆1)(𝜆3®𝑣3 − 𝜆2®𝑣3) = ®0
𝑐3(𝜆3 − 𝜆1)(𝜆3 − 𝜆2)®𝑣3 = ®0

Note that each multiplication by 𝐴−𝜆𝑖 𝐼 “killed” one of the eigenvectors. What we’re left
with is

𝑐3(𝜆3 − 𝜆1)(𝜆3 − 𝜆2)®𝑣3 = ®0

But since 𝜆1, 𝜆2, and 𝜆3 are distinct, 𝜆3 − 𝜆1 and 𝜆3 − 𝜆2 are non-zero, so we must have
𝑐3 = 0.
Substituting 𝑐3 = 0 into the equation involving 𝑐2 and 𝑐3 only gives

𝑐2(𝜆2 − 𝜆1)®𝑣2 = ®0 =⇒ 𝑐2 = 0

And finally, substituting 𝑐2 = 𝑐3 = 0 into 𝑐1®𝑣1 + 𝑐2®𝑣2 + 𝑐3®𝑣3 = ®0 gives

𝑐1®𝑣1 + 𝑐2®𝑣2 + 𝑐3®𝑣3 = ®0 =⇒ 𝑐1®𝑣1 = ®0 =⇒ 𝑐1 = 0

So, the only solution to 𝑐1®𝑣1 + 𝑐2®𝑣2 + 𝑐3®𝑣3 = ®0 is 𝑐1 = 𝑐2 = 𝑐3 = 0. This means that
®𝑣1, ®𝑣2, and ®𝑣3 are linearly independent! This argument generalizes to any number of
eigenvectors, as long as they all correspond to distinct eigenvalues.
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Key Applications
Rightfully, you might be asking what the point of this is. There are (at least) two main uses of the
eigenvalue decomposition.

Application 1: Matrix Powers. The first is that it makes it easy to compute powers of 𝐴, which
we know is a useful concept in understanding the long-run behavior of a Markov chain.
Suppose 𝐴 = 𝑉Λ𝑉−1. Then,

𝐴2 = (𝑉Λ𝑉−1)(𝑉Λ𝑉−1) = 𝑉Λ(𝑉−1𝑉)Λ𝑉−1 = 𝑉Λ2𝑉−1

What does this say about 𝐴3?

𝐴3 = (𝑉Λ𝑉−1)(𝑉Λ𝑉−1)(𝑉Λ𝑉−1) = 𝑉Λ(𝑉−1𝑉)Λ(𝑉−1𝑉)Λ𝑉−1 = 𝑉Λ3𝑉−1

In general, if 𝑘 is a positive integer,

𝐴𝑘 = 𝑉Λ𝑘𝑉−1

So, to compute 𝐴𝑘 , we don’t need to multiply 𝑘 matrices together (which would be a computa-
tional nightmare for large 𝑘). Instead, all we need to do is compute 𝑉Λ𝑘𝑉−1. And remember, ∗
is a diagonal matrix, so computing Λ𝑘 is easy: we just raise the diagonal entries to the power in
question.

For example, 𝐴10 =

[
1 2
2 1

]10
is

𝐴10 = 𝑉Λ10𝑉−1

=

[
1 1
1 −1

] [
310 0
0 (−1)10

] [
1/2 1/2
1/2 −1/2

]
=

[
1 1
1 −1

] [
310/2 310/2
1/2 −1/2

]
=

[(310 + 1)/2 (310 − 1)/2
(310 − 1)/2 (310 + 1)/2

]
Pretty neat!

np.linalg.matrix_power(A, 10)

array([[29525., 29524.],
[29524., 29525.]])
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Application 2: Understanding Linear Transformations. Remember that if 𝐴 is an 𝑛 × 𝑛 matrix,
then 𝑓 (®𝑥) = 𝐴®𝑥 is a linear transformation from R𝑛 to R𝑛 . But, if 𝐴 = 𝑉Λ𝑉−1, then

𝑓 (®𝑥) = 𝐴®𝑥 = 𝑉Λ𝑉−1 ®𝑥

This allows us to understand the effect of 𝑓 on ®𝑥 in three stages. Remember that 𝑉’s columns are
the eigenvectors of 𝐴, so the act of multiplying a vector ®𝑦 by 𝑉 is equivalent to taking a linear
combination of 𝑉’s columns (𝐴’s eigenvectors) using the weights in ®𝑦.

𝑉 ®𝑦 =


| | · · · |
®𝑣1 ®𝑣2 · · · ®𝑣𝑛
| | · · · |



𝑦1
𝑦2
...
𝑦𝑛

 = 𝑦1®𝑣1 + 𝑦2®𝑣2 + · · · + 𝑦𝑛®𝑣𝑛

For example, 𝑉
[
3
−4

]
says take 3 of the first eigenvector, and -4 of the second eigenvector, and add

them together to get a new vector. If 𝑉
[
3
−4

]
=

[
1
2

]
, this says that taking 3 of the first eigenvector

and -4 of the second eigenvector is the same as taking 1 of the first standard basis vector,
[
1
0

]
and

2 of the second standard basis vector,
[
0
1

]
.

Intuitively, think of𝑉 as amatrix that takes in “amounts of each eigenvector” andoutputs “amounts
of each standard basis vector”, where the standard basis vectors are the columns of 𝐼.
So, if

𝑉 : eigenvector amounts → standard basis vector amounts

then 𝑉−1 does the opposite, and maps

𝑉−1 : standard basis vector weights → eigenvector amounts

i.e. multiplying 𝑉−1 by ®𝑥 expresses ®𝑥 as a linear combination of the eigenvectors of 𝐴. If ®𝑧 is
the output of 𝑉−1 ®𝑥, then ®𝑥 = 𝑉®𝑧, meaning ®𝑧 contains the amounts of each eigenvector needed to
produce ®𝑥.
(This is non-standardnotation, since𝑉 is not a function and eigenvector amounts and standard basis vector amounts
are not sets but concepts, but I hope this helps convey the role of 𝑉 and 𝑉−1 in this context.)
Taking a step back, recall

𝑓 (®𝑥) = 𝐴®𝑥 = 𝑉Λ𝑉−1 ®𝑥

What this is saying is 𝑓 does three things:

1. First, it takes ®𝑥 and expresses it as a linear combination of the eigenvectors of 𝐴, which is
𝑉−1 ®𝑥. (This contains the “amounts of each eigenvector” needed to produce ®𝑥.)

2. Then, it takes that linear combination𝑉−1 ®𝑥 and scales each eigenvector by its corresponding
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eigenvalue, i.e. it scales or stretches each eigenvector by a different amount. Remember that
diagonal matrices only scale, they don’t do anything else!

3. Finally, it takes the resulting scaled vector Λ𝑉−1 ®𝑥 and expresses it as a linear combination of
the standard basis vectors, i.e. it combines the correct amounts of the stretched eigenvectors
to get the final result.

express in eigenvector basis︸                               ︷︷                               ︸
multiply by 𝑉−1

→ scale eigenvectors︸                 ︷︷                 ︸
multiply by Λ

→ express in standard basis︸                           ︷︷                           ︸
multiply by 𝑉

This is better understood visually, as you’ll see in Chapter 9.5: Symmetric Matrices and the Spec-
tral Theorem.

Examples
Example: Non-Diagonalizable Matrices. Most matrices we’ve seen in Chapter 9.1 and here so
far in this section have been diagonalizable. I’ve tried to shield you from the messy world of non-
diagonalizable matrices until now, but we’re ready to dive deeper.

Consider 𝐴 =

[
1 1
0 1

]
. The characteristic polynomial of 𝐴 is

𝑝(𝜆) = det(𝐴 − 𝜆𝐼) = det
[
1 − 𝜆 1
0 1 − 𝜆

]
= (1 − 𝜆)2

which has a double root of 𝜆 = 1. So, 𝐴 has a single eigenvalue 𝜆 = 1. What are all of 𝐴’s eigenvec-
tors? They’re solutions to 𝐴®𝑣 = 1®𝑣, i.e. (𝐴 − 𝐼)®𝑣 = ®0. Let’s look at the null space of 𝐴 − 𝐼:

𝐴 − 𝐼 =
[
1 − 1 1
0 1 − 1

]
=

[
0 1
0 0

]
The null space of 𝐴 − 𝐼 is spanned by the single vector

[
1
0

]
. So, 𝐴 has a single line of eigenvectors,

spanned by ®𝑣1 =
[
1
0

]
.

So, does 𝐴 have an eigenvalue decomposition? No, because we don’t have enough eigenvectors to
form 𝑉 . If we try and form 𝑉 by using ®𝑣1 in the first column and a column of zeros in the second
column, we’d have

𝑉 =

[
1 0
0 0

]
but this is not an invertible matrix, so 𝑉 is not invertible, and we can’t write 𝐴 = 𝑉Λ𝑉−1. 𝐴 is not
diagonalizable! This means that it’s harder to interpret 𝐴 as a linear transformation through the
lens of eigenvectors, and it’s harder to understand the long-run behavior of 𝐴𝑘 ®𝑥 for an arbitrary ®𝑥.
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Let me emphasize what I mean by 𝐴 needing to have 𝑛 linearly independent eigenvectors. Above,

we found that
[
1
0

]
is an eigenvector of 𝐴, which means that any scalar multiple of

[
1
0

]
is also an

eigenvector of 𝐴. But, the matrix [
1 2
0 0

]
is not invertible, meaning it can’t be the 𝑉 in 𝐴 = 𝑉Λ𝑉−1.

Example: The Identity Matrix. The 2 × 2 identity matrix 𝐼 =
[
1 0
0 1

]
has the characteristic poly-

nomial 𝑝(𝜆) = (𝜆 − 1)2. So, 𝐼 has a single eigenvalue 𝜆 = 1, just like the last example.
But, 𝜆 = 1 corresponds to two different eigenvector directions! I can pick any two linearly indepen-

dent vectors in R2 and they’ll both be eigenvectors for 𝐼. For example, let ®𝑣1 =
[
1
−3

]
and ®𝑣2 =

[
11
98

]
,

meaning

𝑉 =

[
1 11
−3 98

]
The matrix ∗ is just

[
1 0
0 1

]
which is the same as 𝐼 itself. This means that as long as 𝑉 is invertible

(i.e. as long as I pick two linearly independent vectors in R2),

𝑉Λ𝑉−1 = 𝑉𝐼𝑉−1 = 𝑉𝑉−1 = 𝐼

which means that indeed, 𝐼 is diagonalizable. (Any matrix that is diagonal to begin with is diago-
nalizable: in 𝐴 = 𝑃𝐷𝑃−1, 𝑃 is just the identity matrix.)
If you’d rather look at this example through the lens of solving systems of equations, an eigenvector

®𝑣 =

[
𝑎
𝑏

]
of 𝐼 with eigenvalue 𝜆 = 1 satisfies

𝐼®𝑣 =

[
1 0
0 1

] [
𝑎
𝑏

]
=

[
𝑎
𝑏

]
= 1

[
𝑎
𝑏

]
But, as a system this just says 𝑎 = 𝑎 and 𝑏 = 𝑏, which is true for any ®𝑣. Think of 𝑎 and 𝑏 both as
independent variables; the set of possible ®𝑣’s, then, is two dimensional (and is all of R2).

Example: Non-Invertible Matrices. Let 𝐴 =

[
1 2
2 4

]
.

• 𝐴 is not invertible (column 2 is double column 1), so it has an eigenvalue of 𝜆1 = 0, which

corresponds to the eigenvector ®𝑣1 =
[−2
1

]
.
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• It also has an eigenvalue of 𝜆2 = 5, corresponding to the eigenvector ®𝑣2 =

[
1
2

]
. (Remember,

the quick way to spot this eigenvalue is to remember that the sum of the eigenvalues of 𝐴 is
equal to the trace of 𝐴, which is 1+ 4 = 5; since 0 is an eigenvalue, the other eigenvalue must
be 5.)

Does 𝐴 have an eigenvalue decomposition? Let’s see if anything goes wrong when we try and
construct the eigenvector matrix 𝑉 and the diagonal matrix ∗ and multiplying 𝑉Λ𝑉−1.

𝑉 =

[−2 1
1 2

]
, Λ =

[
0 0
0 5

]

𝑉Λ𝑉−1 =
[−2 1
1 2

] [
0 0
0 5

] [−2/5 1/5
1/5 2/5

]
=

[
1 2
2 4

]
Everything worked out just fine! 𝐴 is diagonalizable, even though it’s not invertible.

Diagonalizability is not related to invertibility!

An 𝑛 × 𝑛 matrix can be either, both, or neither. Knowing that a matrix is diagonalizable tells
us nothing about its invertibility, and vice versa.
Remember, a matrix is diagonalizable if and only if it has 𝑛 linearly independent eigenvec-
tors, and is invertible if and only if it has 𝑛 linearly independent columns. But columns and
eigenvectors are two different things!

Algebraic and Geometric Multiplicity

As we saw in an earlier example, the matrix
[
1 1
0 1

]
does not have two linearly independent eigen-

vectors, and so is not diagonalizable. I’d like to dive deeper into identifying when a matrix is
diagonalizable.

Definition: Algebraic Multiplicity

The algebraic multiplicity of an eigenvalue 𝜆𝑖 is the number of times 𝜆𝑖 appears as a root of
the characteristic polynomial of 𝐴.
That is, if 𝐴’s characteristic polynomial is

𝑝(𝜆) = (𝜆 − 𝜆1)𝑚1(𝜆 − 𝜆2)𝑚2 · · · (𝜆 − 𝜆𝑘)𝑚𝑘

then the algebraic multiplicity of 𝜆𝑖 is AM(𝜆𝑖) = 𝑚𝑖 .
Note that in the above, 𝑚1 + 𝑚2 + · · · + 𝑚𝑘 = 𝑛.
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Activity 2

Activity 2

Suppose an 𝑛 × 𝑛 matrix 𝐴 has the characteristic polynomial

𝑝(𝜆) = (𝜆 + 1)2𝜆(𝜆 − 1)3(𝜆 − 4)2(𝜆 − 5)(𝜆 − 12)2

1. What is 𝑛 (i.e. the number of rows/columns of 𝐴)?

2. What is the determinant of 𝐴?

3. What are all of 𝐴’s eigenvalues and their algebraic multiplicities?

Solution

1. 𝑛 is equal to the sumof the exponents of the polynomial, which is 2+1+3+2+1+2 =
11. Remember that 𝑝(𝜆) is a polynomial of degree 𝑛.

2. The determinant of𝐴 is the product of the eigenvalues. Notice that 𝑝(𝜆) has a factor
of 𝜆, i.e. 𝑝(0) = 0, meaning 0 is an eigenvalue, so det(𝐴) = 0.

3. 𝐴 has eigenvalues:

• -1 with multiplicity AM(−1) = 2

• 0 with multiplicity AM(0) = 1

• 1 with multiplicity AM(1) = 3

• 4 with multiplicity AM(4) = 2

• 5 with multiplicity AM(5) = 1

• 12 with multiplicity AM(12) = 2

These algebraic multiplicities come from the exponents of the factors in 𝑝(𝜆).

The algebraic multiplicity of an eigenvalue, as the name suggests, is purely a property of the char-
acteristic polynomial. Alone, they don’t tell us whether or not a matrix is diagonalizable. Instead,
we’ll need to look at another form of multiplicity alongside the algebraic multiplicity.

Definition: Eigenspace and Geometric Multiplicity

The eigenspace of an eigenvalue 𝜆𝑖 is the set of all eigenvectors with an eigenvalue of 𝜆𝑖 .
Equivalently:

• It is the set of all vectors ®𝑣 such that 𝐴®𝑣 = 𝜆𝑖®𝑣.
• It is the subspace nullsp(𝐴 − 𝜆𝑖 𝐼), though ®0 (which is in the null space of every matrix,

including 𝐴 − 𝜆𝑖 𝐼) is not technically an eigenvector.
The geometric multiplicity of 𝜆 is the dimension of the eigenspace of 𝜆.

GM(𝜆𝑖) = dim(nullsp(𝐴 − 𝜆𝑖 𝐼))
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Equivalently, the geometric multiplicity of 𝜆𝑖 is the number of linearly independent eigen-
vectors corresponding to 𝜆𝑖 .

The geometricmultiplicity of an eigenvalue can’t be determined from the characteristic polynomial
alone – instead, it involves finding nullsp(𝐴 − 𝜆𝑖 𝐼) and finding its dimension, i.e. the number of
linearly independent vectors needed to span it. But in general,

1 ≤ GM(𝜆𝑖) ≤ AM(𝜆𝑖)

Think of the algebraic multiplicity of an eigenvalue as the “potential” number of linearly indepen-
dent eigenvectors for an eigenvalue, sort of like the number of slots we have for that eigenvalue.
The geometric multiplicity, on the other hand, is the number of linearly independent eigenvectors
we actually have for that eigenvalue. As we’ll see in the following examples, when the geometric
multiplicity is less than the algebraic multiplicity for any eigenvalue, the matrix in question is not
diagonalizable.
In each of the following matrices 𝐴, we’ll

1. Find the algebraic multiplicity of each of 𝐴’s eigenvalues.

2. For each eigenvalue, find the geometric multiplicity and a basis for the eigenspace.

3. Conclude whether 𝐴 is diagonalizable.

As usual, attempt these examples on your own first before peeking at the solutions.

A First Example.

𝐴 =


1 1 0
0 1 1
0 0 1


We’ll walk through this one together.

1. First, we’ll find the characteristic polynomial of 𝐴:

𝑝(𝜆) = det(𝐴 − 𝜆𝐼) =
������1 − 𝜆 1 0

0 1 − 𝜆 1
0 0 1 − 𝜆

������ = (1 − 𝜆)3

(You should practice quickly finding the characteristic polynomial of a 3 × 3 matrix; Chap-
ter 9.2 has relevant examples.)

This tells us that 𝐴 has a single eigenvalue 𝜆 = 1, with algebraic multiplicity AM(1) = 3 .

2. The geometric multiplicity of 𝜆 = 1 is dim(nullsp(𝐴 − 𝐼)). Let’s look at 𝐴 − 𝐼:

𝐴 − 𝐼 =

0 1 0
0 0 1
0 0 0


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𝐴 − 𝐼 has rank 2, so dim(nullsp(𝐴 − 𝐼)) = 3 − 2 = 1 (from the rank-nullity theorem), so the
geometric multiplicity of 𝜆 = 1 is GM(1) = 1 .

The vector ®𝑣1 =


1
0
0

 is an eigenvector for 𝜆 = 1, and so is any scalar multiple of ®𝑣1; I found

this by noticing that the first column of 𝐴 − 𝐼 is all zeros. So,

nullsp(𝐴 − 𝐼) = span ©­«


1
0
0


ª®¬

3. Since GM(1) = 1 < AM(1) = 3, 𝐴 is not diagonalizable. 𝐴 only has one linearly independent
eigenvector!

𝐴 is diagonalizable if and only if AM(𝜆𝑖) = GM(𝜆𝑖) for all eigenvalues 𝜆𝑖!
If every eigenvalue “lives up to its potential”, then the matrix has 𝑛 linearly independent
eigenvectors, and so is diagonalizable (because the 𝑉 in 𝐴 = 𝑉Λ𝑉−1 can be inverted).
If any eigenvalue has a geometric multiplicity that isn’t equal to its algebraic multiplicity, then
that eigenvalue will be missing eigenvectors, and 𝐴 won’t have 𝑛 linearly independent eigen-
vectors total.

Now, it’s your turn.

Example: AdjacencyMatrices. Consider this adjacencymatrix of aMarkov chainwith two states.
(This is the same adjacency matrix we introduced in Chapter 9.3.)

𝐴 =

[
0.8 0.3
0.2 0.7

]
Is 𝐴 diagonalizable? If so, find 𝑉 and Λ such that 𝐴 = 𝑉Λ𝑉−1.

Solution

1. In Chapter 9.3, we found that 𝐴 has eigenvalues 𝜆1 = 1 and 𝜆2 = 0.5, but we’ll find the
characteristic polynomial again for clarity:

𝑝(𝜆) = det(𝐴 − 𝜆𝐼)
=

����0.8 − 𝜆 0.3
0.2 0.7 − 𝜆

����
= (0.8 − 𝜆)(0.7 − 𝜆) − (0.3)(0.2)
= 𝜆2 − 1.5𝜆 + 0.5

= (1 − 𝜆)(0.5 − 𝜆)
So, the eigenvalues are 𝜆1 = 1 and 𝜆2 = 0.5, each with algebraic multiplicity
AM(1) = AM(0.5) = 1 .
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2. The fact that 𝐴 has two distinct eigenvalues alone tells us that 𝐴 is diagonalizable, since
each eigenvalue has exactly one independent eigenvector (which really means a line of
eigenvectors, or a 1-dimensional eigenspace) and eigenvectors for different eigenvalues
are always linearly independent. Let’s find those eigenvectors to be sure.

• For 𝜆1 = 1, we solve (𝐴 − 𝐼)®𝑣 = ®0:

𝐴 − 𝐼 =
[−0.2 0.3
0.2 −0.3

]
The null space of this matrix is spanned by

[
3
2

]
, so nullsp(𝐴 − 𝐼) = span

({[
3
2

]})
and GM(1) = 1 .

• For 𝜆2 = 0.5, we solve (𝐴 − 0.5𝐼)®𝑣 = ®0:

𝐴 − 0.5𝐼 =

[
0.3 0.3
0.2 0.2

]
The null space of this matrix is spanned by

[−1
1

]
, so

nullsp(𝐴 − 0.5𝐼) = span
({[−1

1

]})
and GM(0.5) = 1 .

3. Since 𝐴 has two linearly independent eigenvectors, it is diagonalizable:

𝐴 = 𝑉Λ𝑉−1 =
[
3 −1
2 1

] [
1 0
0 0.5

] ( [
3 −1
2 1

] )−1

Example: Another Diagonalizable Matrix.

𝐴 =


2 1 0
1 2 0
0 0 3


Is 𝐴 diagonalizable? If so, find 𝑉 and Λ such that 𝐴 = 𝑉Λ𝑉−1.
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Solution

1. The characteristic polynomial of 𝐴 is

𝑝(𝜆) = det(𝐴 − 𝜆𝐼)

=

������2 − 𝜆 1 0
1 2 − 𝜆 0
0 0 3 − 𝜆

������
= (2 − 𝜆) ((2 − 𝜆)(3 − 𝜆) − 0 · 0) − 1 ((1)(3 − 𝜆) − 0 · 0) + 0

= (2 − 𝜆)(2 − 𝜆)(3 − 𝜆) − (3 − 𝜆)
= (3 − 𝜆) ((2 − 𝜆)2 − 1

)
= (3 − 𝜆)(𝜆2 − 4𝜆 + 3)
= (3 − 𝜆)2(1 − 𝜆)

So, 𝐴 has eigenvalues 𝜆1 = 3 with AM(3) = 2 and 𝜆2 = 1 with AM(1) = 1 . There’s a
quicker way we could have spotted 𝐴’s eigenvalues, discussed after the solutions box.

2. • For 𝜆1 = 3, we solve (𝐴 − 3𝐼)®𝑣 = ®0:

𝐴 − 3𝐼 =


−1 1 0
1 −1 0
0 0 0


rank(𝐴−3𝐼) = 1 (since all columns are multiples of


−1
1
0

), so dim(nullsp(𝐴−3𝐼)) =

3 − 1 = 2, which means GM(3) = 2 . At this point, we can conclude that 𝐴 is diag-
onalizable! But, let’s find a basis for the eigenspace nullsp(𝐴 − 3𝐼) to be thorough.

Two linearly independent vectors in nullsp(𝐴 − 3𝐼) are

1
1
0

 and

0
0
1

 , so

nullsp(𝐴 − 3𝐼) = span ©­«


1
1
0

 ,

0
0
1


ª®¬ . This is just one possible basis for the

eigenspace; it’s not the only one.

What this says is any linear combination of

1
1
0

 and

0
0
1

 is also an eigenvector for

𝜆 = 3. For example,

2 1 0
1 2 0
0 0 3



−1
−1
13

 = 3


−1
−1
13

 .
• For 𝜆2 = 1, we solve (𝐴 − 𝐼)®𝑣 = ®0:

𝐴 − 𝐼 =

1 1 0
1 1 0
0 0 2





Chapter 9. Eigenvalues and Eigenvectors 481

Since AM(1) = 1, we know that there could only be one linearly independent

eigenvector for 𝜆2 = 1, so GM(1) = 1 too. One such eigenvector is

1
−1
0

 , so

nullsp(𝐴 − 𝐼) = span ©­«


1
−1
0


ª®¬ .

3. Since 𝐴 has three linearly independent eigenvectors, it is diagonalizable:

𝐴 = 𝑉Λ𝑉−1 =

1 0 1
1 0 −1
0 1 0



3 0 0
0 2 0
0 0 2

 ©­«

1 0 1
1 0 −1
0 1 0

ª®¬
−1

In the solutions above, I found 𝐴’s eigenvalues the traditional way, by solving for the roots of 𝐴’s
characteristic polynomial. But there’s a quicker way to find 𝐴’s eigenvalues in this case that I want
to highlight. 𝐴 is a block diagonal matrix:

𝐴 =


2 1 0
1 2 0
0 0 3

 =

[
𝐴1 ®02×1
®01×2 𝐴2

]
In this case, 𝐴1 =

[
2 1
1 2

]
and 𝐴2 =

[
3
]
. Think of this as us placing 𝐴1 and 𝐴2 on the diagonal of 𝐴,

and then filling the rest of 𝐴 with zeros.
In general, if 𝐴 is a block diagonal matrix, then the eigenvalues of 𝐴 are the eigenvalues of the
blocks on the diagonal combined. To see why this is true, suppose you know that 𝜆 is an eigen-
value of one of 𝐴’s diagonal blocks with a corresponding eigenvector of ®𝑣. To get a corresponding
eigenvector of 𝐴, just extend ®𝑣 by placing 0’s in the positions of the other blocks. In other words,

if ®𝑣 is an eigenvector of 𝐴1, then


®𝑣
0
...
0

 is an eigenvector of 𝐴.

Here, the eigenvalues of 𝐴1 are 1 and 3, and the sole eigenvalue of 𝐴2 is 3, so 𝐴’s eigenvalues are 1
and 3 (with algebraic multiplicity 2).

Example: Another Non-Diagonalizable Matrix.

𝐴 =


2 1 0
0 2 0
0 0 3


Is 𝐴 diagonalizable? If so, find 𝑉 and Λ such that 𝐴 = 𝑉Λ𝑉−1. Tip: Use the fact that 𝐴 is upper
triangular to find its eigenvalues quickly. We first discussed this trick in Chapter 9.2.
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Solution

1. 𝐴 is upper triangular, so its eigenvalues are the entries on the diagonal: 𝜆1 = 2, 𝜆2 = 2,
𝜆3 = 3. So, AM(2) = 2 and AM(3) = 1 .

2. • For 𝜆1 = 2, we solve (𝐴 − 2𝐼)®𝑣 = ®0:

𝐴 − 2𝐼 =


0 1 0
0 0 0
0 0 1


rank(𝐴 − 2𝐼) = 2, so dim(nullsp(𝐴 − 2𝐼)) = 1, so GM(2) = 1 . At this point, we can
conclude that 𝐴 is not diagonalizable, since GM(2) < AM(2). Noticing that the first

column of 𝐴 − 2𝐼 is all zeros, ®𝑣1 =

1
0
0

 is an eigenvector, and

nullsp(𝐴 − 2𝐼) = span ©­«


1
0
0


ª®¬

• For 𝜆3 = 3, we solve (𝐴 − 3𝐼)®𝑣 = ®0:

𝐴 − 3𝐼 =


−1 1 0
0 −1 0
0 0 0


Using similar logic, GM(3) = 1 and

nullsp(𝐴 − 3𝐼) = span ©­«


0
0
1


ª®¬

3. 𝐴 only has two linearly independent eigenvectors, one for 𝜆 = 2 and one for 𝜆 = 3,
but is a 3 × 3 matrix, and hence its not diagonalizable. (Also, for 𝜆1 = 2, the geomet-
ric multiplicity, 1, is less than the algebraic multiplicity, 2, but we need equality for all
eigenvalues in order for 𝐴 to be diagonalizable.)

Example: Working Backwards. In the previous examples, we were given a matrix 𝐴 and then
found its eigenvalues and eigenvectors. Let’s go in the other direction.
Suppose 𝐴 is a 3 × 3 matrix with:

• eigenvalue 𝜆1 = 3 with eigenvector ®𝑣1 =

2
0
1


• eigenvalue 𝜆2 = −2 with eigenspace
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span ©­«


1
1
0

 ,

0
1
2


ª®¬

Find 𝐴.

Solution

If we’re given eigenvalues and enough linearly independent eigenvectors, we can build 𝐴
directly from the decomposition 𝐴 = 𝑉Λ𝑉−1.

Since the eigenspace for 𝜆 = −2 is 2-dimensional, we can use

1
1
0

 and

0
1
2

 as two linearly

independent eigenvectors for 𝜆 = −2. So, one valid choice is

𝑉 =


2 1 0
0 1 1
1 0 2

 , Λ =


3 0 0
0 −2 0
0 0 −2


where the columns of𝑉 are the eigenvectors, and the diagonal entries ofΛ are the correspond-
ing eigenvalues in the same order.
Now we compute

𝐴 = 𝑉Λ𝑉−1 =

2 1 0
0 1 1
1 0 2



3 0 0
0 −2 0
0 0 −2

 ©­«

2 1 0
0 1 1
1 0 2

ª®¬
−1

=


2 −4 2
0 −2 0
2 −2 −1


You can quickly verify that this works:

• 𝐴


2
0
1

 = 3


2
0
1


• 𝐴


1
1
0

 = −2

1
1
0


• 𝐴


0
1
2

 = −2

0
1
2


The main takeaway is that if you know a full eigenbasis and the matching eigenvalues, you
can reconstruct the original matrix by putting the eigenvectors into 𝑉 , the eigenvalues into
Λ, and multiplying 𝑉Λ𝑉−1.

In Chapter 9.5, I want to build on our understanding of diagonalizability by focusing on a special
class of matrices: symmetric matrices. It turns out that symmetric matrices are always diagonaliz-
able, and beyond that, their corresponding eigenvectors obey a really nice property. Chapter 9.5
also has an overall summary of diagonalization.
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Activity 3

Activity 3

For each statement, determine whether it is true or false and provide a brief justification. (For
false statements, provide a counterexample.)

1. True or False: If all of 𝐴’s eigenvalues are distinct, then 𝐴 is diagonalizable.

2. True or False: If all of 𝐴’s eigenvalues are positive, then 𝐴 is diagonalizable.

3. True or False: If 𝐴 is diagonalizable, then 𝐴 is invertible.

4. True or False: If 𝐴 is invertible, then 𝐴 is diagonalizable.

Solution

1. If all of 𝐴’s eigenvalues are distinct, then 𝐴 is diagonalizable. True. Remember that
the minimum possible geometric multiplicity is 1, so if all eigenvalues are distinct,
they each have an algebraic and geometric multiplicity of 1. Eigenvectors for differ-
ent eigenvalues are always linearly independent; think of it this way, an eigenvector
can only ever be paired with a single eigenvalue, so eigenvectors for different eigen-
values can’t be linearly dependent. Pairing these two facts, 𝐴 must have 𝑛 linearly
independent eigenvectors, and so is diagonalizable.

2. If all of 𝐴’s eigenvalues are positive, then 𝐴 is diagonalizable. False. In the example
above titled “Another Non-Diagonalizable Matrix”, 𝐴 had eigenvalues of 2, 2, and
3, all of which are positive, but 𝐴 was not diagonalizable.

3. If 𝐴 is diagonalizable, then 𝐴 is invertible. False. We saw an example of a diago-
nalizable matrix that was not invertible earlier in this section:[

1 2
2 4

]
=

[
2 1
−1 2

]
︸   ︷︷   ︸

𝑉

[
0 0
0 5

]
︸ ︷︷ ︸

Λ

( [
2 1
−1 2

] )−1
︸         ︷︷         ︸

𝑉−1

4. If 𝐴 is invertible, then 𝐴 is diagonalizable. False. The matrix from the example
“Another Non-Diagonalizable Matrix” above had eigenvalues of 2, 2, and 3, none
of which are 0, meaning 𝐴 is invertible, but 𝐴 was not diagonalizable.
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Most people with “AI/ML” in their bios don’t even know a real symmetric matrix al-
ways has real eigenvalues.

Figure 9.1: *
vixhaℓ (@TheVixhal) March 29, 2026

9.5. Symmetric Matrices and the Spectral Theorem
Symmetric matrices – that is, square matrices where 𝐴 = 𝐴𝑇 – behave really nicely through the
lens of eigenvectors, and understanding exactly how they work is key to Chapter 10.1, when we
generalize beyond square matrices.
While editing these notes, I came across a fitting tweet:

The Spectral Theorem

The Spectral Theorem

If 𝐴 is an 𝑛 × 𝑛 symmetric matrix with real entries (like all matrices we’ve studied in this
course), then the spectral theorem states that:

1. 𝐴 has exactly 𝑛 real eigenvalues, counting multiplicities (i.e. none are complex num-
bers).

2. The eigenvectors for different eigenvalues are orthogonal.

3. For every eigenvalue 𝜆𝑖 , GM(𝜆𝑖) = AM(𝜆𝑖).
4. Putting (1), (2), and (3) together, there exists an orthogonal matrix 𝑄 and a diagonal

matrix ∗ such that

𝐴 = 𝑄∗𝑄𝑇

Equivalently, “𝐴 can be diagonalized by an orthogonal matrix”.

If you search for the spectral theorem online, you’ll often just see Statement 4 above; I’ve broken
the theorem into smaller substatements to see how they are chained together.
The proof of Statement 1 is beyond our scope, since it involves fluency with complex numbers. If
the term “complex conjugate” means something to you, read the proof here – it’s relatively short.
The key idea to prove is Statement 2: that for a symmetric matrix, eigenvectors corresponding to
different eigenvalues are orthogonal. Suppose ®𝑣𝑖 is an eigenvector of 𝐴 with eigenvalue 𝜆𝑖 and ®𝑣 𝑗
is an eigenvector of 𝐴 with eigenvalue 𝜆 𝑗 , where 𝜆𝑖 ≠ 𝜆 𝑗 . Then

𝐴®𝑣𝑖 = 𝜆𝑖®𝑣𝑖 and 𝐴®𝑣 𝑗 = 𝜆 𝑗®𝑣 𝑗

Consider the dot product ®𝑣𝑖 · (𝐴®𝑣 𝑗). Using the fact that ®𝑣 𝑗 is an eigenvector, we get

https://twitter.com/TheVixhal/status/2038304484091437080?ref_src=twsrc%5Etfw
https://eecs16b.org/notes/sp24/note14.pdf
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®𝑣𝑖 · (𝐴®𝑣 𝑗) = ®𝑣𝑖 · (𝜆 𝑗®𝑣 𝑗) = 𝜆 𝑗(®𝑣𝑖 · ®𝑣 𝑗)

But we can also rewrite the same quantity using the fact that 𝐴 is symmetric:

®𝑣𝑖 · (𝐴®𝑣 𝑗) = ®𝑣𝑇𝑖 𝐴®𝑣 𝑗 = ®𝑣𝑇𝑖 𝐴𝑇®𝑣 𝑗 = (𝐴®𝑣𝑖)𝑇®𝑣 𝑗 = 𝜆𝑖®𝑣𝑇𝑖 ®𝑣 𝑗 = 𝜆𝑖(®𝑣𝑖 · ®𝑣 𝑗)

So,

𝜆 𝑗(®𝑣𝑖 · ®𝑣 𝑗) = 𝜆𝑖(®𝑣𝑖 · ®𝑣 𝑗)

which means

(𝜆 𝑗 − 𝜆𝑖)(®𝑣𝑖 · ®𝑣 𝑗) = 0

Since 𝜆𝑖 ≠ 𝜆 𝑗 , the first factor is non-zero, so we must have ®𝑣𝑖 · ®𝑣 𝑗 = 0. Therefore, eigenvectors
corresponding to different eigenvalues are orthogonal.
For a given eigenvector direction, we can pick any vector in that direction to be the eigenvector we
store in the𝑉 that we use to diagonalize 𝐴 – if ®𝑣 is an eigenvector, so is 2®𝑣, −3®𝑣, ®𝑣

‖ ®𝑣‖ , and so on. The
convenient choice is to pick unit vectors in each direction. If we take these 𝑛 unit eigenvectors and
place them in the columns of a matrix, that matrix is an orthogonal matrix! Orthogonal matrices𝑄
satisfy 𝑄𝑇𝑄 = 𝑄𝑄𝑇 = 𝐼, meaning their columns (and rows) are orthonormal, not just orthogonal
to one another. The fact that 𝑄𝑇𝑄 = 𝑄𝑄𝑇 = 𝐼 means that 𝑄𝑇 = 𝑄−1, so taking the transpose of a
matrix is the same as taking its inverse.

𝐴 = 𝑉Λ𝑉−1

we’ve “upgraded” to

𝐴 = 𝑄Λ𝑄𝑇

This is themain takeaway of the spectral theorem: that symmetric matrices can be diagonalized
by an orthogonal matrix. Sometimes, 𝐴 = 𝑄Λ𝑄𝑇 is called the spectral decomposition of 𝐴, but
all it is is a special case of the eigenvalue decomposition for symmetric matrices.

Visualizing the Spectral Theorem. Why dowe prefer𝑄Λ𝑄𝑇 over𝑉Λ𝑉−1? Taking the transpose
of a matrix is much easier than inverting it, so actually working with 𝑄Λ𝑄𝑇 is easier.

𝐴 = 𝑄Λ𝑄𝑇 =⇒ 𝐴𝑘 = 𝑄Λ𝑘𝑄𝑇︸                                   ︷︷                                   ︸
no inversion needed!

But it’s also an improvement in terms of interpretation: remember that orthogonal matrices are
matrices that represent rotations. So, if 𝐴 is symmetric, then the linear transformation 𝑓 (®𝑥) = 𝐴®𝑥
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is a sequence of rotations and stretches.

𝑓 (®𝑥) = 𝐴®𝑥 = 𝑄Λ𝑄𝑇 ®𝑥

Let’s make sense of this visually. Consider the symmetric matrix 𝐴 =

[
1 2
2 1

]
.

𝐴 appears to perform an arbitrary transformation; it turns the unit square into a parallelogram, as
we first saw in Chapter 6.1.
But, since 𝐴 is symmetric, it can be diagonalized by an orthogonal matrix, 𝐴 = 𝑄Λ𝑄𝑇 .

𝐴 =

[
1 2
2 1

]
has eigenvalues 𝜆1 = 3 with eigenvector ®𝑣1 =

[
1
1

]
and 𝜆2 = −1 with eigenvector ®𝑣2 =

[−1
1

]
. But,

the ®𝑣𝑖’s I’ve written aren’t unit vectors, which they need to be in order for 𝑄 to be orthogonal. So,

we normalize them to get ®𝑞1 =
[

1√
2
1√
2

]
and ®𝑞2 =

[− 1√
2

1√
2

]
. Placing these ®𝑞𝑖’s as columns of 𝑄, we get

𝑄 =

[
1√
2

− 1√
2

1√
2

1√
2

]
and so

𝐴 = 𝑄Λ𝑄𝑇 =

[
1√
2

− 1√
2

1√
2

1√
2

]
︸       ︷︷       ︸

𝑄

[
3 0
0 −1

]
︸   ︷︷   ︸

Λ

[
1√
2

1√
2

− 1√
2

1√
2

]
︸       ︷︷       ︸

𝑄𝑇

We’re visualizing how ®𝑥 turns into 𝐴®𝑥, i.e. how ®𝑥 turns into𝑄Λ𝑄𝑇 ®𝑥. This means that we first need
to consider the effect of 𝑄𝑇 on ®𝑥, then the effect of ∗ on that result, and finally the effect of 𝑄 on
that result – that is, read the matrices from right to left.
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Symmetric matrices rotate, stretch along eigenvectors, and then rotate back!

rotate to align with eigenvectors︸                                     ︷︷                                     ︸
multiply by 𝑄𝑇

→ scale eigenvectors︸                 ︷︷                 ︸
multiply by Λ

→ rotate back︸       ︷︷       ︸
multiply by 𝑄

This interpretation is crucial to understanding more advanced machine learning techniques,
as we’ll see in Chapter 10.1.

The Ellipse Perspective. Another way of visualizing the linear transformation of a symmetric

matrix is to consider its effect on the unit circle, not the unit square. Below, I’ll apply 𝐴 =

[
1 2
2 1

]
to the unit circle.

Notice that 𝐴 transformed the unit circle into an ellipse. What’s more, the axes of the ellipse are
the eigenvector directions of 𝐴!
Why is one axis longer than the other? As you might have guessed, the longer axis – the one in the

direction of the eigenvector ®𝑣1 =
[
1
1

]
– corresponds to the larger eigenvalue. Remember that 𝐴 has

𝜆1 = 3 and 𝜆2 = −1, so the “up and to the right” axis is three times longer than the “down and to

the right” axis, defined by ®𝑣2 =
[
1
−1

]
.

Why does this happen? Since 𝐴 is symmetric, it has a spectral decomposition 𝐴 = 𝑄Λ𝑄𝑇 , where
𝑄 is orthogonal and Λ is diagonal. For any vector ®𝑥, let ®𝑦 = 𝑄𝑇 ®𝑥. Then
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®𝑥𝑇𝐴®𝑥 = ®𝑥𝑇(𝑄Λ𝑄𝑇)®𝑥 = ®𝑦𝑇Λ®𝑦 =
𝑛∑
𝑖=1

𝜆𝑖𝑦2𝑖

Now imagine that ®𝑥 lies on one of 𝐴’s eigenvector directions, say the direction of ®𝑣1. In that case,
after rotating by 𝑄𝑇 , the vector ®𝑦 has only one non-zero coordinate, namely the coordinate corre-
sponding to 𝜆1. So the sum above collapses to

®𝑥𝑇𝐴®𝑥 = 𝜆1𝑦21

Similarly, along the eigenvector direction of ®𝑣2, we get ®𝑥𝑇𝐴®𝑥 = 𝜆2𝑦22 . The size of the output along
each principal axis is therefore controlled by the corresponding eigenvalue. Larger eigenvalues
produce longer axes, and smaller eigenvalues produce shorter axes. Here, 𝜆1 = 3 and 𝜆2 = −1, so
the axis in the ®𝑣1 direction is longer in magnitude than the axis in the ®𝑣2 direction.

Key Takeaways
1. The eigenvalue decomposition of a matrix 𝐴 is a decomposition of the form

𝐴 = 𝑉Λ𝑉−1

where 𝑉 is a matrix containing the eigenvectors of 𝐴 as columns, and ∗ is a diagonal matrix
of eigenvalues in the same order. Only diagonalizable matrices can be decomposed in this
way.

2. The algebraic multiplicity of an eigenvalue 𝜆𝑖 is the number of times 𝜆𝑖 appears as a root of
the characteristic polynomial of 𝐴.

3. The geometric multiplicity of 𝜆 is the dimension of the eigenspace of 𝜆, i.e. dim(nullsp(𝐴−
𝜆𝐼)).

4. The 𝑛 × 𝑛 matrix is diagonalizable if and only if any of these equivalent conditions are true:

• 𝐴 has 𝑛 linearly independent eigenvectors.
• For every eigenvalue 𝜆𝑖 , GM(𝜆𝑖) = AM(𝜆𝑖). When 𝐴 is diagonalizable, it has an eigen-

value decomposition, 𝐴 = 𝑉Λ𝑉−1.

5. If 𝐴 is a symmetric matrix, then the spectral theorem tells us that 𝐴 can be diagonalized by
an orthogonal matrix 𝑄 such that

𝐴 = 𝑄Λ𝑄𝑇

and that all of 𝐴’s eigenvalues are guaranteed to be real.

What’s next? There’s the question of how any of this relates to real data. Real data comes in
rectangular matrices, not squarematrices. And even it were square, how does any of this enlighten
us?
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9.6. Positive Semidefinite Matrices and the Rayleigh Quotient

Attention

This chapter is currently under development and has more bugs and typos than usual.

In Chapter 9.5, we saw that symmetric matrices can be diagonalized by an orthogonal matrix. In
this section, we will use that fact to understand two closely related ideas:

• positive semidefinite matrices, which control when a quadratic form has a global minimum
and is convex, and

• the Rayleigh quotient, which is a normalized quadratic form that isolates the effect of direc-
tion.

Quadratic Forms and Positive Semidefinite Matrices
If 𝐴 is an 𝑛 × 𝑛 matrix, then the function

𝑓 (®𝑥) = ®𝑥𝑇𝐴®𝑥

is called a quadratic form. When 𝐴 is symmetric, quadratic forms are especially nice because the
spectral theorem lets us understand them completely in terms of eigenvalues and eigenvectors.

Definition: Positive Semidefinite Matrices

Suppose 𝐴 is a symmetric 𝑛 × 𝑛 matrix. We say that 𝐴 is positive semidefinite if

®𝑥𝑇𝐴®𝑥 ≥ 0 for every ®𝑥 ∈ R𝑛

Equivalently, 𝐴 is positive semidefinite if all of its eigenvalues are non-negative.
Symbolically, a positive semidefinite matrix is often written 𝐴 � 0.

A positive definite matrix is even stronger: it satisfies

®𝑥𝑇𝐴®𝑥 > 0 for every ®𝑥 ≠ ®0,

which is equivalent to saying that all eigenvalues of 𝐴 are strictly positive.
Quadratic forms already appeared earlier in the course. For example, themean-squared error from
Chapter 8.1 can be expanded into a quadratic expression in the weight vector ®𝑤.

𝑅sq( ®𝑤) = 1

𝑛
‖ ®𝑦 − 𝑋 ®𝑤‖2

So understanding when a quadratic form has a minimum is not just abstract linear algebra; it is
directly tied to optimization.
Why are the two definitions of positive semidefiniteness equivalent? Since 𝐴 is symmetric, we can
write
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𝐴 = 𝑄Λ𝑄𝑇

where 𝑄 is orthogonal and Λ is diagonal with eigenvalues 𝜆1 , . . . ,𝜆𝑛 on the diagonal. For any
vector ®𝑥, let ®𝑦 = 𝑄𝑇 ®𝑥. Then

®𝑥𝑇𝐴®𝑥 = ®𝑥𝑇(𝑄Λ𝑄𝑇)®𝑥 = ®𝑦𝑇Λ®𝑦 =
𝑛∑
𝑖=1

𝜆𝑖𝑦2𝑖

This formula is the key. Each 𝑦2𝑖 is non-negative, so if every eigenvalue 𝜆𝑖 ≥ 0, then every term 𝜆𝑖𝑦2𝑖
is non-negative and therefore ®𝑥𝑇𝐴®𝑥 ≥ 0 for every ®𝑥. Conversely, if some eigenvalue were negative,
then plugging in the corresponding eigenvector would make ®𝑥𝑇𝐴®𝑥 < 0.

The picture on the left comes from the positive definite matrix

𝐴 =

[
2 1
1 2

]
,

whose eigenvalues are 3 and 1. Every output is non-negative, and the level curves are ellipses
surrounding a single global minimum at the origin.
The picture on the right comes from the symmetric matrix

𝐴 =

[
1 5
5 1

]
,

whose eigenvalues are 6 and -4. Because one eigenvalue is negative, the quadratic form takes both
positive and negative values, so it cannot be positive semidefinite and it is not convex.
For a symmetric quadratic form, convexity is controlled exactly by positive semidefiniteness. If

𝑓 (®𝑥) = ®𝑥𝑇𝐴®𝑥,

then
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∇ 𝑓 (®𝑥) = 2𝐴®𝑥 and 𝐻 𝑓 = 2𝐴,

because 𝐴 = 𝐴𝑇 . From multivariable calculus, a function is convex exactly when its Hessian is
positive semidefinite. So for symmetric quadratic forms,

𝑓 (®𝑥) = ®𝑥𝑇𝐴®𝑥 is convex ⇐⇒ 𝐴 � 0

This is one reason positive semidefinite matrices show up constantly in optimization: they tell us
that the landscape bends upward in every direction.
But there is still one issue. The value of ®𝑥𝑇𝐴®𝑥 depends on both the direction of ®𝑥 and its length.
If we double ®𝑥, then the value quadruples. To study the effect of direction alone, we normalize by
the squared length of the vector.

The Rayleigh Quotient
Suppose 𝐴 is a symmetric 𝑛 × 𝑛 matrix. The Rayleigh quotient of 𝐴 is the function

𝑔(®𝑣) = ®𝑣𝑇𝐴®𝑣
®𝑣𝑇®𝑣

for all non-zero vectors ®𝑣.
You should think of this as a normalized quadratic form. The numerator ®𝑣𝑇𝐴®𝑣 measures the
output of the quadratic form, while the denominator ®𝑣𝑇®𝑣 = ‖ ®𝑣‖2 removes the effect of scale.
Indeed, if 𝑐 ≠ 0, then

𝑔(𝑐®𝑣) = (𝑐®𝑣)𝑇𝐴(𝑐®𝑣)
(𝑐®𝑣)𝑇(𝑐®𝑣) =

𝑐2®𝑣𝑇𝐴®𝑣
𝑐2®𝑣𝑇®𝑣 = 𝑔(®𝑣)

So the Rayleigh quotient depends only on the direction of ®𝑣, not on its magnitude. In particular, if
‖ ®𝑣‖ = 1, then

𝑔(®𝑣) = ®𝑣𝑇𝐴®𝑣,

so the Rayleigh quotient is just the quadratic form restricted to the unit sphere.
In Homework 9, Problem 4, you showed that

∇𝑔(®𝑣) = 2

®𝑣𝑇®𝑣
(
𝐴®𝑣 − 𝑔(®𝑣)®𝑣)

If ®𝑣 is a critical point of 𝑔, then ∇𝑔(®𝑣) = ®0, which forces

𝐴®𝑣 = 𝑔(®𝑣)®𝑣

That means every critical point of the Rayleigh quotient is an eigenvector of 𝐴, and the correspond-
ing value of the Rayleigh quotient is the associated eigenvalue.
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The dashed lines mark the eigenvector directions of 𝐴. Notice what changed compared to the
earlier quadratic form plot: the extreme values no longer occur farther and farther away from the
origin. After normalization, only direction matters.
The reddest direction is the eigenvector direction corresponding to the largest eigenvalue, which is
6. The bluest direction is the eigenvector direction corresponding to the smallest eigenvalue, which
is -4. On the unit circle, those are exactly themaximum andminimumvalues of the quadratic form.
So for a symmetric matrix 𝐴,

• the largest possible value of the Rayleigh quotient is the largest eigenvalue of 𝐴, and

• the smallest possible value of the Rayleigh quotient is the smallest eigenvalue of 𝐴.

This gives a geometric interpretation of eigenvectors: they are the directions where the normalized
quadratic form is stationary, and in fact extremized.

Activity 1

Activity 1

Suppose 𝑥, 𝑦 ∈ R. What are the largest and smallest possible values of

𝑓 (𝑥, 𝑦) = 2𝑥2 + 12𝑥𝑦 + 7𝑦2

𝑥2 + 𝑦2
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Solution

First, we should write 𝑓 (𝑥, 𝑦) as a Rayleigh quotient. Let ®𝑥 =

[
𝑥
𝑦

]
and

𝐴 =

[
2 6
6 7

]
Then,

𝑓 (𝑥, 𝑦) = ®𝑥𝑇𝐴®𝑥
®𝑥𝑇 ®𝑥 = 𝑔(®𝑥)

Before going any further, you should verify that ®𝑥𝑇𝐴®𝑥 indeed is equal to 2𝑥2+12𝑥𝑦+7𝑦2.
Using the logic introduced before this activity, the largest possible value of 𝑓 (𝑥, 𝑦) is the
largest eigenvalue of 𝐴, and the smallest possible value is the smallest eigenvalue of 𝐴.
The eigenvalues of 𝐴must

• sum to trace(𝐴) = 2 + 7 = 9, and

• multiply to det(𝐴) = 2 · 7 − 62 = −22.
So, 𝐴’s eigenvalues are 11 and -2. Thus, the largest possible value of 𝑓 (𝑥, 𝑦) is 11, and the
smallest possible value of 𝑓 (𝑥, 𝑦) is -2.

The Rayleigh quotient will reappear in Chapter 10.3, where we’ll apply it with 𝐴 = 𝑋̃𝑇 𝑋̃ to find
the best direction for dimensionality reduction.
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10.1. Computing the Singular Value Decomposition
Eigenvalues and eigenvectors are powerful concepts, but unfortunately, they only apply to square
matrices. It would be nice if we could extend some of their utility to non-square matrices, like
matrices containing real data, which typically have many more rows than columns.

Introduction
This is precisely where the singular value decomposition (SVD) comes in. You should think of it
as a generalization of the eigenvalue decomposition, 𝐴 = 𝑉Λ𝑉−1, to non-square matrices. When
we first introduced eigenvalues and eigenvectors, we said that an eigenvector ®𝑣 of 𝐴 is a vector
whose direction is unchanged when multiplied by 𝐴 – all that happens to ®𝑣 is that it’s scaled by a
factor of 𝜆.

𝐴®𝑣 = 𝜆®𝑣

But now, suppose 𝑋 is some 𝑛 × 𝑑 matrix. For any vector ®𝑣 ∈ R𝑑, the vector 𝑋®𝑣 is in R𝑛 , not R𝑑,
meaning ®𝑣 and 𝑋®𝑣 live in different universes. So, it can’t make sense to say that 𝑋®𝑣 results from
stretching ®𝑣.
Instead, we’ll find pairs of singular vectors, ®𝑣 ∈ R𝑑 and ®𝑢 ∈ R𝑛 , such that

𝑋®𝑣 = 𝜎®𝑢

where 𝜎 is a singular value of 𝐴 (not a standard deviation!). Intuitively, this says that when 𝑋 is
multiplied by ®𝑣, the result is a scaled version of ®𝑢. These singular values and vectors are the focus
of this chapter. Applications of the singular value decomposition will start in Chapter 10.2 – but
go scroll to the bottom of that section if you want to see what we’re working towards.
Think of ®𝑢, ®𝑣, and 𝜎 – or perhaps better ®𝑢𝑖 , ®𝑣𝑖 , and 𝜎𝑖 – as a trio of friends that appear together in
the SVD of 𝑋; each matrix 𝑋 has 𝑟 such trios, where 𝑟 is the rank of 𝑋.
I’ll start by giving you the definition of the SVD, and then together we’ll figure out where it came
from.

Definition: Singular Value Decomposition

Suppose 𝑋 is any 𝑛 × 𝑑 matrix (that is, not necessarily square). Then, there exists a singular
value decomposition of 𝑋 of the form

𝑋 = 𝑈Σ𝑉𝑇

where:

• 𝑈 is an 𝑛 × 𝑛 orthogonal matrix, whose columns are called the left singular vectors of
𝑋

• ± is an 𝑛× 𝑑 diagonal matrix with non-negative real numbers on the diagonal and zeros
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elsewhere

• 𝑉 is a 𝑑 × 𝑑 orthogonal matrix, whose columns are called the right singular vectors of
𝑋

The diagonal entries of ± are called the singular values of 𝑋. Typically, the singular values
are sorted in decreasing order, i.e. 𝜎1 ≥ 𝜎2 ≥ · · · ≥ 𝜎𝑟 > 0, where 𝑟 = rank(𝑋).

Firstly, note that the SVD exists, no matter what 𝑋 is: it can be non-square, and it doesn’t even
need to be full rank. But note that unlike in the eigenvalue decomposition, where we decomposed
𝐴 using just one eigenvector matrix 𝑉 and a diagonal matrix ∗, here we need to use two singular
vector matrices𝑈 and 𝑉 and a diagonal matrix ±.
There’s a lot of notation and new concepts above. Let’s start with an example, then try and under-
stand where each piece in 𝑋 = 𝑈Σ𝑉𝑇 comes from and means. Suppose

𝑋 =


3 2 5
2 3 5
2 −2 0
5 5 10


𝑋 is a 4 × 3 matrix with rank(𝑋) = 2, since its third column is the sum of the first two. Its singular
value decomposition is given by 𝑋 = 𝑈Σ𝑉𝑇 :

𝑋 =


1√
6

1

3
√
2

− 1√
3

−2
3

1√
6

− 1

3
√
2

− 1√
3

2
3

0 2
√
2

3 0 1
3

2√
6

0 1√
3

0

︸                        ︷︷                        ︸
𝑈


15 0 0
0 3 0
0 0 0
0 0 0

︸       ︷︷       ︸
Σ


1√
6

1√
6

2√
6

1√
2

− 1√
2

0
1√
3

1√
3

− 1√
3

︸                ︷︷                ︸
𝑉𝑇

Two important observations:

1. 𝑈 and𝑉 are both orthogonal matrices, meaning𝑈𝑇𝑈 = 𝑈𝑈𝑇 = 𝐼4×4 and𝑉𝑇𝑉 = 𝑉𝑉𝑇 = 𝐼3×3.

2. ± contains the singular values of 𝑋 on the diagonal, arranged in decreasing order. We have
that 𝜎1 = 15, 𝜎2 = 3, and 𝜎3 = 0. 𝑋 has three singular values, but only two are non-zero. In
general, the number of non-zero singular values is equal to the rank of 𝑋.

Where did all of these numbers come from?

Discovering the SVD

The SVD of 𝑋 depends heavily on the matrices 𝑋𝑇𝑋 and 𝑋𝑋𝑇 . While 𝑋 itself is 4 × 3,

• 𝑋𝑇𝑋 is a symmetric 3 × 3 matrix, containing the dot products of 𝑋’s columns

• 𝑋𝑋𝑇 is a symmetric 4 × 4 matrix, containing the dot products of 𝑋’s rows
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Since 𝑋𝑇𝑋 and 𝑋𝑋𝑇 are both square matrices, they have eigenvalues and eigenvectors. And since
they’re both symmetric, their eigenvectors for different eigenvalues are orthogonal to each other,
as the spectral theorem 𝐴 = 𝑄Λ𝑄𝑇 guarantees for any symmetric matrix 𝐴.

Singular Values and Singular Vectors. The singular value decomposition involves creatively us-
ing the eigenvalues and eigenvectors of 𝑋𝑇𝑋 and 𝑋𝑋𝑇 . Suppose 𝑋 = 𝑈Σ𝑉𝑇 is the SVD of 𝑋. Then,
using the facts that𝑈𝑇𝑈 = 𝐼 and 𝑉𝑇𝑉 = 𝐼, we have:

𝑋𝑇𝑋 = (𝑈Σ𝑉𝑇)𝑇(𝑈Σ𝑉𝑇) = 𝑉Σ𝑇 𝑈𝑇𝑈︸︷︷︸
𝐼

Σ𝑉𝑇 = 𝑉Σ𝑇Σ𝑉𝑇︸     ︷︷     ︸
looks like 𝑄Λ𝑄𝑇

𝑋𝑋𝑇 = (𝑈Σ𝑉𝑇)(𝑈Σ𝑉𝑇)𝑇 = 𝑈Σ 𝑉𝑇𝑉︸︷︷︸
𝐼

Σ𝑇𝑈𝑇 = 𝑈ΣΣ𝑇𝑈𝑇︸     ︷︷     ︸
looks like 𝑃Λ𝑃𝑇

This just looks like we diagonalized 𝑋𝑇𝑋 and 𝑋𝑋𝑇 ! The expressions above are saying that:

• 𝑉’s columns are the eigenvectors of 𝑋𝑇𝑋

• 𝑈’s columns are the eigenvectors of 𝑋𝑋𝑇

𝑋𝑇𝑋 and 𝑋𝑋𝑇 usually have different sets of eigenvectors, which is why𝑈 and𝑉 are generally not
the same matrix (they don’t even have the same shape).
The eigenvalues of 𝑋𝑇𝑋 and 𝑋𝑋𝑇 are the same, though: those are the non-zero entries ofΣ𝑇Σ and
ΣΣ𝑇 . Since ± is an 𝑛 × 𝑑 matrix, Σ𝑇Σ is a 𝑑 × 𝑑 matrix and ΣΣ𝑇 is an 𝑛 × 𝑛 matrix. But, when you
work out both products, you’ll notice that their non-zero values are the same.

Suppose for example that Σ =


𝜎1 0 0
0 𝜎2 0
0 0 𝜎3
0 0 0

 . Then,
Σ𝑇Σ =


𝜎1 0 0 0
0 𝜎2 0 0
0 0 𝜎3 0



𝜎1 0 0
0 𝜎2 0
0 0 𝜎3
0 0 0

 =


𝜎2
1 0 0
0 𝜎2

2 0
0 0 𝜎2

3


ΣΣ𝑇 =


𝜎1 0 0
0 𝜎2 0
0 0 𝜎3
0 0 0



𝜎1 0 0 0
0 𝜎2 0 0
0 0 𝜎3 0

 =


𝜎2
1 0 0 0
0 𝜎2

2 0 0
0 0 𝜎2

3 0
0 0 0 0


But, these matrices with the squared terms are precisely the ∗’s in the spectral decompositions of
𝑋𝑇𝑋 = 𝑄Λ𝑄𝑇 and 𝑋𝑋𝑇 = 𝑃Λ𝑃𝑇 . This means that

𝜎2
𝑖 = 𝜆𝑖 =⇒ 𝜎𝑖 =

√
𝜆𝑖

where 𝜎𝑖 is a singular value of 𝑋 and 𝜆𝑖 is an eigenvalue of 𝑋𝑇𝑋 or 𝑋𝑋𝑇 .
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The above derivation is enough to justify that the eigenvalues of 𝑋𝑇𝑋 and 𝑋𝑋𝑇 are never negative,
but for another perspective, note that both 𝑋𝑇𝑋 and 𝑋𝑋𝑇 are positive semidefinite, meaning their
eigenvalues are non-negative. (You’re wrestling with this fact in Lab 11 and Homework 10.)

The relationship between singular values/vectors and eigenvalues/vectors

To summarize: in 𝑋 = 𝑈Σ𝑉𝑇 ,

• The columns of𝑈 – called the left singular vectors of 𝑋 – are the eigenvectors of 𝑋𝑋𝑇

• The columns of𝑉 – called the right singular vectors of 𝑋 – are the eigenvectors of 𝑋𝑇𝑋

• The singular values of 𝑋, which live on the diagonal of ±, are the square roots of the
eigenvalues of 𝑋𝑇𝑋 and 𝑋𝑋𝑇 :

𝜎𝑖 =
√
𝜆𝑖

Another proof that 𝑋𝑇𝑋 and 𝑋𝑋𝑇 have the same non-zero eigenvalues

Above, we implicitly used the fact that 𝑋𝑇𝑋 and 𝑋𝑋𝑇 have the same non-zero eigenvalues.
Here’s a proof of this fact that has nothing to do with the SVD.
Suppose ®𝑣𝑖 is an eigenvector of 𝑋𝑇𝑋 with eigenvalue 𝜆𝑖 .

𝑋𝑇𝑋®𝑣𝑖 = 𝜆𝑖®𝑣𝑖
What happens if we multiply both sides on the left by 𝑋?

𝑋𝑋𝑇𝑋®𝑣𝑖 = 𝑋𝜆𝑖®𝑣𝑖
Creatively adding parentheses gives us

𝑋𝑋𝑇(𝑋®𝑣𝑖) = 𝜆𝑖(𝑋®𝑣𝑖)

This shows that 𝑋®𝑣𝑖 is an eigenvector of 𝑋𝑋𝑇 with eigenvalue 𝜆𝑖 . The important thing is that
the eigenvalue is shared. This logic can be reversed too, to show that if ®𝑢𝑖 is an eigenvector of
𝑋𝑋𝑇 with eigenvalue 𝜆𝑖 , then 𝜆𝑖 is also an eigenvalue of 𝑋𝑇𝑋.

Computing the SVD. To find 𝑈 , ±, and 𝑉𝑇 , we don’t actually need to compute both 𝑋𝑇𝑋 and
𝑋𝑋𝑇 : all of these quantities can be uncovered just with one of them.

Let’s return to our example, 𝑋 =


3 2 5
2 3 5
2 −2 0
5 5 10

 . Using what we’ve just learned, let’s find 𝑈 , ±, and

𝑉𝑇 ourselves. 𝑋𝑇𝑋 has fewer entries than 𝑋𝑋𝑇 , so let’s start with it. I will delegate some number
crunching to numpy.

import numpy as np
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X = np.array([[3, 2, 5],
[2, 3, 5],
[2, -2, 0],
[5, 5, 10]])

X.T @ X

array([[ 42, 33, 75],
[ 33, 42, 75],
[ 75, 75, 150]])

𝑋𝑇𝑋 is a 3 × 3 matrix, but its rank is 2, meaning it will have an eigenvalue of 0. What are its other
eigenvalues?

eigvals, eigvecs = np.linalg.eig(X.T @ X)
eigvals

array([225., 9., 0.])

The eigenvalues of 𝑋𝑇𝑋 are 225, 9, and 0. This tells us that the singular values of 𝑋 are
√
225 = 15,

√
9 = 3, and 0. So far, we’ve discovered that ± =


15 0 0
0 3 0
0 0 0
0 0 0

 . Remember that ± always has the

same shape as 𝑋 (both are 𝑛 × 𝑑), and all of its entries are 0 except for the singular values, which
are arranged in decreasing order on the diagonal, starting with the largest singular value in the
top left corner.
Let’s now find the eigenvectors of 𝑋𝑇𝑋 – that is, the right singular vectors of 𝑋 – which we should
store in 𝑉 . We expect the eigenvectors ®𝑣𝑖 of 𝑋𝑇𝑋to be orthogonal, since 𝑋𝑇𝑋 is symmetric.

X.T @ X

array([[ 42, 33, 75],
[ 33, 42, 75],
[ 75, 75, 150]])

• For 𝜆1 = 225, one eigenvector is ®𝑣1 =

1
1
2

 , since
42 33 75
33 42 75
75 75 150

︸            ︷︷            ︸
𝑋𝑇𝑋


1
1
2

 =


225
225
450

 = 225


1
1
2


• For 𝜆2 = 9, one eigenvector is ®𝑣2 =


1
−1
0

 , since
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
42 33 75
33 42 75
75 75 150



1
−1
0

 =


9
−9
0

 = 9


1
−1
0


• For 𝜆3 = 0, one eigenvector is ®𝑣3 =


1
1
−1

 , since
42 33 75
33 42 75
75 75 150



1
1
−1

 =


0
0
0


Note that ®𝑣3 is a basis for nullsp(𝑋), since dim(nullsp(𝑋)) = 1 and 𝑋®𝑣3 = ®0. Hold that thought for
now.
To create 𝑉 , all we need to do is turn ®𝑣1, ®𝑣2, and ®𝑣3 into unit vectors.


1
1
2

 →


1√
6
1√
6
2√
6

︸︷︷︸
®𝑣1

,


1
−1
0

 →


1√
2

− 1√
2

0

︸ ︷︷ ︸
®𝑣2

,


1
1
−1

 →


1√
3
1√
3

− 1√
3

︸ ︷︷ ︸
®𝑣3

Stacking these unit vectors together gives us 𝑉 :

𝑉 =


1√
6

1√
2

1√
3

1√
6

− 1√
2

1√
3

2√
6

0 − 1√
3


And indeed, since 𝑋𝑇𝑋 is symmetric, 𝑉 is orthogonal: 𝑉𝑇𝑉 = 𝑉𝑉𝑇 = 𝐼3×3.
Great! We’re almost done computing the SVD. So far, we have

3 2 5
2 3 5
2 −2 0
5 5 10

︸         ︷︷         ︸
𝑋

= 𝑈


15 0 0
0 3 0
0 0 0
0 0 0

︸       ︷︷       ︸
Σ


1√
6

1√
6

2√
6

1√
2

− 1√
2

0
1√
3

1√
3

− 1√
3

︸                ︷︷                ︸
𝑉𝑇

𝑋𝑉 = 𝑈Σ and 𝑋®𝑣𝑖 = 𝜎𝑖 ®𝑢𝑖 . Ideally, we can avoid having to compute the eigenvectors of 𝑋𝑋𝑇 to
stack into𝑈 . And we can. If we start with

𝑋 = 𝑈Σ𝑉𝑇

and multiply both sides on the right by 𝑉 , we uncover a relationship between the columns of 𝑈
and the columns of 𝑉 .
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𝑋𝑉 = 𝑈Σ

Let’s unpack this. On the left, the matrix 𝑋𝑉 is made up of multiplying 𝑋 by each column of 𝑉 .

𝑋𝑉 = 𝑋4×3

| | |
®𝑣1 ®𝑣2 ®𝑣3
| | |

3×3 =


| | |
𝑋®𝑣1 𝑋®𝑣2 𝑋®𝑣3
| | |

4×3
On the right, 𝑈Σ is made up of stretching each column of 𝑈 by the corresponding singular value
in the diagonal of ±.

𝑈Σ =


| | | |
®𝑢1 ®𝑢2 ®𝑢3 ®𝑢4
| | | |

4×4

𝜎1 0 0
0 𝜎2 0
0 0 𝜎3
0 0 0

4×3 =


| | |
𝜎1®𝑢1 𝜎2®𝑢2 𝜎3®𝑢3
| | |

4×3
But, since 𝑋𝑉 = 𝑈Σ, we have

| | |
𝑋®𝑣1 𝑋®𝑣2 𝑋®𝑣3
| | |

 =


| | |

𝜎1®𝑢1 𝜎2®𝑢2 𝜎3®𝑢3
| | |


Singular values represent stretches, too!

A consequence of the above relationship is that if 𝑋 is 𝑛 × 𝑑, then for 𝑖 = 1, 2, ..., 𝑑,

𝑋®𝑣𝑖 = 𝜎𝑖 ®𝑢𝑖
The above is saying that when 𝑋 is multiplied by ®𝑣𝑖 , the result is a scaled version of ®𝑢𝑖 (not
®𝑣𝑖)!
As we said at the start of the section, 𝑋®𝑣𝑖 lives in a different universe (R𝑛) than ®𝑣𝑖 does (R𝑑),
so ®𝑣𝑖 and 𝑋®𝑣𝑖 can’t point in the same direction; instead, 𝑋®𝑣𝑖 points in the same direction as ®𝑢𝑖 ,
which lives in R𝑛 . I like to think of each ®𝑣𝑖 having a “partner” ®𝑢𝑖 ; multiplying 𝑋 by ®𝑣𝑖 results
in stretching ®𝑢𝑖 .
𝑋®𝑣𝑖 = 𝜎𝑖 ®𝑢𝑖 is the singular value/vector analog of 𝐴®𝑣 = 𝜆®𝑣 for eigenvalues/eigenvectors.

Crucially though, 𝑋®𝑣𝑖 = 𝜎𝑖 ®𝑢𝑖 only holds when we’ve arranged the singular values and vectors in
𝑈 , ±, and 𝑉𝑇 consistently. This is one reason why we always arrange the singular values in ± in
decreasing order.
Back to our example. Again, we currently have
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
3 2 5
2 3 5
2 −2 0
5 5 10

︸         ︷︷         ︸
𝑋

= 𝑈


15 0 0
0 3 0
0 0 0
0 0 0

︸       ︷︷       ︸
Σ


1√
6

1√
6

2√
6

1√
2

− 1√
2

0
1√
3

1√
3

− 1√
3

︸                ︷︷                ︸
𝑉𝑇

We know 𝑋, and we know each ®𝑣𝑖 and 𝜎𝑖 . Rearranging 𝑋®𝑣𝑖 = 𝜎𝑖 ®𝑢𝑖 gives us

®𝑢𝑖 = 1

𝜎𝑖
𝑋®𝑣𝑖

which is a recipe for computing ®𝑢1, ®𝑢2, and ®𝑢3.

1. ®𝑢1 = 1
15𝑋


1√
6
1√
6
2√
6

 =


1√
6
1√
6

0
2√
6


2. ®𝑢2 = 1

3𝑋


1√
2

− 1√
2

0

 =


1

3
√
2

− 1

3
√
2

2
√
2

3
0


3. ®𝑢3 = 1

0𝑋


1√
3
1√
3

− 1√
3

 = ...wait, what?

Something is not quite right: 𝜎3 = 0, which means we can’t use ®𝑢𝑖 = 1
𝜎𝑖
𝑋®𝑣𝑖 to compute ®𝑢3. And,

even if we could, this recipe tells us nothing about ®𝑢4, which we also need to find, since𝑈 is 4 × 4.

Null Spaces Return. So far, we’ve found two of the four columns of𝑈 .

𝑈 =


1√
6

1

3
√
2

? ?
1√
6

− 1

3
√
2

? ?

0 2
√
2

3 ? ?
2√
6

0 ? ?


The issue is that we don’t have a recipe for what ®𝑢3 and ®𝑢4 should be. This problem stems from the
fact that rank(𝑋) = 2.

𝑋 =


3 2 5
2 3 5
2 −2 0
5 5 10


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If we were to compute 𝑋𝑋𝑇 , whose eigenvectors are the columns of𝑈 , we would have seen that it
has an eigenvalue of 0 with geometric (and algebraic) multiplicity 2.

X @ X.T

array([[ 38, 37, 2, 75],
[ 37, 38, -2, 75],
[ 2, -2, 8, 0],
[ 75, 75, 0, 150]])

eigvals, eigvecs = np.linalg.eig(X @ X.T)
eigvals

array([225., 9., -0., 0.])

So, all we need to do is fill ®𝑢3 and ®𝑢4 with two orthonormal vectors that span the eigenspace of𝑋𝑋𝑇

for eigenvalue 0. ®𝑢1 is already an eigenvector for eigenvalue 225 and ®𝑢2 is already an eigenvector
for eigenvalue 9. Bringing in ®𝑢3 and ®𝑢4 will complete𝑈 , making it a basis for R4, which it needs to
be to be an invertible square matrix. (Remember,𝑈 must satisfy𝑈𝑇𝑈 = 𝑈𝑈𝑇 = 𝐼, which means𝑈
is invertible.)
But, the eigenspace of 𝑋𝑋𝑇 for eigenvalue 0 is nullsp(𝑋𝑋𝑇)!
Since 𝑋𝑋𝑇 is symmetric, ®𝑢3 and ®𝑢4 will be orthogonal to ®𝑢1 and ®𝑢2 no matter what, since the eigen-
vectors for different eigenvalues of a symmetric matrix are always orthogonal. (Another perspec-
tive on why this is true is that ®𝑢3 and ®𝑢4 will be in nullsp(𝑋𝑋𝑇) which is equivalent to nullsp(𝑋𝑇),
and any vector in nullsp(𝑋𝑇) is orthogonal to any vector in colsp(𝑋), which ®𝑢1 and ®𝑢2 are in. There’s
a long chain of reasoning that leads to this conclusion: make sure you’re familiar with it.)
Observe that

•


−1
−1
0
1

 is in nullsp(𝑋𝑋𝑇), since

38 37 2 75
37 38 −2 75
2 −2 8 0
75 75 0 150



−1
−1
0
1

 =


0
0
0
0


•


−2
2
1
0

 is in nullsp(𝑋𝑋𝑇), since

38 37 2 75
37 38 −2 75
2 −2 8 0
75 75 0 150



−2
2
1
0

 =


0
0
0
0


The vectors


−1
−1
0
1

 and


−2
2
1
0

 are orthogonal to each other, so they’re good candidates for ®𝑢3 and ®𝑢4,

we just need to normalize them first.


−1
−1
0
1

 →


− 1√

3

− 1√
3

0
1√
3

︸ ︷︷ ︸
®𝑢3

,


−2
2
1
0

 →

−2

3
2
3
1
3
0

︸︷︷︸
®𝑢4
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Before we place ®𝑢3 and ®𝑢4 in𝑈 , it’s worth noticing that ®𝑢3 and ®𝑢4 are both in nullsp(𝑋𝑇) too.

𝑋𝑇 ®𝑢3 =

3 2 2 5
2 3 −2 5
5 5 0 10



− 1√

3

− 1√
3

0
1√
3


=


0
0
0


𝑋𝑇 ®𝑢4 =


3 2 2 5
2 3 −2 5
5 5 0 10



−2

3
2
3
1
3
0

 =


0
0
0


In fact, remember from Chapter 5.4 that

nullsp(𝑋𝑇) = nullsp(𝑋𝑋𝑇)nullsp(𝑋) = nullsp(𝑋𝑇𝑋)

So, we have

𝑈 =


1√
6

1

3
√
2

− 1√
3

−2
3

1√
6

− 1

3
√
2

− 1√
3

2
3

0 2
√
2

3 0 1
3

2√
6

0 1√
3

0


And finally, we have computed the SVD of 𝑋!


3 2 5
2 3 5
2 −2 0
5 5 10

︸         ︷︷         ︸
𝑋

=


1√
6

1

3
√
2

− 1√
3

−2
3

1√
6

− 1

3
√
2

− 1√
3

2
3

0 2
√
2

3 0 1
3

2√
6

0 1√
3

0

︸                        ︷︷                        ︸
𝑈


15 0 0
0 3 0
0 0 0
0 0 0

︸       ︷︷       ︸
Σ


1√
6

1√
6

2√
6

1√
2

− 1√
2

0
1√
3

1√
3

− 1√
3

︸                ︷︷                ︸
𝑉𝑇

For the most part, we will use numpy to compute the SVD of a matrix. But, it’s important to under-
stand the steps we took to compute the SVD manually.

Computing the SVD By Hand

To conclude, we found 𝑋 = 𝑈Σ𝑉𝑇 by:
1. Computing 𝑋𝑇𝑋.
2. Finding the eigenvalues of 𝑋𝑇𝑋; their square roots are the singular values of 𝑋.

𝜎𝑖 =
√
𝜆𝑖

These singular values are placed in the diagonal of ± in decreasing order.
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3. For each eigenvalue 𝜆𝑖 , finding an orthonormal eigenvector ®𝑣𝑖 of 𝑋𝑇𝑋 and placing it in
the 𝑖th column of 𝑉 .

4. For each 𝑖 = 1, 2, ..., 𝑟, finding ®𝑢𝑖 by solving

®𝑢𝑖 = 1

𝜎𝑖
𝑋®𝑣𝑖

and placing it in the 𝑖th column of𝑈 .

5. Filling the rest of𝑈 with orthonormal vectors that form a basis for nullsp(𝑋𝑇).
This is not the only possible sequence of steps to follow; for instance, once you find the singular
values 𝜎1 , 𝜎2 , ..., 𝜎𝑟 , you can independently find orthonormal eigenvectors of 𝑋𝑇𝑋 and 𝑋𝑋𝑇

and use them to form𝑈 and𝑉 . Just make sure you place the ®𝑢𝑖’s and ®𝑣𝑖’s in the correct order,
corresponding to the order of the singular values in Σ.

Here’s a summary of everything we’ve gathered so far.

Examples
Let’s work through a few computational problems. Most of our focus on the SVD in this class is
conceptual, but it’s important to have some baseline computational fluency.

Example: SVD of a 2×2Matrix. We developed the SVD to decompose non-square matrices. But,

it still works for square matrices too. Find the SVD of 𝑋 =

[
5 4
0 3

]
.

Solution

Let’s follow the six steps introduced in the “Computing the SVD By Hand” box above.

1. 𝑋𝑇𝑋 =

[
5 0
4 3

] [
5 4
0 3

]
=

[
25 20
20 25

]
2. Now, we need to find the eigenvalues and eigenvectors of 𝑋𝑇𝑋. Notice that the sum of

𝑋𝑇𝑋’s rows are both the same, imploring me to verify that
[
1
1

]
is an eigenvector:

𝑋𝑇𝑋

[
1
1

]
=

[
25 20
20 25

] [
1
1

]
=

[
45
45

]
= 45

[
1
1

]
So,

[
1
1

]
is an eigenvector for eigenvalue 45. Before placing it into𝑉 , I’ll need to turn it into

a unit vector; since the norm of
[
1
1

]
is
√
2, I’ll place

[
1√
2
1√
2

]
into𝑉 . Since 𝑋𝑇𝑋 is symmetric,
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its other eigenvector will be orthogonal to
[
1
1

]
, so I’ll choose

[−1
1

]
. This works because

in R2, there’s only one direction orthogonal to any given vector. This corresponds to the
eigenvalue

𝑋𝑇𝑋

[−1
1

]
=

[
25 20
20 25

] [−1
1

]
=

[−5
5

]
= 5

[−1
1

]
So,

[−1
1

]
– or, equivalently,

[ −1√
2
1√
2

]
– is an eigenvector for eigenvalue 5.

3. I now have enough information to form ± and 𝑉 :

± =

[√
45 0

0
√
5

]
, 𝑉 =

[
1√
2

− 1√
2

1√
2

1√
2

]
4. To form 𝑈 , I need to find two orthonormal vectors that are eigenvectors of 𝑋𝑋𝑇 for

eigenvalues 45 and 5. The easy way is to use the fact that

®𝑢𝑖 = 1

𝜎𝑖
𝑋®𝑣𝑖

Applying this to 𝑖 = 1 and 𝑖 = 2 gives us

• ®𝑢1 = 1
𝜎1
𝑋®𝑣𝑖 = 1√

45

[
5 4
0 3

] [
1√
2
1√
2

]
=

[
9√
90
3√
90

]
=

[
3√
10
1√
10

]
• ®𝑢2 = 1

𝜎2
𝑋®𝑣2 = 1√

5

[
5 4
0 3

] [ −1√
2
1√
2

]
=

[ −1√
10
3√
10

]
Note that I could have also used the fact that

I knew ®𝑢2 would be orthogonal to ®𝑢1 to find it, since ®𝑢1 and ®𝑢2 both live in R2.

5. 𝑈 is 2 × 2, so I have all I need:

𝑈 =

[
3√
10

−1√
10

1√
10

3√
10

]
So, the singular value decomposition of 𝑋 is[

5 4
0 3

]
︸ ︷︷ ︸

𝑋

=

[
3√
10

− 1√
10

1√
10

3√
10

]
︸          ︷︷          ︸

𝑈

[
3
√
5 0

0
√
5

]
︸       ︷︷       ︸

Σ

[
1√
2

1√
2

− 1√
2

1√
2

]
︸       ︷︷       ︸

𝑉𝑇

Don’t forget to transpose𝑉 whenwriting the final SVD!Also, note that this is a totally different
decomposition from 𝐴’s eigenvalue decomposition 𝐴 = 𝑉Λ𝑉−1. 𝐴’s eigenvalues are 5 and 3,
which don’t appear above.
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Example: SVD of a Wide Matrix. Find the SVD of 𝑋 =

[
3 1 0
4 0 1

]
.

Solution

If I were to start with 𝑋𝑇𝑋, I’d have to compute a 3 × 3 matrix. Instead, I’ll start with 𝑋𝑋𝑇 ,
which is 2 × 2. This will mean filling in the columns of 𝑈 before I fill in the columns of 𝑉 ,
which will require a slightly different approach.

𝑋𝑋𝑇 =

[
3 1 0
4 0 1

] 
3 4
1 0
0 1

 =

[
10 12
12 17

]
𝑋𝑋𝑇 ’s eigenvalues must add to 10 + 17 = 27 and multiply to 10 · 17 − 122 = 26. This quickly
tells me its eigenvalues are 26 and 1.

• For 𝜆 = 26, any eigenvector is of the form
[
𝑎
𝑏

]
where[

10 12
12 17

] [
𝑎
𝑏

]
= 26

[
𝑎
𝑏

]
This implies that 10𝑎 + 12𝑏 = 26𝑎, i.e. 16𝑎 = 12𝑏, or 𝑎 = 3

4𝑏. Eventually we’ll need to

normalize the vector, but for now I’ll pick 𝑏 = 4 so that 𝑎 = 3 and so
[
3
4

]
is an eigenvector.

• For 𝜆 = 1, the eigenvector needs to be orthogonal to
[
3
4

]
, which is easy to solve for when

working in R2, since there’s only one possible direction for a vector orthogonal to
[
3
4

]
in

R2. The easy choice is
[−4
3

]
.

I now have enough information to form both𝑈 and ±:

𝑈 =

[
3/5 −4/5
4/5 3/5

]
, Σ =

[√
26 0 0
0 1 0

]
The extra column of 0s is to account for the fact that 𝑋 is 2× 3 and Σ has the same shape as 𝑋.
Everything but the non-zero singular values along the diagonal of Σ is 0.
Finally, how do we find the columns of the 3 × 3 matrix 𝑉? The equation we used in ear-
lier examples, 𝑋®𝑣𝑖 = 𝜎𝑖 ®𝑢𝑖 , is not useful here because it would involve solving a system of
three equations and three unknowns for each ®𝑣𝑖 , since its the unknown vector ®𝑣𝑖 that is be-
ing multiplied by 𝑋. That equation works only when you first find the eigenvectors of 𝑋𝑇𝑋
(the columns of 𝑉). We’re proceeding in a different order, so we need a different equation.
(There’s always the fallback of using the fact that we know that 𝑋𝑇𝑋’s non-zero eigenvalues
are 26 and 1 and using them to solve for the eigenvectors, but let’s think of another approach.)
The parallel equation to 𝑋®𝑣𝑖 = 𝜎𝑖 ®𝑢𝑖 is ®𝑋𝑇 ®𝑢𝑖 = 𝜎𝑖®𝑣𝑖 . Where did this come from? Start with

𝑋®𝑣𝑖 = 𝜎𝑖 ®𝑢𝑖
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and multiply both sides on the left by 𝑋𝑇 :

𝑋𝑇𝑋®𝑣𝑖 = 𝑋𝑇𝜎𝑖 ®𝑢𝑖
But, ®𝑣𝑖 is an eigenvector of 𝑋𝑇𝑋 with eigenvalue 𝜎2

𝑖 , so replace 𝑋𝑇𝑋®𝑣𝑖 with 𝜎2
𝑖 ®𝑣𝑖 :

𝜎2
𝑖 ®𝑣𝑖 = 𝑋𝑇𝜎𝑖 ®𝑢𝑖 =⇒ 𝑋𝑇 ®𝑢𝑖 = 𝜎𝑖®𝑣𝑖 =⇒ ®𝑣𝑖 = 1

𝜎𝑖
𝑋𝑇 ®𝑢𝑖

This gives us recipes for the first and second columns of the 3 × 3 matrix 𝑉 :

• ®𝑣1 = 1
𝜎1
𝑋𝑇 ®𝑢1 = 1√

26


3 4
1 0
0 1


[
3/5
4/5

]
=


5/√26

(3/5)/√26
(4/5)/√26


• ®𝑣2 will be orthogonal to ®𝑣1, but there are infinitelymany directions it could point in since

these vectors live in R3 (and not R2), so I can’t pick just any vector orthogonal to ®𝑣1. So,
let’s use the equation again:

®𝑣2 = 1

𝜎2
𝑋𝑇 ®𝑢2 = 1


3 4
1 0
0 1


[−4/5
3/5

]
=


0

−4/5
3/5


• ®𝑣3 can’t be solved using ®𝑣3 = 1

𝜎3
𝑋𝑇 ®𝑢3 because 𝜎3 = 0. The rank of 𝑋 is 2, so any 𝜎𝑖’s after

𝜎2 are 0. Instead, ®𝑣3 can be found by searching for a vector in nullsp(𝑋), or equivalently,
nullsp(𝑋𝑇𝑋).

𝑋 =

[
3 1 0
4 0 1

]
Notice that𝑋’s first column is 3 times its second column plus 4 times its third column, so
−1
3
4

 is in nullsp(𝑋). I should normalize this before placing it into 𝑉 , so ®𝑣3 =

−1/√26
3/√26
4/√26

 .
Putting all this together, we have that the SVD of 𝑋 is[

3 1 0
4 0 1

]
︸      ︷︷      ︸

𝑋

=

[
3/5 −4/5
4/5 3/5

]
︸          ︷︷          ︸

𝑈

[√
26 0 0
0 1 0

]
︸          ︷︷          ︸

Σ


5/√26 (3/5)/√26 (4/5)/√26

0 −4/5 3/5
−1/√26 3/√26 4/√26

︸                                        ︷︷                                        ︸
𝑉𝑇

That was a lot! It’s a good idea in such problems to verify that multiplying your𝑈 , Σ, and𝑉𝑇

back together recovers 𝑋.

Example: SVD of a Positive Semidefinite Matrix. Recall, a positive semidefinite matrix is a
square, symmetric matrix whose eigenvalues are non-negative.



Chapter 10. Singular Value Decomposition 510

Consider the positive semidefinite matrix 𝑋 =

[
1 2
2 4

]
. Find the SVD of 𝑋. How does it compare

to the spectral decomposition of 𝑋 into 𝑄Λ𝑄𝑇?

Solution

Let’s find 𝑋’s singular value decomposition first. To prevent this section from being too long,
I’ll do this relatively quickly:

• 𝑋𝑇𝑋 =

[
5 10
10 20

]
, which has eigenvalues 25 and 0 (which we can spot quickly because

𝑋 and 𝑋𝑇𝑋 are not invertible, so they have an eigenvalue of 0).

• For 𝜆 = 0, the corresponding eigenvector direction is
[
2
−1

]
.

• So, for 𝜆 = 25, the eigenvector direction is
[
1
2

]
.

So, the ± and 𝑉 are

± =

[√
25 0
0 0

]
, 𝑉 =

[
1/√5 2/√5
2/√5 −1/√5

]
What’s left is 𝑈 , which has the eigenvectors of 𝑋𝑋𝑇 . It is tempting to just say that 𝑋𝑋𝑇 and
𝑋𝑇𝑋 are the same matrix and so they have the same eigenvectors, so𝑈 = 𝑉 . This happens to
work here, but this is a bad habit to get into since it can lead us into trouble in other similar
examples. (For example, if ®𝑢1 is an column of𝑈 and ®𝑣1 is a column of𝑉 , we could replace each
with −®𝑢1 and −®𝑣1, respectively, and keep the same SVD. But if we were to find the columns of
𝑈 totally independently from the columns of 𝑉 , we wouldn’t know which sign to use).
Instead, let’s use ®𝑢𝑖 = 1

𝜎𝑖
𝑋®𝑣𝑖 to find the columns of 𝑈 , to ensure the correspondence between

each ®𝑢𝑖 and its partner ®𝑣𝑖 .

• ®𝑢1 = 1
𝜎1
𝑋®𝑣1 = 1

5

[
1 2
2 4

] [
1/√5
2/√5

]
=

[
1/√5
2/√5

]
.

• ®𝑢2 = 1
𝜎2
𝑋®𝑣2 can’t be evaluated since 𝜎2 = 0, but we know ®𝑢2 must be orthogonal to ®𝑢1,

so pick
[
2/√5
−1/√5

]
.

So, the SVD of 𝑋 is [
1 2
2 4

]
︸ ︷︷ ︸

𝑋

=

[
1/√5 2/√5
2/√5 −1/√5

]
︸              ︷︷              ︸

𝑈

[
5 0
0 0

]
︸ ︷︷ ︸

±

[
1/√5 2/√5
2/√5 −1/√5

]
︸              ︷︷              ︸

𝑉𝑇

This is exactly the same as the spectral decomposition of 𝑋 into 𝑄Λ𝑄𝑇 , just with Σ = Λ and
𝑈 = 𝑉!
Don’t try and make to broad of a generalization of this: when matrices are square, generally
their SVD 𝑋 = 𝑈Σ𝑉𝑇 is different from their eigenvalue decomposition 𝑋 = 𝑉Λ𝑉−1, as we saw
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with
[
5 4
0 3

]
. Even when 𝑋 is symmetric, its SVD and spectral decomposition don’t need to be

the same. A key aspect of the equivalence in this example is that 𝑋 is positive semidefinite,
meaning its eigenvalues – 5 and 0 (verify this yourself, it wasn’t part of our solution above) –
are non-negative. If they were negative, then the SVD and spectral decompositions would be
different, as we’re about to see.

Example: SVD of a Symmetric Matrix with Negative Eigenvalues. Let 𝑋 =

[
2 3
3 2

]
. Find the

SVD of 𝑋. How do its singular values compare to its eigenvalues?
(Remember that only square matrices have eigenvalues, but all matrices have singular values.)

Solution

𝑋 is a symmetric matrix, but it is not positive semidefinite like in the last example, since one

of its eigenvalues is negative. Its eigenvalues are 5 and -1, corresponding to eigenvectors
[
1
1

]
and

[−1
1

]
. 𝑋’s spectral decomposition, then, is

𝑋 =

[
1/√2 −1/√2
1/√2 1/√2

]
︸              ︷︷              ︸

𝑄

[
5 0
0 −1

]
︸   ︷︷   ︸

Λ

[
1/√2 1/√2
−1/√2 1/√2

]
︸              ︷︷              ︸

𝑄𝑇

So, we know𝑋’s singular values can’t be the same as its eigenvalues, as singular values can’t be
negative. What are 𝑋’s singular values? They come from the square rooting the eigenvalues
of 𝑋𝑇𝑋, which is the same as 𝑋𝑋𝑇 :

𝑋𝑇𝑋 = 𝑋𝑋𝑇 =

[
13 12
12 13

]
𝑋𝑇𝑋 has eigenvalues 25 and 1, which means 𝑋’s singular values are 5 and 1 (not -1), with

corresponding eigenvectors
[
1/√2
1/√2

]
and

[−1/√2
1/√2

]
. So, we have

Σ =

[
5 0
0 1

]
, 𝑉 =

[
1/√2 −1/√2
1/√2 1/√2

]
Finally, we need to find𝑈 . Again, it’s tempting to want to say that 𝑋𝑇𝑋 = 𝑋𝑋𝑇 so𝑈 = 𝑉 , but
if we did that, our𝑈 would be wrong! Instead, we need to use the one-at-a-time relationship
®𝑢𝑖 = 1

𝜎𝑖
𝑋®𝑣𝑖 to find the columns of𝑈 .

• ®𝑢1 = 1
𝜎1
𝑋®𝑣1 = 1

5

[
2 3
3 2

] [
1/√2
1/√2

]
=

[
1/√2
1/√2

]
• ®𝑢2 = 1

𝜎2
𝑋®𝑣2 = 1

1

[
2 3
3 2

] [−1/√2
1/√2

]
=

[
1/√2
−1/√2

]
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So,𝑈 =

[
1/√2 1/√2
1/√2 −1/√2

]
. Note that the negative signs in𝑈 and𝑉 are in very slightly different

places; this subtlely makes the whole calculation work. So, putting it all together, 𝑋’s singular
value decomposition is

𝑋 =

[
1/√2 1/√2
1/√2 −1/√2

]
︸              ︷︷              ︸

𝑈

[
5 0
0 1

]
︸ ︷︷ ︸

Σ

[
1/√2 1/√2
−1/√2 1/√2

]
︸              ︷︷              ︸

𝑉𝑇

This looks ever so similar to the boxed equation for𝑋 = 𝑄Λ𝑄𝑇 above, but it’s slightly different,
with minus signs dropped and rearranged.
In short, for non-positive semidefinite but still symmetric matrices, the singular values are the
absolute values of the eigenvalues. I don’t think this is a general rule worth remembering.
For non-symmetric but still square matrices, the eigenvalues of 𝑋 and singular values of
𝑋 don’t have any direct relation, other than the general rule that 𝜎𝑖 is the square root of
the corresponding eigenvalue of 𝑋𝑇𝑋. Remember that the SVD is mostly designed to solve
practical problems that arise with non-square matrices 𝑋, which don’t have any eigenvalues
to begin with.

Example: SVDof anOrthogonalMatrix. Suppose𝑋 itself is an 𝑛×𝑛 orthogonalmatrix, meaning
𝑋𝑇𝑋 = 𝑋𝑋𝑇 = 𝐼. Why are all of 𝑋’s singular values 1?

Solution

Recall, in 𝑋 = 𝑈Σ𝑉𝑇 , the columns of 𝑈 are the eigenvectors of 𝑋𝑋𝑇 and the columns of 𝑉
are the eigenvectors of 𝑋𝑇𝑋. But here, 𝑋𝑇𝑋 = 𝑋𝑋𝑇 = 𝐼𝑛×𝑛 . The 𝑛 × 𝑛 identity matrix has the
unique eigenvalue of 1 with algebraic and geometric multiplicity 𝑛, meaning

𝜆1 = 𝜆2 = · · · = 𝜆𝑛 = 1

so
𝜎1 = 𝜎2 = · · · = 𝜎𝑛 =

√
1 = 1

Visualizing the SVD
In Chapter 9.5, we visualized the spectral theorem, which decomposed a symmetric matrix 𝐴 =
𝑄Λ𝑄𝑇 , which we said represented a rotation, stretch, and rotation back.

𝑈︸︷︷︸
orthogonal!

Σ︸︷︷︸
diagonal!

𝑉𝑇︸︷︷︸
orthogonal!
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𝑋 = 𝑈Σ𝑉𝑇 can be interpreted similarly. If we think of 𝑓 ( ®𝑤) = 𝑋 ®𝑤 as a linear transformation from
R𝑑 to R𝑛 , then 𝑓 operates on ®𝑤 in three stages:

1. a rotation by 𝑉𝑇 (because 𝑉 is orthogonal), followed by

2. a stretch by ±, followed by

3. a rotation by𝑈

To illustrate, let’s consider the square (but not symmetric) matrix

𝑋 =

[
5 4
0 3

]
from one of the earlier worked examples. Unfortunately, it’s difficult to visualize the SVD of ma-
trices larger than 2 × 2, since then either the ®𝑢𝑖’s or ®𝑣𝑖’s (or both) are in R3 or higher.
𝑋’s SVD is [

5 4
0 3

]
︸ ︷︷ ︸

𝑋

=

[
3√
10

− 1√
10

1√
10

3√
10

]
︸          ︷︷          ︸

𝑈

[
3
√
5 0

0
√
5

]
︸       ︷︷       ︸

Σ

[
1√
2

1√
2

− 1√
2

1√
2

]
︸       ︷︷       ︸

𝑉𝑇

Rotate, scale, rotate!

The intuition that the SVD decomposes a matrix into a rotation, scaling (stretching), and rota-
tion is crucial for future machine learning applications.

In Chapter 10.2, we’ll see how the singular value decomposition can be used to construct low-rank
approximations of matrices. A good summary of the SVD is also found at the end of Chapter 10.2.
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10.2. Low-Rank Approximation
In Chapter 10.1, we learned how to find the singular value decomposition of a matrix 𝑋, by using
the eigenvalues and eigenvectors of 𝑋𝑇𝑋 and 𝑋𝑋𝑇 .

𝑋 = 𝑈Σ𝑉𝑇

Here, we’ll apply our understanding to a useful practical application: low-rank approximation.

Full and Compact SVD
But first, let’s try and better understand how the SVD decomposes a matrix.

Full SVD. The version of the SVD we’ve constructed together is called the full SVD.

In the full SVD,𝑈 is 𝑛 × 𝑛, ± is 𝑛 × 𝑑, and 𝑉𝑇 is 𝑑 × 𝑑. If rank(𝑋) = 𝑟, then

• The first 𝑟 columns of𝑈 are the left singular vectors of 𝑋 and are a basis for colsp(𝑋); the last
𝑛 − 𝑟 columns of𝑈 are a basis for nullsp(𝑋𝑇). Together, the columns of𝑈 span R𝑛 .

• The first 𝑟 columns of 𝑉 are the right singular vectors of 𝑋 and are a basis for colsp(𝑋𝑇); the
last 𝑑 − 𝑟 columns of 𝑉 are a basis for nullsp(𝑋). Together, the columns of 𝑉 span R𝑑.

The full SVD is nice for proofs, but is a little... annoying to use in real applications, because it
contains a lot of 0’s. The additional 𝑛− 𝑟 columns of𝑈 and 𝑑− 𝑟 columns of𝑉 are included tomake
𝑈 and 𝑉 orthogonal matrices, but end up getting 0’d out when multiplied by the corresponding
0’s in ±.
Remember that 𝑋 = 𝑈Σ𝑉𝑇 is equivalent to 𝑋𝑉 = 𝑈Σ, which says that, for 𝑖 = 1, 2, ..., 𝑑,

𝑋®𝑣𝑖 = 𝜎𝑖 ®𝑢𝑖

but when 𝑖 > 𝑟, all this says is ®0 = ®0:
• 𝑋®𝑣𝑖 = ®0, since ®𝑣𝑟 , ®𝑣𝑟+1, ..., ®𝑣𝑑 are all in nullsp(𝑋), and
• 𝜎𝑖 = 0, so 𝜎𝑖 ®𝑢𝑖 = 0®𝑢𝑖 = ®0.

Compact SVD. The compact SVD throws away the 0’s in ± and the corresponding columns in
𝑈 and 𝑉 . In the annotated figure above, it keeps only the first r columns in 𝑈 , first r values in Σ,
and first r rows in 𝑉𝑇 .
That is, the compact SVD says 𝑋 = 𝑈𝑟Σ𝑟𝑉𝑇

𝑟 , where𝑈𝑟 is 𝑛 × 𝑟, Σ𝑟 is 𝑟 × 𝑟, and 𝑉𝑇
𝑟 is 𝑟 × 𝑑.
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𝑋 =


| · · · |
®𝑢1 · · · ®𝑢𝑟
| · · · |

︸           ︷︷           ︸
𝑈𝑟


𝜎1

. . .
𝜎𝑟

︸           ︷︷           ︸
Σ𝑟


— ®𝑣𝑇1 —

...
— ®𝑣𝑇𝑟 —

︸        ︷︷        ︸
𝑉𝑇𝑟

The full and compact SVDs are equivalent, in that 𝑋 = 𝑈Σ𝑉𝑇 = 𝑈𝑟Σ𝑟𝑉𝑇
𝑟 . But the individual

components are of different sizes:

Full SVD Compact SVD
𝑈 𝑛 × 𝑛 𝑛 × 𝑟 First 𝑟 columns of 𝑈

are basis for colsp(𝑋)
± 𝑛 × 𝑑 𝑟 × 𝑟 Number of non-zero

𝜎𝑖’s is 𝑟 = rank(𝑋)
𝑉𝑇 𝑑 × 𝑑 𝑟 × 𝑑 First 𝑟 rows of 𝑉𝑇 are

basis for colsp(𝑋𝑇)

𝑈𝑟 and 𝑉𝑟 are no longer orthogonal matrices, since only square matrices can be orthogonal. How-
ever, their columns are still orthonormal, meaning𝑈𝑇

𝑟 𝑈𝑟 = 𝐼𝑟×𝑟 and 𝑉𝑇
𝑟 𝑉𝑟 = 𝐼𝑟×𝑟 .

SVD as a Sum
The compact SVD hints at another way to think about 𝑋.

𝑋 =


| · · · |
®𝑢1 · · · ®𝑢𝑟
| · · · |

︸           ︷︷           ︸
𝑈𝑟


𝜎1

. . .
𝜎𝑟

︸           ︷︷           ︸
Σ𝑟


— ®𝑣𝑇1 —

...
— ®𝑣𝑇𝑟 —

︸        ︷︷        ︸
𝑉𝑇𝑟

=


| · · · |

𝜎1®𝑢1 · · · 𝜎𝑟 ®𝑢𝑟
| · · · |



— ®𝑣𝑇1 —

...
— ®𝑣𝑇𝑟 —


= 𝜎1®𝑢1®𝑣𝑇1 + 𝜎2®𝑢2®𝑣𝑇2 + · · · + 𝜎𝑟 ®𝑢𝑟®𝑣𝑇𝑟

Each term 𝜎𝑖 ®𝑢𝑖®𝑣𝑇𝑖 is an outer product of ®𝑢𝑖 and ®𝑣𝑖 , scaled by 𝜎𝑖 . Outer products are rank-one matri-
ces: each column of 𝜎𝑖 ®𝑢𝑖®𝑣𝑇𝑖 is a multiple of ®𝑢𝑖 , and each row of it is a multiple of ®𝑣𝑇𝑖 .
This outer product view of matrix multiplication is not one that we’ve emphasized a ton in this
course, but it can be useful in certain contexts, as we’re about to see. To see how it works, let’s
revisit our first example.
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
3 2 5
2 3 5
2 −2 0
5 5 10

︸         ︷︷         ︸
𝑋

=


1√
6

1

3
√
2

− 1√
3

−2
3

1√
6

− 1

3
√
2

− 1√
3

2
3

0 2
√
2

3 0 1
3

2√
6

0 1√
3

0

︸                        ︷︷                        ︸
𝑈


15 0 0
0 3 0
0 0 0
0 0 0

︸       ︷︷       ︸
Σ


1√
6

1√
6

2√
6

1√
2

− 1√
2

0
1√
3

1√
3

− 1√
3

︸                ︷︷                ︸
𝑉𝑇

The summation view of the SVD says that:

𝑋 = 15


1√
6
1√
6

0
2√
6


[

1√
6

1√
6

2√
6

]
+ 3


1

3
√
2

− 1

3
√
2

2
√
2

3
0


[

1√
2

− 1√
2

0
]

=


5
2

5
2 5

5
2

5
2 5

0 0 0
5 5 10

︸        ︷︷        ︸
rank-one matrix

+


1
2 −1

2 0
−1

2
1
2 0

2 −2 0
0 0 0

︸           ︷︷           ︸
rank-one matrix

Since 15 > 3, the first outer product contributes more to 𝑋 than the second one does.
We can think of the singular values as representing the importance of the corresponding singular
vectors in representing 𝑋. Since we sort singular values in decreasing order, 𝜎1 ≥ 𝜎2 ≥ ... ≥ 𝜎𝑟 > 0,
the first outer product is always the most important one, the second outer product is the second
most important one, and so on.

Low-Rank Approximation. Our most recent observation is that the SVD 𝑋 = 𝑈Σ𝑉𝑇 allows us
to write 𝑋 as a sum of rank-one matrices, in decreasing order of importance.

𝑋 = 𝜎1®𝑢1®𝑣𝑇1︸  ︷︷  ︸
most important

+ 𝜎2®𝑢2®𝑣𝑇2︸  ︷︷  ︸
second most important

+ · · · + 𝜎𝑟 ®𝑢𝑟®𝑣𝑇𝑟︸ ︷︷ ︸
least important

In many practical applications, the full matrix 𝑋 can be too large to store or process. In such cases,
we can produce a low-rank approximation of 𝑋 by summing fewer than 𝑟 of these rank-one matri-
ces. In the example above, 𝑋 was of rank 2, so a rank-1 approximation of 𝑋 would just be the first
outer product, 𝜎1®𝑢1®𝑣𝑇1 , which is in blue above.

Definition: Rank-𝑘 Approximation

Suppose 𝑋 is an 𝑛 × 𝑑 matrix with rank 𝑟, with SVD 𝑋 = 𝑈Σ𝑉𝑇 =
∑𝑟
𝑖=1 𝜎𝑖 ®𝑢𝑖®𝑣𝑇𝑖 . A rank-𝑘

approximation of 𝑋 is a matrix 𝑋𝑘 of the form

𝑋𝑘 =
𝑘∑
𝑖=1

𝜎𝑖 ®𝑢𝑖®𝑣𝑇𝑖
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where 𝑘 ≤ 𝑟.

Example: Image Compression. A common application of the SVD and low-rank approximations
is to compress images. How so? Consider the following grayscale image of my (16 year old) dog,
Junior.

This image is 300 pixels wide and 400 pixels tall. Since the image is grayscale, each pixel’s intensity
can be represented by a number between 0 and 255, where 0 is black and 255 is white. These
intensities can be stored in a 400 × 300 matrix. The rank of this matrix is likely 300, since it’s
extremely unlikely that any of the 300 columns of the image are exactly representable as a linear
combination of other columns.
But, as the SVD reveals, the image can be approximatedwell by a rank-𝑘matrix, for a 𝑘 that is much
smaller than 300. We build this low-rank approximation of the image by summing up 𝑘 rank-one
matrices.
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rank 𝑘 approximation of image =
𝑘∑
𝑖=1

𝜎𝑖 ®𝑢𝑖®𝑣𝑇𝑖

A slider should appear below, allowing you to select a value of 𝑘 and see the corresponding rank-𝑘
approximation of Junior.

To store the full image, we need to store 400 · 300 = 120,000 numbers. But to store a rank-𝑘 ap-
proximation of the image, we only need to store (1 + 400 + 300)𝑘 = 701𝑘 numbers – only the first 𝑘
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singular values, along with ®𝑢1 , ®𝑢2 , ..., ®𝑢𝑘 (each of which has 400 numbers), and ®𝑣1 , ®𝑣2 , ..., ®𝑣𝑘 (each
of which has 300 numbers). If we’re satisfied with a rank-30 approximation, we only need to store
701 · 30 = 21,030 numbers, which is a compression of 120,000

21,030 ≈ 5.7 times!

Computing the SVD
Finally, I’ll show you how to use numpy to compute the SVD of a matrix. The key function is
np.linalg.svd. Let’s apply it to our familiar example,


3 2 5
2 3 5
2 −2 0
5 5 10

︸         ︷︷         ︸
𝑋

=


1√
6

1

3
√
2

− 1√
3

−2
3

1√
6

− 1

3
√
2

− 1√
3

2
3

0 2
√
2

3 0 1
3

2√
6

0 1√
3

0

︸                        ︷︷                        ︸
𝑈


15 0 0
0 3 0
0 0 0
0 0 0

︸       ︷︷       ︸
Σ


1√
6

1√
6

2√
6

1√
2

− 1√
2

0
1√
3

1√
3

− 1√
3

︸                ︷︷                ︸
𝑉𝑇

X = np.array([[3, 2, 5],
[2, 3, 5],
[2, -2, 0],
[5, 5, 10]])

u, s, vt = np.linalg.svd(X)
u.shape, s.shape, vt.shape

((4, 4), (3,), (3, 3))

By default, it computes the full SVD, which is why u is of shape 4× 4 and vt is of shape 3× 3, even
though rank(𝑋) = 2.
s is returned as a 1-dimensional array of singular values.

s

array([15., 3., 0.])

If we’d like to use u, s, and vt to reconstruct 𝑋, we need to reshape s into a matrix with the same
shape as 𝑋.

ss = np.zeros(X.shape)
ss[np.arange(len(s)), np.arange(len(s))] = s
ss

array([[15., 0., 0.],
[ 0., 3., 0.],
[ 0., 0., 0.],
[ 0., 0., 0.]])
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u @ ss @ vt

array([[ 3., 2., 5.],
[ 2., 3., 5.],
[ 2., -2., 0.],
[ 5., 5., 10.]])

Notice: The signs of the columns of𝑈 and𝑉 are not uniquely determined by the SVD. For example,
we could replace ®𝑢1 with −®𝑢1 and ®𝑣1 with −®𝑣1 to get the samematrix 𝑋. The values for𝑈 we found
had flipped signs for columns 1, 2 relative to the values returned by np.linalg.svd.

our𝑈 =


1√
6

1

3
√
2

− 1√
3

−2
3

1√
6

− 1

3
√
2

− 1√
3

2
3

0 2
√
2

3 0 1
3

2√
6

0 1√
3

0


u

array([[ -0.40824829, 0.23570226, -0.45735398, -0.75405909],
[ -0.40824829, -0.23570226, -0.68098866, 0.56038577],
[ -0. , 0.94280904, -0.05590867, 0.32861122],
[ -0.81649658, -0. , 0.56917132, 0.09683666]])

• The first column of numpy’s u is the negative of our first column of𝑈 .

• Both second columns are the same.

• The latter two columns are different. Why? There are infinitely many orthogonal bases for
the null space of 𝑋𝑇 , which are what the last two columns of 𝑈 represent. We just picked a
different choice than numpy did.

Key Takeaways
To recap:

1. All 𝑛 × 𝑑 matrices 𝑋 have a singular value decomposition 𝑋 = 𝑈Σ𝑉𝑇 , where𝑈 is 𝑛 × 𝑛, ± is
𝑛 × 𝑑, and 𝑉 is 𝑑 × 𝑑.

2. The columns of 𝑈 are orthonormal eigenvectors of 𝑋𝑋𝑇 ; these are called the left singular
vectors of 𝑋.

3. The columns of 𝑉 are orthonormal eigenvectors of 𝑋𝑇𝑋; these are called the right singular
vectors of 𝑋.
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4. Both 𝑋𝑋𝑇 and 𝑋𝑇𝑋 share the same non-zero eigenvalues; the singular values of 𝑋 are the
square roots of these eigenvalues. The number of non-zero singular values is equal to the
rank of 𝑋. It’s important that we sort the singular values in decreasing order, so that 𝜎1 ≥
𝜎2 ≥ ... ≥ 𝜎𝑟 > 0, and place the singular vectors in the columns of𝑈 and𝑉 in the same order.

𝜎𝑖 =
√
𝜆𝑖

5. A typical recipe for computing the SVD is to:

(a) Compute 𝑋𝑇𝑋. Place its eigenvectors in the columns of𝑉 , and place the square roots of
its eigenvalues in the diagonal of ±.

(b) To find each ®𝑢𝑖 , use 𝑋®𝑣𝑖 = 𝜎𝑖 ®𝑢𝑖 , i.e. ®𝑢𝑖 = 1
𝜎𝑖
𝑋®𝑣𝑖 .

(c) The above rule only works for 𝜎𝑖 > 0. If 𝜎𝑖 = 0, then the remaining ®𝑢𝑖’s must be eigen-
vectors of 𝑋𝑋𝑇 for the eigenvalue 0, meaning they must lie in the nullspace of 𝑋𝑇 .

6. The SVDallows us to interpret the linear transformation ofmultiplying by𝑋 as a composition
of a rotation by 𝑉𝑇 , a scaling/stretching by ±, and a rotation by𝑈 .

7. The SVD 𝑋 = 𝑈Σ𝑉𝑇 can be viewed as a sum of rank-one matrices:

𝑋 =
𝑟∑
𝑖=1

𝜎𝑖 ®𝑢𝑖®𝑣𝑇𝑖
Each piece 𝜎𝑖 ®𝑢𝑖®𝑣𝑇𝑖 is a rank-one matrix, consisting of the outer product of ®𝑢𝑖 and ®𝑣𝑖 . This
summation view can be used to compute a low-rank approximation of 𝑋 by summing fewer
than 𝑟 of these rank-one matrices.

𝑋𝑘 =
𝑘∑
𝑖=1

𝜎𝑖 ®𝑢𝑖®𝑣𝑇𝑖
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10.3. The Best Direction
Introduction

As we saw in Chapter 10.2, the singular value decomposition of a matrix 𝑋 into 𝑋 = 𝑈Σ𝑉𝑇 can
be used to find the best low-rank approximation of 𝑋, which has applications in image compres-
sion, for example. But, hiding in the singular value decomposition is another, more data-driven
application: dimensionality reduction.
Consider, for example, the dataset below. Each row corresponds to a penguin.

species island bill_length_mmbill_depth_mmflipper_length_mmbody_mass_gsex
0 Adelie Torgersen 39.1 18.7 181.0 3750.0 Male
1 Adelie Torgersen 39.5 17.4 186.0 3800.0 Female
2 Adelie Torgersen 40.3 18.0 195.0 3250.0 Female
4 Adelie Torgersen 36.7 19.3 193.0 3450.0 Female
5 Adelie Torgersen 39.3 20.6 190.0 3650.0 Male
... ... ... ... ... ... ... ...
338 Gentoo Biscoe 47.2 13.7 214.0 4925.0 Female
340 Gentoo Biscoe 46.8 14.3 215.0 4850.0 Female
341 Gentoo Biscoe 50.4 15.7 222.0 5750.0 Male
342 Gentoo Biscoe 45.2 14.8 212.0 5200.0 Female
343 Gentoo Biscoe 49.9 16.1 213.0 5400.0 Male

333 rows × 7 columns
Each penguin has three categorical features - species, island, and sex - and four numerical fea-
tures - bill_length_mm, bill_depth_mm, flipper_length_mm, and body_mass_g. If we restrict our
attention to these numerical features, we have a 333×4matrix, which we can think of as 333 points
in R4. We, of course, can’t visualize in R4. One solution is to draw scatter plots of all pairs of
numerical features. Points are colored by species.
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While we have four features (or “independent” variables) for each penguin, it seems that some of
the features are strongly correlated, in the sense that the correlation coefficient

𝑟 =
1

𝑛

𝑛∑
𝑖=1

(
𝑥𝑖 − 𝑥̄
𝜎𝑥

) (
𝑦𝑖 − 𝑦̄
𝜎𝑦

)
between them is close to ±1. (To be clear, the coloring of the points is by species, which does not
impact the correlations between features.)

penguins[['bill_length_mm', 'bill_depth_mm', 'flipper_length_mm', 'body_mass_g']].corr()
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bill_length_mm bill_depth_mm flipper_length_mmbody_mass_g
bill_length_mm 1.000000 -0.228626 0.653096 0.589451
bill_depth_mm -0.228626 1.000000 -0.577792 -0.472016
flipper_length_mm0.653096 -0.577792 1.000000 0.872979
body_mass_g 0.589451 -0.472016 0.872979 1.000000

For instance, the correlation between flipper_length_mm and body_mass_g is about 0.87, which
suggests that penguins with longer flippers tend to be heavier. Not only are correlated features
redundant, but they can cause interpretability issues - that is, multicollinearity - when using them
in a linear regression model, since the resulting optimal parameters ®𝑤∗ will no longer be inter-
pretable. (Remember, in ℎ(®𝑥𝑖) = ®𝑤 · Aug(®𝑥𝑖), ®𝑤∗ contains the optimal coefficients for each feature,
which measure rates of change when the other features are held constant. But if two features are
correlated, one can’t be held constant without also changing the other.)
Here’s the key idea: instead of having to work with 𝑑 = 4 features, perhaps we can instead con-
struct some number 𝑘 < 𝑑 of new features that:

1. capture the “most important” information in the dataset,

2. while being uncorrelated (i.e. linearly independent) from one another.

I’m not suggesting that we just select some of the original features and drop the others; rather, I’m
proposing that we find 1 or 2 new features that are linear combinations of the original features. If
everything works out correctly, we may be able to reduce the number of features we need to deal
with, without losing too much information, and without the interpretability issues that come with
multicollinearity.
To illustrate what I mean by constructing a new feature, let’s suppose we’re starting with a 2-
dimensional dataset, which we’d like to reduce to 1 dimension. Consider the scatter plot below
of flipper_length_mm vs. body_mass_g (with colors removed).
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Above, each penguin is represented by two numbers, which we can think of as a vector

®𝑥𝑖 =
[

body mass𝑖
flipper length𝑖

]
The fact that each point is a vector is not immediately intuitive given the plot above: I want you to
imagine drawing arrows from the origin to each point.
Now, suppose these vectors ®𝑥𝑖 are in the rows of a matrix 𝑋, i.e.

𝑋 =


body mass1 flipper length1

body mass2 flipper length2
...

...
body mass𝑛 flipper length𝑛


Our goal is to construct a single new feature, called a principal component, by taking a linear
combination of both existing features. Principal component analysis, or PCA, is the process of
finding the best principal components (new features) for a dataset.

new feature𝑖 = 𝑎 · body mass𝑖 + 𝑏 · flipper length𝑖

This is equivalent to approximating this 2-dimensional dataset with a single line. (The equation
above is a re-arranged version of 𝑦 = 𝑚𝑥 + 𝑏, where 𝑥 is body mass𝑖 and 𝑦 is flipper length𝑖 .)
What is the best linear combination of the features, or equivalently, what is the best line to
approximate this 2-dimensional dataset? To make this idea precise, we need to define what we
mean by “best”. It may be tempting to think that we should find the best-fitting line that predicts
flipper_length_mm from body_mass_g, but that’s not quite what we want, since this is not a pre-
diction problem: it’s a representation problem. Regression lines in the way we’ve seen them
before are fit by minimizing mean squared vertical error, 𝑦𝑖 − ℎ(𝑥𝑖), but don’t at all capture hori-
zontal errors, i.e. errors in the body_mass_g direction here.
So instead, we’d like to find the line such that, for our 𝑛 vectors (points) ®𝑥1 , . . . , ®𝑥𝑛 , the mean
squared distance to the closest vector (point) on the line is minimized. Crucially, this distance
is calculated by computing the norm of the difference between the two vectors. If ®𝑝𝑖 is the closest
vector (point) on the line to ®𝑥𝑖 , then we’d like to minimize

1

𝑛

𝑛∑
𝑖=1

‖ ®𝑥𝑖 − ®𝑝𝑖‖2

But, as we saw in Chapter 3.4, the vector (point) on a line that is closest to another vector (point) ®𝑥𝑖
is the orthogonal projection of ®𝑥𝑖 onto that line. The resulting error vectors are orthogonal to the
line we’re projecting on. As such, I’ll say that we’re looking for the line that minimizes the mean
squared orthogonal projection error.
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The difference between the two lines above is key. The top line reflects the supervised nature of
linear regression, where the goal is to make accurate predictions. The bottom line reflects the fact
that we’re looking for a new representation of the data that captures the most important informa-
tion. These, in general, are not the same line, since they’re chosen to minimize different objective
functions.
Recall from Chapter 1 that unsupervised learning is the process of finding structure in unlabeled
data, without any specific target variable. This is precisely the problem we’re trying to solve here.
To further distinguish our current task from the problem of finding regression lines, I’ll now refer
to finding the line with minimal orthogonal projection error as finding the best direction.
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Activity 1

Activity 1

Consider the line 3
5𝑥 + 4

5 𝑦 = 0 in R2. For the point (1, 1),
1. What is the vertical error of projecting (1, 1) onto the line?

2. What is the point on the line that is closest to (1, 1)?
3. What is the orthogonal error of projecting (1, 1) onto the line?

Minimizing Orthogonal Error
The first section above told us that our goal is to find the best direction, which is the direction
that minimizes the mean squared orthogonal error of projections onto it. How do we find this
direction?
Fortunately, we spent all of Chapter 3.4 and Chapter 6.3 discussing orthogonal projections. But
there, we discussed how to project one vector onto the span of one or more other given vectors
(e.g. projecting the observation vector ®𝑦 onto the span of the columns of a design matrix 𝑋). That’s
not quite we’re doing here, because here, we don’t knowwhich vector we’re projecting onto: we’re
trying to find the best vector to project our 𝑛 = 333 other vectors onto!
Suppose that in general, 𝑋 is an 𝑛 × 𝑑 matrix, whose rows ®𝑥𝑖 are data points in R𝑑. (In our current
example, 𝑑 = 2, but everything we’re studying applies in higher dimensions.) Then,

• The orthogonal projection of ®𝑥𝑖 onto ®𝑣 is

®𝑝𝑖 = ®𝑥𝑖 · ®𝑣
®𝑣 · ®𝑣 ®𝑣

• To keep the algebra slightly simpler, if we assume that ®𝑣 is a unit vector (meaning ‖ ®𝑣‖ =√®𝑣 · ®𝑣 = 1), then the orthogonal projection of ®𝑥𝑖 onto ®𝑣 is

®𝑝𝑖 = (®𝑥𝑖 · ®𝑣)®𝑣

This is a reasonable choice tomake, since unit vectors are typically used to describe directions.

• If ®𝑣 ∈ R𝑑, then span({®𝑣}) is a line through the origin in R𝑑.

Centering theData. The issue is that our dataset - andmost datasets in general, by default - aren’t
centered at the origin, but the projections ®𝑝𝑖 = (®𝑥𝑖 · ®𝑣)®𝑣 all lie on the line through the origin spanned
by ®𝑣. So, trying to approximate our dataset using a line through the origin is not a good idea.



Chapter 10. Singular Value Decomposition 528

So, the solution is to first center the data by subtracting the mean of each column from each entry
in that column. This gives us a new matrix 𝑋̃.

𝑋 =


𝑥(1)1 𝑥(2)1 · · · 𝑥(𝑑)1

𝑥(1)2 𝑥(2)2 · · · 𝑥(𝑑)2
...

...
. . .

...
𝑥(1)𝑛 𝑥(2)𝑛 · · · 𝑥(𝑑)𝑛


→ 𝑋̃ =


𝑥(1)1 − 𝜇1 𝑥(2)1 − 𝜇2 · · · 𝑥(𝑑)1 − 𝜇𝑑
𝑥(1)2 − 𝜇1 𝑥(2)2 − 𝜇2 · · · 𝑥(𝑑)2 − 𝜇𝑑

...
...

. . .
...

𝑥(1)𝑛 − 𝜇1 𝑥(2)𝑛 − 𝜇2 · · · 𝑥(𝑑)𝑛 − 𝜇𝑑


In 𝑋̃, the mean of each column is 0, which means that it’s reasonable to approximate the dataset
using a line through the origin. Importantly, this doesn’t change the shape of the dataset, meaning
it doesn’t change the “best direction” we’re searching for.
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Activity 2

Activity 2

Suppose 𝑋̃ is a centered 𝑛 × 𝑑 matrix, meaning the mean of each column of 𝑋̃ is 0.
Prove that the entries of 𝑋̃ ®𝑤, where ®𝑤 is any vector in R𝑑, sum to 0. Hint: Think about how you
can use the vector ®1.

Finding the Best Direction. Now, 𝑋̃ is the 𝑛×𝑑matrix of centered data, andwe’re ready to return
to our goal of finding the best direction. Let 𝑥̃𝑖 ∈ R𝑑 refer to row 𝑖 of 𝑋̃. Note that I’ve dropped the
vector symbol on top of 𝑥̃𝑖 , not because it’s not a vector, but just because drawing a tilde on top of
a vector hat is a little funky: ®̃𝑖𝑥.

𝑋̃ =


𝑥(1)1 − 𝜇1 𝑥(2)1 − 𝜇2 · · · 𝑥(𝑑)1 − 𝜇𝑑
𝑥(1)2 − 𝜇1 𝑥(2)2 − 𝜇2 · · · 𝑥(𝑑)2 − 𝜇𝑑

...
...

. . .
...

𝑥(1)𝑛 − 𝜇1 𝑥(2)𝑛 − 𝜇2 · · · 𝑥(𝑑)𝑛 − 𝜇𝑑


=


− 𝑥̃𝑇1 −
− 𝑥̃𝑇2−

...
− 𝑥̃𝑇𝑛 −


Our goal is to find the unit vector ®𝑣 ∈ R𝑑 that minimizes the mean squared orthogonal projection
error. That is, if the orthogonal projection of 𝑥̃𝑖 onto ®𝑣 is ®𝑝𝑖 , then we want to find the unit vector ®𝑣
that minimizes

𝐽(®𝑣) = 1

𝑛

𝑛∑
𝑖=1

‖ 𝑥̃𝑖 − ®𝑝𝑖‖2 = 1

𝑛

𝑛∑
𝑖=1

‖ 𝑥̃𝑖 − (𝑥̃𝑖 · ®𝑣)®𝑣‖2

I’ve chosen the letter 𝐽 since there is no standard notation for this quantity, and because 𝐽 is a
commonly used letter in optimization problems. It’s important to note that 𝐽 is not a loss function,
nor is it an empirical risk, since it has nothing to do with prediction.
How do we find the unit vector ®𝑣 that minimizes 𝐽(®𝑣)? We can start by expanding the squared
norm, using the fact that ‖ ®𝑎 − ®𝑏‖2 = ‖ ®𝑎‖2 − 2®𝑎 · ®𝑏 + ‖ ®𝑏‖2:
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𝐽(®𝑣) = 1

𝑛

𝑛∑
𝑖=1

‖ 𝑥̃𝑖 − (𝑥̃𝑖 · ®𝑣)®𝑣‖2

=
1

𝑛

𝑛∑
𝑖=1

(‖ 𝑥̃𝑖‖2 − 2𝑥̃𝑖 · (𝑥̃𝑖 · ®𝑣)®𝑣 + ((𝑥̃𝑖 · ®𝑣)®𝑣) · ((𝑥̃𝑖 · ®𝑣)®𝑣) )
=

1

𝑛

𝑛∑
𝑖=1

©­­«‖ 𝑥̃𝑖‖2 − 2𝑥̃𝑖 · (𝑥̃𝑖 · ®𝑣)®𝑣 + (𝑥̃𝑖 · ®𝑣)2 ®𝑣 · ®𝑣︸︷︷︸
=1

ª®®¬
=

1

𝑛

𝑛∑
𝑖=1

(‖ 𝑥̃𝑖‖2 − 2(𝑥̃𝑖 · ®𝑣)2 + (𝑥̃𝑖 · ®𝑣)2)
=

1

𝑛

𝑛∑
𝑖=1

(‖ 𝑥̃𝑖‖2 − (𝑥̃𝑖 · ®𝑣)2
)

=
1

𝑛

𝑛∑
𝑖=1

‖ 𝑥̃𝑖‖2 − 1

𝑛

𝑛∑
𝑖=1

(𝑥̃𝑖 · ®𝑣)2

The first term, 1
𝑛

∑𝑛
𝑖=1‖ 𝑥̃𝑖‖2, is constant with respect to ®𝑣, meaning we can ignore it for the purposes

of minimizing 𝐽(®𝑣). Our focus, then, is on minimizing the second term,

− 1

𝑛

𝑛∑
𝑖=1

(𝑥̃𝑖 · ®𝑣)2

But, since the second term has a negative sign in front of it, minimizing it is equivalent to maximiz-
ing its positive counterpart,

1

𝑛

𝑛∑
𝑖=1

(𝑥̃𝑖 · ®𝑣)2

Maximizing Variance
Finding the best direction is equivalent to finding the unit vector ®𝑣 that maximizes the mean
squared value of 𝑥̃𝑖 · ®𝑣. What is this quantity, though? Remember, the projection of 𝑥̃𝑖 onto ®𝑣
is given by

®𝑝𝑖 = (𝑥̃𝑖 · ®𝑣)®𝑣

All 𝑛 of our original data points are projected onto ®𝑣, meaning that each 𝑥̃𝑖 is approximated by
some scalar multiple (𝑥̃𝑖 · ®𝑣) of ®𝑣. These scalar multiples are our new feature values - that is, the
values of the first principal component (first because this is the “best” direction).
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The values 𝑥̃1 · ®𝑣, 𝑥̃2 · ®𝑣, . . . , 𝑥̃𝑛 · ®𝑣 - −2.62, −1.49, −1.14, −1.11, and 2.11 above - describe the position
of point 𝑥̃𝑖 on the line defined by ®𝑣. (I’ve highlighted just five of the points to make the picture less
cluttered, but in reality every single blue point has a corresponding orange dot above!)
These coefficients on ®𝑣 can be thought of as positions on a number line.

Effectively, we’ve rotated the data so that the orange points are on the “new” 𝑥-axis. (Rotations...
where have we heard of those before? The connection is coming.)
So, we have a grasp ofwhat the values 𝑥̃1 · ®𝑣, 𝑥̃2 · ®𝑣, . . . , 𝑥̃𝑛 · ®𝑣 describe. Butwhy are they important?
The quantity we’re trying to maximize,

1

𝑛

𝑛∑
𝑖=1

(𝑥̃𝑖 · ®𝑣)2

is the variance of the values 𝑥̃1 · ®𝑣, 𝑥̃2 · ®𝑣, . . . , 𝑥̃𝑛 · ®𝑣. It’s not immediately obvious why this is the
case. Remember, the variance of a list of numbers is

1

𝑛

𝑛∑
𝑖=1

(value𝑖 −mean)2

(I’m intentionally using vague notation to avoid conflating singular values with standard devia-
tions.)



Chapter 10. Singular Value Decomposition 532

The quantity 1
𝑛

∑𝑛
𝑖=1(𝑥̃𝑖 · ®𝑣)2 resembles this definition of variance, but it doesn’t seem to involve a

subtraction by a mean. This is because the mean of 𝑥̃1 · ®𝑣, 𝑥̃2 · ®𝑣, . . . , 𝑥̃𝑛 · ®𝑣 is 0! This seems to check
out visually above: it seems that if we found the corresponding orange point for every single blue
point, the orange points would be symmetrically distributed around 0.

Proof that the mean of 𝑥̃1 · ®𝑣, 𝑥̃2 · ®𝑣, . . . , 𝑥̃𝑛 · ®𝑣 is 0

Recall that each 𝑥̃𝑖 is a vector in R𝑑 and corresponds to a row in 𝑋̃. The values 𝑥̃1 · ®𝑣, 𝑥̃2 ·
®𝑣, . . . , 𝑥̃𝑛 · ®𝑣 can all be computed at once through the matrix-vector product 𝑋̃®𝑣 (remember
that to multiply a matrix by a vector, we dot product the rows of the matrix with the vector).
The columns of 𝑋̃ each have a mean of 0. As we discovered in Activity 2, this means that

𝑋̃𝑇®1 =


sum of column 1 of 𝑋̃
sum of column 2 of 𝑋̃

...
sum of column 𝑑 of 𝑋̃


=


0
0
...
0

 = ®0𝑑

if ®1 ∈ R𝑛 is a vector of all ones.
So, what is themean of the values 𝑥̃1 ·®𝑣, 𝑥̃2 ·®𝑣, . . . , 𝑥̃𝑛 ·®𝑣? Thismean, by definition, is 1

𝑛

∑𝑛
𝑖=1 𝑥̃𝑖 ·®𝑣,

but this is equal to 1
𝑛

(
(𝑋̃®𝑣)𝑇®1

)
, once again, using the fact that the dot product with the ones

vector is equivalent to summing the values of the other vector.

1

𝑛

𝑛∑
𝑖=1

(𝑥̃𝑖 · ®𝑣) = 1

𝑛

(
(𝑋̃®𝑣)𝑇®1

)
=

1

𝑛

(
®𝑣𝑇 𝑋̃𝑇®1

)
=

1

𝑛

(
®𝑣𝑇®0

)
= 0

So, the mean of the values 𝑥̃1 · ®𝑣, 𝑥̃2 · ®𝑣, . . . , 𝑥̃𝑛 · ®𝑣 is 0.

Since the mean of the values 𝑥̃1 · ®𝑣, 𝑥̃2 · ®𝑣, . . . , 𝑥̃𝑛 · ®𝑣 is 0, it is true that the quantity we’remaximizing
is the variance of the values 𝑥̃1 · ®𝑣, 𝑥̃2 · ®𝑣, . . . , 𝑥̃𝑛 · ®𝑣, which I’ll refer to as

PV(®𝑣) = 1

𝑛

𝑛∑
𝑖=1

(𝑥̃𝑖 · ®𝑣)2

PV stands for “projected variance”; it is the variance of the scalar projections of the rows of 𝑋̃ onto
®𝑣. This is non-standard notation, but I wanted to avoid calling this the “variance of ®𝑣”, since it’s
not the variance of the components of ®𝑣.

The Duality. We’ve stumbled upon a beautiful duality - that is, two equivalent ways to think
about the same problem. Given a centered 𝑛 × 𝑑 matrix 𝑋̃ with rows 𝑥̃𝑖 ∈ R𝑑, the most important
direction ®𝑣 is the one that

1. Minimizes the mean squared orthogonal error of projections onto it,

𝐽(®𝑣) = 1

𝑛

𝑛∑
𝑖=1

‖ 𝑥̃𝑖 − ®𝑝𝑖‖2

2. Equivalently, maximizes the variance of the projected values 𝑥̃𝑖 · ®𝑣, i.e. maximizes
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PV(®𝑣) = 1

𝑛

𝑛∑
𝑖=1

(𝑥̃𝑖 · ®𝑣)2

Minimizing orthogonal error is equivalent to maximizing variance: don’t forget this. In the widget
below, drag the slider to see this duality in action: the shorter the orthogonal errors tend to be, the
more spread out the orange points tend to be (meaning their variance is large). When the orange
points are close together, the orthogonal errors tend to be quite large.

Note that the scalars 𝑥̃1 · ®𝑣, 𝑥̃2 · ®𝑣, . . . , 𝑥̃𝑛 · ®𝑣 are just the components of the vector 𝑋̃®𝑣! Multiplying
𝑋̃ by ®𝑣 returns a vector that contains the dot products of each row of 𝑋̃ (which are the 𝑥̃𝑖’s) with ®𝑣.
This means that an equivalent formula for the projected variance is

PV(®𝑣) = 1

𝑛
‖ 𝑋̃®𝑣‖2

This equivalent formulation will allow us to employ gradient rules from Chapter 8.2 to find the
best direction.

The Rayleigh Quotient. Our optimization problem is

maximize ‖ 𝑋̃®𝑣‖2 subject to ‖ ®𝑣‖ = 1

I’ve dropped the constant factor of 1
𝑛 for convenience; it won’t change the answer.

This is a constrained optimization problem. The constraint matters because we’re trying to find
a direction, not an arbitrarily long vector: if we were allowed to scale ®𝑣 however we wanted, then
‖ 𝑋̃®𝑣‖2 could be made as large as we wanted just by multiplying ®𝑣 by a huge constant.
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Constrained optimization problems are usually harder than unconstrained ones. In an uncon-
strained problem, a standard strategy is to compute a gradient and set it equal to ®0. With a con-
straint like ‖ ®𝑣‖ = 1, that simple strategy does not apply directly, since the maximizer of ‖ 𝑋̃®𝑣‖2
subject to ‖ ®𝑣‖ = 1 might not have a zero gradient.
Fortunately, this particular constrained problem can be converted into an equivalent unconstrained
one. Define

𝑓 (®𝑣) = ‖ 𝑋̃®𝑣‖2
‖ ®𝑣‖2

for all non-zero vectors ®𝑣. This function is called a Rayleigh quotient, as we discussed briefly in
Chapter 9.6.
Why is maximizing 𝑓 (®𝑣) with no constraints equivalent to maximizing ‖ 𝑋̃®𝑣‖2 subject to ‖ ®𝑣‖ = 1?
The short answer is that 𝑓 (®𝑣) is invariant to scaling ®𝑣 by a constant factor. To see what I mean,
suppose that 𝑐 is a non-zero constant. Then,

𝑓 (𝑐®𝑣) = ‖ 𝑋̃(𝑐®𝑣)‖2
‖ 𝑐®𝑣‖2 =

𝑐2‖ 𝑋̃®𝑣‖2
𝑐2‖ ®𝑣‖2 = 𝑓 (®𝑣)

So 𝑓 (®𝑣) depends only on direction, not on length. Equivalently, every non-zero ®𝑣 gives the same
value as the corresponding unit vector ®𝑣

‖ ®𝑣‖ , who makes the denominator in 𝑓 (®𝑣) equal to 1. That
means maximizing ‖ 𝑋̃®𝑣‖2 subject to ‖ ®𝑣‖ = 1 is equivalent to maximizing 𝑓 (®𝑣) over all non-zero
vectors ®𝑣.
This is easier, because once the constraint has been absorbed into the denominator, we can treat 𝑓
as an ordinary vector-to-scalar function and find its critical points by setting the gradient equal to
®0.
In our setting,

𝑓 (®𝑣) = ‖ 𝑋̃®𝑣‖2
‖ ®𝑣‖2 =

®𝑣𝑇 𝑋̃𝑇 𝑋̃®𝑣
®𝑣𝑇®𝑣

To find the critical points of 𝑓 , it is cleaner to rewrite it as a product:

𝑓 (®𝑣) = (‖ 𝑋̃®𝑣‖2) (‖ ®𝑣‖−2)
Let

𝑔(®𝑣) = ‖ 𝑋̃®𝑣‖2 = ®𝑣𝑇 𝑋̃𝑇 𝑋̃®𝑣ℎ(®𝑣) = ‖ ®𝑣‖−2 = (®𝑣𝑇®𝑣)−1

so that 𝑓 (®𝑣) = 𝑔(®𝑣)ℎ(®𝑣). Since 𝑋̃𝑇 𝑋̃ is symmetric,

∇𝑔(®𝑣) = 2𝑋̃𝑇 𝑋̃®𝑣

Also, by the chain rule,
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∇ℎ(®𝑣) = −2 ®𝑣
‖ ®𝑣‖4

Now the product rule gives

∇ 𝑓 (®𝑣) = 𝑔(®𝑣)∇ℎ(®𝑣) + ℎ(®𝑣)∇𝑔(®𝑣)

which simplifies to

∇ 𝑓 (®𝑣) = 𝑔(®𝑣)∇ℎ(®𝑣) + ℎ(®𝑣)∇𝑔(®𝑣)
= ®𝑣𝑇 𝑋̃𝑇 𝑋̃®𝑣

(
−2 ®𝑣

‖ ®𝑣‖4
)
+ (®𝑣𝑇®𝑣)−1 (2𝑋̃𝑇 𝑋̃®𝑣)

= −2 ®𝑣
𝑇 𝑋̃𝑇 𝑋̃®𝑣
‖ ®𝑣‖4 ®𝑣 + 2

𝑋̃𝑇 𝑋̃®𝑣
‖ ®𝑣‖2

= −2 𝑓 (®𝑣)‖ ®𝑣‖2 ®𝑣 + 2
𝑋̃𝑇 𝑋̃®𝑣
‖ ®𝑣‖2

=
2

‖ ®𝑣‖2
(
𝑋̃𝑇 𝑋̃®𝑣 − 𝑓 (®𝑣)®𝑣)

If ®𝑣 maximizes 𝑓 (®𝑣), then it must be a critical point, so ∇ 𝑓 (®𝑣) = ®0. Therefore,

𝑋̃𝑇 𝑋̃®𝑣 − 𝑓 (®𝑣)®𝑣 = ®0

which means

𝑋̃𝑇 𝑋̃®𝑣 = 𝑓 (®𝑣)®𝑣

This says exactly that ®𝑣 is an eigenvector of 𝑋̃𝑇 𝑋̃, and that its eigenvalue is 𝑓 (®𝑣). If ®𝑣 maximizes
– or minimizes – 𝑓 (®𝑣), then it must be an eigenvector of 𝑋̃𝑇 𝑋̃.
So, to make 𝑓 (®𝑣) as large as possible, we should choose the eigenvector whose eigenvalue is as
large as possible. In other words, the best direction is the eigenvector of 𝑋̃𝑇 𝑋̃ corresponding to
its largest eigenvalue!

Alternative Derivation

There is another way to prove the same result that uses the spectral theorem more directly.
Let 𝜆1 ≥ 𝜆2 ≥ · · · ≥ 𝜆𝑑 be the eigenvalues of 𝑋̃𝑇 𝑋̃, and let ®𝑣1 , ®𝑣2 , . . . , ®𝑣𝑑 be corresponding unit
eigenvectors. Since 𝑋̃𝑇 𝑋̃ is symmetric, these eigenvectors form an orthonormal basis of R𝑑.
Now suppose ‖ ®𝑣‖ = 1. Then

®𝑣 = 𝑐1®𝑣1 + 𝑐2®𝑣2 + · · · + 𝑐𝑑®𝑣𝑑 , 𝑐21 + 𝑐22 + · · · + 𝑐2𝑑 = 1

Using the fact that 𝑋̃𝑇 𝑋̃®𝑣𝑖 = 𝜆𝑖®𝑣𝑖 , we get
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𝑓 (®𝑣) = ®𝑣𝑇 𝑋̃𝑇 𝑋̃®𝑣
= 𝜆1𝑐21 + 𝜆2𝑐22 + · · · + 𝜆𝑑𝑐2𝑑

So 𝑓 (®𝑣) is a weighted average of the eigenvalues of 𝑋̃𝑇 𝑋̃. A weighted average can never be
larger than the largest value being averaged, so 𝑓 (®𝑣) ≤ 𝜆1, with equality when ®𝑣 = ®𝑣1 (or
−®𝑣1). This again shows that the maximizing direction is the eigenvector corresponding to the
largest eigenvalue.

What does this really mean geometrically?

It says that the line that maximizes the variance of the projected data - which is also the line that
minimizes themean squared orthogonal error - is spanned by the eigenvector of 𝑋̃𝑇 𝑋̃ correspond-
ing to the largest eigenvalue of 𝑋̃𝑇 𝑋̃.
So, we’ve solved the “best direction” problem. But what can we do with it? And how does this
relate to the singular value decomposition, whichwe discussed in Chapters 10.1 and 10.2 but didn’t
touch at all here? Let’s keep reading...
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10.4. Principal Components Analysis
In Chapter 10.3, we found the best direction for representing data byminimizing orthogonal projec-
tion error (equivalently, maximizing projected variance). We nowuse that result to define principal
components and connect them to the SVD.

Principal Components

We’ve discovered that the single best direction to project the data onto is the eigenvector of 𝑋̃𝑇 𝑋̃
corresponding to the largest eigenvalue. Let’s call this eigenvector ®𝑣1, as I do in the diagram below.
More ®𝑣’s are coming.

PV(®𝑣) = 1

𝑛
‖ 𝑋̃®𝑣‖2 =⇒ ®𝑣∗ = ®𝑣1

The values of the first principal component, PC1 (i.e. new feature 1), come from projecting each
row of 𝑋̃ onto ®𝑣1:

PC1 =


𝑥̃1 · ®𝑣1
𝑥̃2 · ®𝑣1
...

𝑥̃𝑛 · ®𝑣1

 = 𝑋̃®𝑣1

This projection of our data onto the line spanned by ®𝑣1 is the linear combination of the original
features that captures the largest possible amount of variance in the data.
(Whenever you see “principal component”, you should think “new feature”.)
Remember, one of our initial goals was to find multiple principal components that were uncorre-
lated with each other, meaning their correlation coefficient 𝑟 is 0. We’ve found the first principal
component, PC1, which came from projecting onto the best direction. This is the single best linear
combination of the original features we can come up with.
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Let’s take a greedy approach. I now want to find the next best principal component, PC2, which
should be uncorrelated with PC1. PC2 should capture all of the remaining variance in the data that
PC1 couldn’t capture. Intuitively, since our dataset is 2-dimensional, together, PC1 and PC2 should
contain the same information as the original two features.
PC2 comes from projecting onto the best direction among all directions that are orthogonal to ®𝑣1.
It can be shown that this “second-best direction” is the eigenvector ®𝑣2 of 𝑋̃𝑇 𝑋̃ corresponding to the
second largest eigenvalue of 𝑋̃𝑇 𝑋̃.

PC2 = 𝑋̃®𝑣2

In other words, the vector ®𝑣 that maximizes 𝑓 (®𝑣) = ‖ 𝑋̃®𝑣‖2
‖ ®𝑣‖2 subject to the constraint that ®𝑣 is orthog-

onal to ®𝑣1, is ®𝑣2. The proof of this is beyond the scope of what we’ll discuss here, as it involves
some constrained optimization theory.

Why is ®𝑣2 orthogonal to ®𝑣1? They are both eigenvectors of 𝑋̃𝑇 𝑋̃ corresponding to different eigen-
values, so they must be orthogonal, thanks to the spectral theorem (which applies because 𝑋̃𝑇 𝑋̃ is
symmetric). Remember that while any vector on the line spanned by ®𝑣2 is also an eigenvector of
𝑋̃𝑇 𝑋̃ corresponding to the second largest eigenvalue, we pick the specific ®𝑣2 that is a unit vector.
®𝑣2 and ®𝑣1 being orthogonal means that 𝑋̃®𝑣2 and 𝑋̃®𝑣1 are orthogonal, too. But because the columns
of 𝑋̃ are mean centered, we can show that this implies that the correlation between PC1 and PC2

is 0. I’ll save the algebra for now, but see if you can work this out yourself. You’ve done similar
proofs in homeworks already.

The SVD Returns. The moment I said that ®𝑣1 is an eigenvector of 𝑋̃𝑇 𝑋̃, something should have
been ringing in your head: ®𝑣1 is a singular vector of 𝑋̃! Recall, if



Chapter 10. Singular Value Decomposition 539

𝑋̃ =


| · · · | | · · · |
®𝑢1 · · · ®𝑢𝑟 ®𝑢𝑟+1 · · · ®𝑢𝑛
| · · · | | · · · |

︸                                 ︷︷                                 ︸
𝑈



𝜎1 0 · · · 0
. . .

...
...

𝜎𝑟 0 · · · 0

0 · · · 0 0 · · · 0
...

...
...

...
0 · · · 0 0 · · · 0

︸                           ︷︷                           ︸
Σ



— ®𝑣𝑇1 —
...

— ®𝑣𝑇𝑟 —

— ®𝑣𝑇𝑟+1 —
...

— ®𝑣𝑇𝑑 —

︸          ︷︷          ︸
𝑉𝑇

is the singular value decomposition of 𝑋̃, then the columns of 𝑉 are the eigenvectors of 𝑋̃𝑇 𝑋̃, all
of which are orthogonal to each other and have unit length.
We arranged the components in the singular value decomposition in decreasing order of singular
values of 𝑋̃, which are the square roots of the eigenvalues of 𝑋̃𝑇 𝑋̃.

𝜎𝑖 =
√
𝜆𝑖 , where 𝜆𝑖 is the 𝑖-th largest eigenvalue of 𝑋̃𝑇 𝑋̃

So,

• the first column of 𝑉 is ®𝑣1, the “best direction” to project the data onto,

• the second column of 𝑉 is ®𝑣2, the “second-best direction” to project the data onto,

• the third column of 𝑉 is ®𝑣3, the “third-best direction” to project the data onto,

• and so on.

Finding Principal Components

In general, principal component 𝑗 comes from multiplying 𝑋̃ by the 𝑗-th column of 𝑉 , where
𝑋̃ = 𝑈Σ𝑉𝑇 is the SVD of 𝑋̃, and 𝑋̃ is the mean-centered version of 𝑋.

PC𝑗 = 𝑋̃®𝑣 𝑗
To find all principal components at once, all we need to do is multiply 𝑋̃ by the entire matrix
𝑉 . The resulting matrix is sometimes called the principal component matrix.

𝑋̃𝑉 =


| | |

PC1 PC2 · · · PC𝑑

| | |


Equivalently, 𝑋̃𝑉 = 𝑈Σ.
The process of creating principal components is called principal component analysis.

Let’s put this in context with a few examples.

Example: From R2 to R2. Let’s start with the 2-dimensional dataset of flipper length vs. body
mass from the penguins dataset.
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The first thing you should notice is that while the original data points seem to have some positive
correlation, the principal components are uncorrelated! This is a good thing; it’s what we wanted
as a design goal. In effect, by converting from the original features to principal components, we’ve
rotated the data to remove the correlation between the features.
I have picked two points to highlight, points 5 and 12 in the original data. The coloring in red and
purple is meant to show you how original (centered) data points translate to points in the principal
component space.
Notice the scale of the data: PC1 axis is much longer than the PC2 axis, since the first principal com-
ponent capturesmuchmore variance than the second. Wewill make this notion - of the proportion
of variance captured by each principal component - more precise soon.
(You’ll notice that the body mass and flipper length values on the left are much smaller than in
the original datasets; in the original dataset, the body mass values were in the thousands, which
distorted the scale of the plot and made it hard to see that the two eigenvectors are indeed orthog-
onal.)

Example: Starting fromR3. The real power of PCA reveals itselfwhenwe startwith high-dimensional
data. Supposewe startwith three of the features in the penguinsdataset: bill_depth_mm, flipper_length_mm,
and body_mass_g - and want to reduce the dimensionality of the data to 1 or 2. Points are colored
by their species.

Observe that penguins of the same species tend to be clustered together. This, alone, has nothing
to do with PCA: we happen to have this information, so I’ve included it in the plot.
If 𝑋 is the 333 × 3 matrix of three features, and 𝑋̃ is the mean-centered version, the best directions
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in which to project the data are the columns of 𝑉 in 𝑋̃ = 𝑈Σ𝑉𝑇 .

X_three_features

bill_depth_mm flipper_length_mm body_mass_g
0 18.7 181.0 3750.0
1 17.4 186.0 3800.0
2 18.0 195.0 3250.0
4 19.3 193.0 3450.0
5 20.6 190.0 3650.0
... ... ... ...
338 13.7 214.0 4925.0
340 14.3 215.0 4850.0
341 15.7 222.0 5750.0
342 14.8 212.0 5200.0
343 16.1 213.0 5400.0

333 rows × 3 columns

X_three_features.mean()

bill_depth_mm 17.164865
flipper_length_mm 200.966967
body_mass_g 4207.057057
dtype: float64

# This is the mean -centered version of X_three_features!
X_three_features - X_three_features.mean()

bill_depth_mm flipper_length_mm body_mass_g
0 1.535135 -19.966967 -457.057057
1 0.235135 -14.966967 -407.057057
2 0.835135 -5.966967 -957.057057
4 2.135135 -7.966967 -757.057057
5 3.435135 -10.966967 -557.057057
... ... ... ...
338 -3.464865 13.033033 717.942943
340 -2.864865 14.033033 642.942943
341 -1.464865 21.033033 1542.942943
342 -2.364865 11.033033 992.942943
343 -1.064865 12.033033 1192.942943

333 rows × 3 columns

X_three_features_centered = X_three_features - X_three_features.mean()
u, s, vt = np.linalg.svd(X_three_features_centered)
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Now, the rows of 𝑉𝑇 (vt), which are the columns of 𝑉 (vt.T), contain the best directions.

vt

array([[ -1.15433983e -03, 1.51946036e -02, 9.99883889e -01],
[ 1.02947493e -01, -9.94570148e -01, 1.52327042e -02],
[ 9.94686122e -01, 1.02953123e -01, -4.16174416e -04]])

It’s important to remember that these “best directions” are nothing more than linear combinations
of the original features. Since the first rowof𝑉𝑇 is

[−0.00115 0.01519 0.99988
]
, the first principal

component is

PC 1𝑖 = −0.00115 · bill depth𝑖 + 0.01519 · flipper length𝑖 + 0.99988 · body mass𝑖

while the second is

PC 2𝑖 = 0.10294 · bill depth𝑖 − 0.99457 · flipper length𝑖 + 0.01523 · body mass𝑖

and third is

PC 3𝑖 = 0.99468 · bill depth𝑖 + 0.10295 · flipper length𝑖 − 0.00042 · body mass𝑖

where 𝑖 = 1, 2, . . . , 333 is the index of the penguin.
To compute all three of these principal components at once, for every penguin, we just need to
compute 𝑋̃𝑉 .

pcs = X_three_features_centered @ vt.T
pcs

0 1 2
0 -457.309150 13.054373 -0.338469
1 -407.237482 8.709325 -1.137604
2 -957.037562 -8.558025 0.614682
4 -757.092674 -3.388512 1.618633
5 -557.162981 2.775571 2.519631
... ... ... ...
338 718.061613 -2.382752 -2.403451
340 643.084824 -4.458007 -1.672473
341 1543.085070 2.433563 0.066202
342 992.998024 3.908624 -1.629651
343 1192.988496 6.094426 -0.316840

333 rows × 3 columns
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Let’s plot the first two principal components: that is, for each of our 333 penguins, we’ll plot their
value of 𝑋̃®𝑣1 on the 𝑥-axis and their value of 𝑋̃®𝑣2 on the 𝑦-axis.

This is the best 2-dimensional projection of our 3-dimensional scatter plot. And here’s the kicker:
penguins of the same species STILL tend to be clustered together in the principal component
space!
What this tells us is that our technique for taking linear combinations of the original features is
good at preserving the important information in the original dataset. We went fromwriting down
3 numbers per penguin to 2, but it seems that we didn’t lose much information per penguin.
What do I mean by “much important information”? Let’s make this idea more precise.

Explained Variance
The goal of PCA is to find new features - principal components - that capture as much of the vari-
ation in the data as possible, while being uncorrelated with each other.
PCA isn’t foolproof: it works better on some datasets than others. If the features we’re working
with are already uncorrelated, PCA isn’t useful. And, even for datasets that are well suited for
PCA, we need a systematic way to decide how many principal components to use. So far, we’ve
often used 1 or 2 principal components for the purposes of visualization, but in general, we need
a more systematic approach. What if we start with an 𝑛 × 50matrix and want to decide how many
principal components to compute?
Let’s define the total variance of an 𝑛 × 𝑑 matrix 𝑋 as the sum of the variances of the columns of
𝑋. If 𝑥(𝑗)𝑖 is the 𝑖-th value of the 𝑗-th feature, and 𝜇𝑗 is the mean of the 𝑗-th feature, then the total
variance of 𝑋 is
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total variance =
𝑑∑
𝑗=1

(
1

𝑛

𝑛∑
𝑖=1

(𝑥(𝑗)𝑖 − 𝜇𝑗)2
)

Let’s compute this for X_three_features.

X_three_features.var(ddof=0) # The variances of the individual columns of X.

bill_depth_mm 3.866243
flipper_length_mm 195.851762
body_mass_g 646425.423171
dtype: float64

X_three_features.var(ddof=0).sum()

646625.1411755901

So, the total variance of X_three_features is approximately 646625.
This is also equal to the sum of the variances of the columns of 𝑋̃𝑉 , i.e. the sum of the variances
of the principal components!

# These three numbers are DIFFERENT than the numbers above,
# but their sum is the same.
(X_three_features_centered @ vt.T).var(ddof=0)

0 646575.552578
1 47.055776
2 2.532822
dtype: float64

(X_three_features_centered @ vt.T).var(ddof=0).sum() # Same sum as before.

646625.1411755901

Why? If we create the same number of principal components as we have original features, we
haven’t lost any information -we’ve justwritten the same data in a different basis. The goal, though,
is to pick a number of principal components that is relatively small (smaller than the number of
original features), but still captures most of the variance in the data.
Each new principal component - that is, each column of 𝑋̃𝑉 - captures some amount of this total
variance. What we’d like to measure is the proportion (that is, fraction, or percentage) of the total
variance that each principal component captures. The first principal component captures the most
variance, since it corresponds to the direction in which the data varies the most. The second prin-
cipal component captures the second-most variance, and so on. But how much variance does the
first, second, or 𝑗-th principal component capture?
Recall from earlier that the variance of the data projected onto a vector ®𝑣 is given by

PV(®𝑣) = 1

𝑛
‖ 𝑋̃®𝑣‖2
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®𝑣1 maximizes this quantity, which is why the first principal component is the projection of the data
onto ®𝑣1; ®𝑣2 maximizes the quantity subject to being orthogonal to ®𝑣1, and so on.
Then, the variance of PC1 is whatever we get back when we plug ®𝑣1 into the formula above, and
in general, the variance of PC𝑗 is PV(®𝑣 𝑗) (again, where ®𝑣 𝑗 is the 𝑗-th column of 𝑉 in the SVD of 𝑋̃).
Observe that if ®𝑣 𝑗 is the 𝑗-th column of 𝑉 in 𝑋̃ = 𝑈Σ𝑉𝑇 , then,

PV(®𝑣 𝑗) = 1

𝑛
‖ 𝑋̃®𝑣 𝑗‖2 = 1

𝑛
‖𝜎𝑗 ®𝑢𝑗‖2 = 1

𝑛
𝜎2
𝑗 ‖ ®𝑢𝑗‖2 =

𝜎2
𝑗

𝑛

Here, we used the ever important fact that 𝑋̃®𝑣 𝑗 = 𝜎𝑗 ®𝑢𝑗 , where 𝜎𝑗 is the 𝑗-th singular value of 𝑋̃ and
®𝑢𝑗 is the 𝑗-th column of𝑈 in the SVD of 𝑋̃.

What this tells us is that the variance of the 𝑗-th principal component is
𝜎2𝑗
𝑛 .

variance of PC 𝑗 =
𝜎2
𝑗

𝑛

This is a beautiful result - it tells us that the variance of the 𝑗-th principal component is simply the
square of the 𝑗-th singular value of 𝑋̃, divided by 𝑛. The 𝜎𝑗’s in the SVD represent the amount that
the data varies in the direction of ®𝑣 𝑗! We don’t need any other fancy information to compute the
variance of the principal components; we don’t need to know the individual principal component
values, or have access to a variance method in code.

u, s, vt = np.linalg.svd(X_three_features_centered)
s

array([14673.43378383, 125.1781673 , 29.04185933])

np.set_printoptions(precision=8)

n = X_three_features_centered.shape[0]
variances_of_pcs = s ** 2 / n
np.set_printoptions(suppress=True)
variances_of_pcs

array([646575.55257751, 47.05577648, 2.5328216 ])

Above, we see the exact same values as if we computed the variances of the principal components
directly from the data.

(X_three_features_centered @ vt.T).var(ddof=0)

0 646575.552578
1 47.055776
2 2.532822
dtype: float64
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Since the total variance of 𝑋 is the sum of the variances of its principal components, the total

variance of 𝑋 is then the sum of
𝜎2𝑗
𝑛 over all 𝑗 = 1, 2, . . . , 𝑟, where 𝑟 = rank(𝑋). (Remember that if

𝑘 > 𝑟, then 𝜎𝑘 = 0.)

total variance =
𝑟∑
𝑗=1

𝜎2
𝑗

𝑛

So, if we single out just one principal component, how much of the overall variation in 𝑋 does
it capture? The answer is given by the proportion of variance explained by the 𝑗-th principal
component:

proportion of variance explained by PC 𝑗 =
𝜎2
𝑗∑𝑟

𝑘=1 𝜎
2
𝑘

This is a number between 0 and 1, which we can interpret as a percentage.

s # The singular values of X_three_features.

array([14673.43378383, 125.1781673 , 29.04185933])

(s ** 2) / (s ** 2).sum() # The proportions of variance explained by each principal
component.↩→

array([0.99992331, 0.00007277, 0.00000392])

The above tells us that in X_three_features, the first principal component captures 99.99% of the
variance in the data! There’s very little information lost in projecting this 3-dimensional dataset
into 1-dimensional space.
Often, the proportions above are visualized in a scree plot, as you’ll see in Homework 11. Scree
plots allow us to visually decide the number of principal components to keep, based on where it
seems like we’ve captured most of the variation in the data. We’ll work on a related example in
live lecture.

The PCA Recipe
Let’s briefly summarize what I’ll call the “PCA recipe”, which describes how to find the principal
components (new features) of a dataset.

1. Starting with an 𝑛 × 𝑑 matrix 𝑋 of 𝑛 data points in 𝑑 dimensions, mean-center the data by
subtracting the mean of each column from itself. The new matrix is 𝑋̃.

2. Compute the singular value decomposition of 𝑋̃: 𝑋̃ = 𝑈Σ𝑉𝑇 . The columns of𝑉 (rows of𝑉𝑇)
describe the directions of maximal variance in the data.
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3. Principal component 𝑗 comes from multiplying 𝑋̃ by the 𝑗-th column of 𝑉 .

PC𝑗 = 𝑋̃®𝑣 𝑗 = 𝜎𝑗 ®𝑢𝑗

The resulting principal components - which are the columns of 𝑋̃𝑉 - are uncorrelated with
one another.

4. The variance of PC𝑗 is
𝜎2𝑗
𝑛 . The proportion of variance explained by PC𝑗 is

proportion of variance explained by PC 𝑗 =
𝜎2
𝑗∑𝑟

𝑘=1 𝜎
2
𝑘

In Chapter 10.5, to wrap up our course, we’ll use this recipe on images of handwritten digits. Then,
we’ll feed the resulting principal components into a classifier.

05-looking-forward.ipynb
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10.5. Conclusion
In Chapter 10.4, I introduced principal components analysis (PCA), which is the process of creating
new features (called principal components) that are linear combinations of the original features that

1. capture as much of the variation in the data as possible, and

2. are uncorrelated with each other.

Themain use case of PCAso far has been fordimensionality reduction – taking a high-dimensional
dataset and representing each point as a vector in a lower-dimensional space. The main example
in Chapter 10.4 was the penguin dataset, where each penguin was originally described by four
features (bill length, bill depth, flipper length, and body mass), but PCA allowed us to describe
each penguin using just two features.

Handwritten Digits
At the very start of the course, in Chapter 1.1, I introduced you to the MNIST dataset (MNIST
stands for Modified National Institute of Standards and Technology). To wrap up the course, I’d
like to revisit this dataset.
The dataset contains 70,000 labeled grayscale images of handwritten digits, each of which is 28
pixels by 28 pixels. The dataset exists to train machine learning models to recognize handwritten
digits. This is a classification task, rather than a regression task, which we spent the majority of
the course studying.

Figure 10.1: *
A few of the images in the MNIST dataset.

Each image is a 28 × 28 grid of pixels, and each of these pixels is an integer between 0 and 255,
representing the pixel’s intensity. In the example below, hover over any pixel to see its intensity
value.

https://en.wikipedia.org/wiki/MNIST_database
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Each image can be stored as a vector in R784, since 28 × 28 = 784. A table containing all images,
then, has 70,000 rows (one per image) and 784 columns (one per pixel).

pixel1pixel2pixel3pixel4pixel5pixel6pixel7pixel8pixel9pixel10... pixel775pixel776pixel777pixel778pixel779pixel780pixel781pixel782pixel783pixel784
0 0 0 0 0 0 0 0 0 0 0 ... 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 ... 0 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 ... 0 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0 ... 0 0 0 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0 0 0 0 ... 0 0 0 0 0 0 0 0 0 0
... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ...
699950 0 0 0 0 0 0 0 0 0 ... 0 0 0 0 0 0 0 0 0 0
699960 0 0 0 0 0 0 0 0 0 ... 0 0 0 0 0 0 0 0 0 0
699970 0 0 0 0 0 0 0 0 0 ... 0 0 0 0 0 0 0 0 0 0
699980 0 0 0 0 0 0 0 0 0 ... 0 0 0 0 0 0 0 0 0 0
699990 0 0 0 0 0 0 0 0 0 ... 0 0 0 0 0 0 0 0 0 0

70000 rows × 784 columns
Each row above corresponds to one flattened digit. While we can visualize individual images in
the dataset one at a time, we can’t visualize the entire dataset at once, since it’s made up of vectors
in R784. That’s where PCA comes in!
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PCA Returns
By creating principal components, we can represent each image using only 2 or 3 features, rather
than 784.
Below, I’ve reduced the dimensionality of the 784-feature dataset to just 2 features. Rather than
using np.linalg.svd as in Chapter 10.4, I’ve used sklearn’s PCA implementation, just to show
you how it works.

pca_2 = PCA(n_components=2)
mnist_pca = pca_2.fit_transform(X)

What fraction of the variance in the full 784-dimensional data is captured by the first two principal
components? It looks like about 17%, which is less than the ~99%we saw for the first two principal
components in the penguin dataset. We’re seeing a much lower proportion of variance explained
here likely because it’s hard to distinguish between 28×28 imageswith just two numbers per image.

# The proportion of variance explained by each principal component.
pca_2.explained_variance_ratio_

array([0.09746116, 0.07155445])

# The total variance explained by the first two principal components.
pca_2.explained_variance_ratio_.sum()

0.16901560509373448

In the scatter plot below, each point corresponds to an image. Its position is determined by its
values in the first two principal components. Note that we’ve only included a small sample of the
full 70,000 image dataset as to avoid crowding the plot (and slowing down your browser).
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The values of principal component 1 and 2 not pixel intensities, as they don’t range between 0 and
255. Instead, they are linear combinations of the original pixel intensities.
By construction, PCA did not use the labels when determining the placement of each image. All it
knew about each image were the 784 pixel values. Still, the images are roughly clustered by their
true digits, meaning that handwritten 0s tend to be placed near handwritten 0s, handwritten 1s
near handwritten 1s, and so on.

Notice that even with just two features, the digits are roughly clustered by their true digit label.
The 1’s are clustered together in the top left, the 0’s are clustered together in the right center, and
so on. But, there’s a fair amount of overlap.
Let’s go one step further: in the graph below (which only uses a random sample of 200 points for
speed), hovering over a point reveals the full original 28 x 28 image itself.
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Zoom in on the graph, and look at any two points that are close to each other but have different
labels. You’ll run into cases like a 9 that looks like a 1, or 5 that looks like a 3. Again, with just
these two features for each image, we retain a lot of information about the original image, which
is remarkable!

Feature Maps. How are these principal components computed? As we saw in Chapter 10.4,

PC𝑗 = 𝑋̃®𝑣 𝑗

where 𝑋̃ is the centered data matrix, and ®𝑣 𝑗 is the 𝑗th eigenvector of 𝑋̃>𝑋̃. In other words, ®𝑣 𝑗 is the
𝑗th column of 𝑉 in 𝑋̃ = 𝑈Σ𝑉𝑇 , the SVD of 𝑋̃.
Here, ®𝑣 𝑗 contains 784 values, one for each pixel in the original 28 × 28 image. Here’s an idea: why
don’t we visualize ®𝑣 𝑗 as a 28× 28 image? Such a graph is called a feature map, as it shows how the
original 784 features are combined to create each principal component.
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Now, let’s look at the scatter plot of the first twoprincipal components again, with the digits colored
by their true digit label. Notice that the 0’s are in the far right while the 1’s are in the far left. How
does the above heat map explain this?

PCA Regression
Here’s the last big idea: what if we use these new features as inputs to a model? We absolutely
can. But what kind of predictive task is this: regression or classification? Classification, of course,
because the goal is to predict which digit appears in the image.
A standard choice is logistic regression. Despite the name, logistic regression is a linear classifica-
tion technique that builds on linear regression. Instead of predicting a numerical response directly,
it predicts class probabilities and then turns those probabilities into decisions.
For handwritten digits, sklearn uses a multinomial version of logistic regression that predicts
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a probability for each digit 0 through 9. We won’t focus on the math, the loss function, or the
optimization details here; those are beyond our scope. The point is just that PCA can create new
features, and a classifier can use those new features as inputs.

Pipeline(steps=[('pca',
PCA(n_components=2, random_state=245,

svd_solver='randomized')),
('logisticregression',
LogisticRegression(max_iter=5000, random_state=245))])

In a Jupyter environment, please rerun this cell to show the HTML representation or trust the
notebook.
On GitHub, the HTML representation is unable to render, please try loading this page with
nbviewer.org.
[ ] Pipeline?Documentation for PipelineiNot fitted

Pipeline(steps=[('pca',
PCA(n_components=2, random_state=245,

svd_solver='randomized')),
('logisticregression',
LogisticRegression(max_iter=5000, random_state=245))])

[ ] PCA?Documentation for PCA

PCA(n_components=2, random_state=245, svd_solver='randomized')

[ ] LogisticRegression?Documentation for LogisticRegression

LogisticRegression(max_iter=5000, random_state=245)

pipe.fit(X_train, y_train)
two_pc_accuracy = pipe.score(X_test, y_test)
two_pc_accuracy

0.4465

https://scikit-learn.org/1.5/modules/generated/sklearn.pipeline.Pipeline.html
https://scikit-learn.org/1.5/modules/generated/sklearn.decomposition.PCA.html
https://scikit-learn.org/1.5/modules/generated/sklearn.linear_model.LogisticRegression.html
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Even with just two principal components, the classifier reaches about 44.6% accuracy on the test
set. That is far from perfect, but it is still much better than random guessing among 10 classes,
which would only be correct about 10% of the time.
While the full MNIST dataset was too high-dimensional to visualize directly, it can be compressed
into principal components, which can be visualized and then fed into a classifier. What a beautiful
way to wrap up the course!
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Appendix 1: Summation Notation and the Mean
This course will rely on your understanding of some ideas from calculus and high school algebra.
The appendix of the course notes serves to review these ideas.
Sums and averages play an important role in machine learning. Here, we’ll review the most rele-
vant properties of summation notation, and use the arithmetic mean as a case study of sorts.

Introduction

Definition: Summation Notation

The
∑

symbol, read “sigma”, is used to indicate a sum of a sequence. In general, if 𝑎 and 𝑏
are integers, and 𝑥1 , 𝑥2 , . . . is a collection of numbers, then:

𝑏∑
𝑖=𝑎

𝑥𝑖 = 𝑥𝑎 + 𝑥𝑎+1 + 𝑥𝑎+2 + + 𝑥𝑏−1 + 𝑥𝑏

Above, 𝑖 is the index of summation.

For example, if we take 𝑥𝑖 = 𝑖2, then
6∑
𝑖=1

𝑖2 represents the sum of the squares of all integers from 1

to 6:

6∑
𝑖=1

𝑖2 = 12 + 22 + 32 + 42 + 52 + 62

Notice that both the starting and ending indices (1 and 6, respectively) are included in the sum.
Summation notation allows us to express sums conveniently – the left-hand side above is more
compact than the right-hand side.
Often, we’ll take the sum of the first 𝑛 terms of a sequence. For example, the sum of the squares of
the first 𝑛 positive integers is:

𝑛∑
𝑖=1

𝑖2

Note that the index of summation can be any variable name (𝑖 is just a typical choice). That is,
𝑛∑
𝑗=1

𝑗2,
𝑛∑
𝑖=1

𝑖2, and
𝑛∑

zebra=1
zebra2 all represent the same sum.

Summation notation can be thought of in terms of a for-loop. In Python, to compute the sum
𝑏∑
𝑖=𝑎

𝑖2, we could write:

total = 0
for i in range(a, b + 1):

total = total + i ** 2
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As we mentioned above, the ending index is inclusive in summation notation. This is in contrast
to Python, where the ending index is exclusive, which is why we provided b + 1 as the second
argument to the range function instead of b.

Activity 1

Activity 1

Identify what makes each of the following expressions invalid or ambiguous, and why.

•
13∑
𝑘=1

𝑘2 + 𝑘

• 𝑖
5∑
𝑖=1

𝑖

•
𝑛∑
𝑖=1

𝑥𝑖 + 𝑥𝑖

•
3∑
𝑖=5

𝑖2

•
𝜋∑
𝑖=2

𝑥𝑖

Properties and Examples
To illustrate various properties of summation notation, we’ll use the following fact:

𝑛∑
𝑖=0

2𝑖 = 20 + 21 + 22 + ... + 2𝑛 = 2𝑛+1 − 1

The expression 2𝑛+1 − 1 is called a closed form for the summation. When closed forms exist, they
make it easy to compute the value of a summation. You’ll also notice that in addition to writing
the sum using summation notation, I also showed the first few and last terms of the sum, with
a ... to indicate that the pattern continues in between. As convenient as summation notation is,
explicitly writing the first few and last terms of a sum can sometimes make it easier to understand
what exactly is being summed.

For example,
3∑
𝑖=0

2𝑖 = 20+21+22+23 = 1+2+4+8 = 15, which is indeed 23+1−1 = 15. The sequence

20 , 21 , 22 , . . . , 2𝑛 is called a geometric sequence, and the resulting sum is called a geometric series.

For convenience, we’ll define 𝑆(𝑛) =
𝑛∑
𝑖=0

2𝑖 ; again, 𝑆(𝑛) = 2𝑛+1 − 1.
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The best way to learn through these examples is to try to solve them yourself before looking at the
solution.

Example: Partial Sums. Determine the value of
19∑
𝑖=8

2𝑖 . (Find an answer that doesn’t involve sum-

mation notation or a sum over many terms.)

Solution

We can’t use the formula for 𝑆(𝑛) directly, because the starting index is 8, not 0. But, if we look
at the expansion of 𝑆(19), we’ll see that it contains the sum we’re looking for:

𝑆(19) =
19∑
𝑖=0

2𝑖

= 20 + 21 + 22 + · · · + 219

= (20 + 21 + 22 + · · · + 27) + (28 + 29 + 210 + · · · + 219)

=
7∑
𝑖=0

2𝑖︸︷︷︸
𝑆(7)

+
19∑
𝑖=8

2𝑖︸︷︷︸
what we’re looking for

So, the piece we’re looking for is 𝑆(19) − 𝑆(7), or:
19∑
𝑖=8

2𝑖 = 𝑆(19) − 𝑆(7) = (220 − 1) − (28 − 1) = 220 − 28

The specific value of the sum, 220 − 28, is 1048576 − 256 = 1048320, if you’re curious.

Example: Constant Multiples. Determine the value of
7∑
𝑖=0

5 · 2𝑖 .

Solution

7∑
𝑖=0

5 · 2𝑖 = 5 · 20 + 5 · 21 + 5 · 22 + 5 · 23 + 5 · 24 + 5 · 25 + 5 · 26 + 5 · 27

= 5(20 + 21 + 22 + 23 + 24 + 25 + 26 + 27)

= 5

7∑
𝑖=0

2𝑖

= 5(28 − 1)
This last line is what’s most important; its specific value is 5 · (28 − 1) = 5 · 255 = 1275.
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Example: Sum of a Constant. Determine the value of
20∑
𝑖=7

5.

Solution

20∑
𝑖=7

5 = 5 + 5 + 5 + · · · + 5︸                ︷︷                ︸
14 times

= 5 · 14
= 70

Where did 14 come from? The starting index is 7, and the ending index is 20. So, the number
of terms is 20 − 7 + 1 = 14.

Example: Shifting Indices. Determine the value of
20∑
𝑖=10

2𝑖−5.

Solution

As we did in the very first example, let’s try and write the sum as a difference of two calls to
𝑆(𝑛). 𝑆(𝑛) involves the sum of terms of the form 2𝑖 , and the sum we’re looking for involves
the terms 2𝑖−5, so we’ll need to shift the indices.
When 𝑖 = 10, 𝑖 − 5 = 5, and when 𝑖 = 20, 𝑖 − 5 = 15. So, we can rewrite the sum in question as:

20∑
𝑖=10

2𝑖−5 =
15∑
𝑖=5

2𝑖

This looks like 𝑆(15) − 𝑆(4), or 216 − 1 − (25 − 1) = 216 − 25 = 65536 − 32 = 65504.

Example: Separating Sums. Given that
𝑛∑
𝑖=1

𝑖 =
𝑛(𝑛 + 1)

2
, determine the value of

12∑
𝑖=0

(2𝑖 + 5𝑖).
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Solution

12∑
𝑖=0

(2𝑖 + 5𝑖) = (20 + 5 · 0) + (21 + 5 · 1) + (22 + 5 · 2) + . . . + (212 + 5 · 12)

= (20 + 21 + 22 + . . . + 212) + (5 · 0 + 5 · 1 + 5 · 2 + . . . + 5 · 12)

=
12∑
𝑖=0

2𝑖 +
12∑
𝑖=0

5𝑖

= 213 − 1 + 5 · 12 · 13
2

= 8581

The key here is that we can split the sum into two sums.

Key Takeaways. In the order they were introduced in the examples, here are some useful prop-
erties of summations:

1. Partial Sums:

𝑛∑
𝑖=1

𝑥𝑖 =
𝑘∑
𝑖=1

𝑥𝑖 +
𝑛∑

𝑖=𝑘+1
𝑥𝑖

2. Constant Multiples:

𝑛∑
𝑖=1

𝑐𝑥𝑖 = 𝑐
𝑛∑
𝑖=1

𝑥𝑖

3. Sum of a Constant:

𝑛∑
𝑖=1

𝑐 = 𝑐 · 𝑛

4. Shifting Indices:

𝑛∑
𝑖=𝑘

𝑥𝑖 =
𝑛−𝑘∑
𝑖=0

𝑥𝑖+𝑘

5. Separating Sums:

𝑛∑
𝑖=1

(𝑥𝑖 + 𝑦𝑖) =
𝑛∑
𝑖=1

𝑥𝑖 +
𝑛∑
𝑖=1

𝑦𝑖
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Warning

Summation notation does not distribute over multiplication or division. That is,

𝑛∑
𝑖=1

(𝑥𝑖𝑦𝑖) ≠
(
𝑛∑
𝑖=1

𝑥𝑖

) (
𝑛∑
𝑖=1

𝑦𝑖

)
𝑛∑
𝑖=1

𝑥𝑖
𝑦𝑖

≠

∑𝑛
𝑖=1 𝑥𝑖∑𝑛
𝑖=1 𝑦𝑖

For more practice, work through Activity 2 (which has 5 sub-activities).

Activity 2

Activity 2

Activity 2.1

Given that
𝑛∑
𝑖=1

𝑖2 =
𝑛(𝑛 + 1)(2𝑛 + 1)

6
, determine the value of

10∑
𝑗=3

(𝑗2 − 7𝑗).
Activity 2.2

Show that
100∑
𝑛=1

1

𝑛(𝑛 + 1) = 1 − 1

101
.

Hint: Try writing 1
𝑛(𝑛+1) as a difference of two fractions.

Activity 2.3
Recall, 𝑛! = 𝑛 · (𝑛 − 1) · (𝑛 − 2) · . . . · 1.
The Taylor Series expansion for the function 𝑓 (𝑥) = 𝑒𝑥 , at the point 𝑥 = 0, is given by:

𝑒𝑥 =
∞∑
𝑛=0

𝑥𝑛

𝑛!

Find a closed form expression for the infinite series:

1

2!
− 1

3!
+ 1

4!
− 1

5!
+ 1

6!
− 1

7!
+ · · ·

Activity 2.4(𝑛
𝑘

)
, pronounced “n choose k”, is the number of ways to choose 𝑘 items from a set of 𝑛 items.(

𝑛
𝑘

)
=

𝑛!
𝑘!(𝑛 − 𝑘)!

For example,
(5
2

)
= 10, because there are 10 ways to choose 2 items from a set of 5 items, and

5!
2!(5−2)! =

120
2·6 = 10.

Using the fact introduced in Activity 2.1, find a closed form expression for the following sum:
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𝑛∑
𝑘=2

(
𝑘
2

)
Activity 2.5
Argue why the following equality holds (it’ll be hard to prove this algebraically):

𝑛∑
𝑘=0

(
𝑛
𝑘

)
= 2𝑛

Mean and Standard Deviation
As I mentioned at the start of this section, we’ll work with sums of data points quite frequently in
this class. We’ll often set up a problem by saying we have a sequence of 𝑛 scalar1 values, repre-
sented by 𝑥1 , 𝑥2 , . . . , 𝑥𝑛 . For instance, perhaps there are 𝑛 students in this course, and 𝑥𝑖 represents
the height of student 𝑖.

Mean. The mean, or average, of all 𝑛 values is given the symbol 𝑥̄ (pronounced “x-bar”) and is
defined as follows:

𝑥̄ =
𝑥1 + 𝑥2 + . . . + 𝑥𝑛

𝑛
=

1

𝑛

𝑛∑
𝑖=1

𝑥𝑖

You’ve likely seen this definition before. But, an often-forgotten property of the mean is that the
sum of the deviations from the mean is zero. By that, I mean (no pun intended) that if you:

1. compute the mean of a sequence of numbers,

2. compute the signed difference between each number and the mean, and then

3. sum all of those differences, the result will be zero.

Let’s first see this in action, then show why it is true in general. Suppose there are only 4 students
in the class, with heights 72, 63, 68, and 65 inches. The mean of these heights is:

𝑥̄ =
72 + 63 + 68 + 65

4
= 67

The deviations from the mean are:
1“Scalar” just means “individual number”, as opposed to a vector or matrix which can contain multiple numbers, as

we’ll see later in the course.



Appendix A. Mathematical Foundations 564

72 − 67 = 5

63 − 67 = −4
68 − 67 = 1

65 − 67 = −2

The sum of the four deviations, then, is:

5 + (−4) + 1 + (−2) = 0

So, the mean deviation from the mean is zero in this example.
This is also true in general. Precisely, I’m claiming that if 𝑥1 , 𝑥2 , ..., 𝑥𝑛−1 , 𝑥𝑛 are any 𝑛 numbers, and

𝑥̄ is their mean, then
𝑛∑
𝑖=1

(𝑥𝑖 − 𝑥̄) = 0.

Let’s prove it:

𝑛∑
𝑖=1

(𝑥𝑖 − 𝑥̄) =
𝑛∑
𝑖=1

𝑥𝑖 −
𝑛∑
𝑖=1

𝑥̄

=
𝑛∑
𝑖=1

𝑥𝑖 − 𝑛𝑥̄

=
𝑛∑
𝑖=1

𝑥𝑖 − 𝑛
( 𝑥1 + 𝑥2 + . . . + 𝑥𝑛

𝑛

)
=

𝑛∑
𝑖=1

𝑥𝑖 − (𝑥1 + 𝑥2 + . . . + 𝑥𝑛)

= 0

So, we’ve shown that the sum of the deviations from the mean is 0 in general. A consequence of
this is that the positive deviations and negative deviations are equal in magnitude, since they need
to cancel each other out. In the 72, 63, 68, 65 example, the positive deviations are 5 and 1 and the
negative deviations are -4 and -2, and both have magnitude 6. As a result, the mean is sometimes
thought of as the “balance point” of the dataset – the point at which the negative deviations are
balanced by the positive deviations. More on this in Chapter 1.3.

Standard Deviation. Since the sum (and average) of deviations from the mean is 0, no matter the
dataset, we can’t use the average deviation from the mean to measure how far values tend to be
from the mean. The average deviation will be 0, whether the dataset is tightly clustered or spread
out.
Tomeasure how far values in a dataset tend to deviate from their mean, then, we’ll need to address
the fact that some deviations are positive and some are negative. A common approach is to:

1. Compute the mean of the dataset
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2. Compute the deviation of each value from the mean

3. Square each deviation

4. Take the average of the squared deviations

The result of this process is called the variance, denoted 𝑠2 or 𝜎2; its square root is called the
standard deviation.
Following the above steps, the variance is given by:

𝜎2 =
1

𝑛

𝑛∑
𝑖=1

(𝑥𝑖 − 𝑥̄)2

(If you’ve read Chapter 1.2, you’ll notice some similarities between this formula and the formula
for mean squared error.)

Activity 3

Activity 3

What is the variance of the dataset 72, 63, 68, 65?

As a final note, the variance has a convenient, equivalent form:

𝜎2 =
1

𝑛

𝑛∑
𝑖=1

(𝑥𝑖 − 𝑥̄)2 = 1

𝑛

𝑛∑
𝑖=1

𝑥2𝑖 − 𝑥̄2

In English, we might say the variance is “the mean of the squares of 𝑥 minus the square of the
mean of 𝑥”.
Your turn: prove this equivalent form of the variance.

../01-supervised-learning/02-loss-functions-constant-model.ipynb
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Solution

𝜎2 =
1

𝑛

𝑛∑
𝑖=1

(𝑥𝑖 − 𝑥̄)2

=
1

𝑛

𝑛∑
𝑖=1

(𝑥2𝑖 − 2𝑥𝑖 𝑥̄ + 𝑥̄2)

=
1

𝑛

𝑛∑
𝑖=1

𝑥2𝑖 −
2

𝑛

𝑛∑
𝑖=1

𝑥𝑖 𝑥̄ + 1

𝑛

𝑛∑
𝑖=1

𝑥̄2

=
1

𝑛

𝑛∑
𝑖=1

𝑥2𝑖 − 2𝑥̄
1

𝑛

𝑛∑
𝑖=1

𝑥𝑖 + 𝑥̄2

=
1

𝑛

𝑛∑
𝑖=1

𝑥2𝑖 − 2𝑥̄2 + 𝑥̄2

=
1

𝑛

𝑛∑
𝑖=1

𝑥2𝑖 − 𝑥̄2

Activity 4

Activity 4

Suppose the dataset 𝑥1 , 𝑥2 , . . . , 𝑥𝑛 has mean 𝑥̄ and variance 𝜎2.
Find the mean and variance of the dataset −4𝑥1 + 3,−4𝑥2 + 3, . . . ,−4𝑥𝑛 + 3, and justify your
answer rigorously using the definitions of mean and variance.
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Appendix 2: Derivatives
Calculus is the study of rates of change, and without it, modern machine learning would not be
possible. Inmanyways,machine learning is about optimizing quantities –making the bestpossible
predictions, or making prediction errors as small as possible – and calculus is the tool that enables
us to perform this optimization.
We’ll address these lofty goals throughout the semester. Here, we will review key ideas from a
first course in calculus (e.g. Math 115).

Tangent Lines
Suppose 𝑓 is a function that takes in a single real number and outputs a single real number, i.e.
𝑓 : R → R.
If 𝑓 is a function, then the derivative of 𝑓 is another function, sometimes denoted 𝑓 ′, such that
𝑓 ′(𝑥) is the “instantaneous” rate of change of 𝑓 at the input 𝑥.
To understand what I mean by “instantaneous” rate of change, let’s consider an example. Suppose
𝑓 (𝑥) = 1

4𝑥
2 − 3. The graph of 𝑓 is shown below, in blue, along with a slider for input values of 𝑥.

Drag the slider.

At any point 𝑥, the tangent line to the graph of 𝑓 is the best linear approximation of the graph of
𝑓 near 𝑥.
For instance, consider when 𝑥 = −4. At 𝑥 = −4, 𝑓 (−4) = 1

4 (−4)2 − 3 = 1.
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The tangent line at 𝑥 = −4 is the line that passes through the point (−4, 1) that best approximates
𝑓 near 𝑥 = −4, among all other lines that pass through (−4, 1). In the plot above, use your mouse
to zoom in on the point (−4, 1), and you’ll see that when zoomed in, the tangent line and original
function are very difficult to distinguish.

The Derivative is the Slope of the Tangent Line

Here’s the million dollar connection. The slope of the tangent line at 𝑥 is, by definition, the
derivative of 𝑓 at 𝑥.
In the example above, when 𝑥 = −4, the slope of the tangent line is -2, which is the derivative
of 𝑓 at 𝑥 = −4, i.e. 𝑓 ′(−4) = −2.

This intuitive definition of the derivative – as being the slope of the tangent line – is the most
important way to think about the derivative. The formal definition is also important, and we’ll get
there next, but you should have enough context for this first activity.

Activity 1

Activity 1

Let 𝑓 (𝑥) = 1
4𝑥

4 + 1
3𝑥

3 − 𝑥2 + 2.
Given that 𝑓 ′(𝑥) = 𝑥3 + 𝑥2 − 2𝑥, find the equation of the tangent line to 𝑓 (𝑥) at the following
points:

• 𝑥 = −3
• 𝑥 = −1
• 𝑥 = 1

As a bonus exercise, try to verify that the provided formula for 𝑓 ′(𝑥) is correct, using your
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knowledge of derivatives from Calculus 1.

Formal Definition
Secant Lines. Let’s review the more formal definition of the derivative. First, remember the gen-
eral formula for the slope of the line between two points (𝑥1 , 𝑦1) and (𝑥2 , 𝑦2):

𝑦2 − 𝑦1
𝑥2 − 𝑥1

Let’s say we’re trying to find the slope of the tangent line at 𝑥 = 𝑎, which is the line that passes
through the point (𝑎, 𝑓 (𝑎)) whose slope is the instantaneous rate of change of 𝑓 at 𝑥 = 𝑎. To find
that instantaneous rate of change, we can find the slope of the line between (𝑎, 𝑓 (𝑎)) and some other
point (𝑏, 𝑓 (𝑏)), where 𝑏 − 𝑎 is as close to 0 as possible.
In the example below, as 𝑏 approaches 𝑎 = 1, the slope of the line between (1, 𝑓 (1)) and (𝑏, 𝑓 (𝑏))
approaches the slope of the tangent line at 𝑥 = 1. Note that the formal name for the line between
any two points on a function is a secant line.

Limits. Let’s be more precise, using the idea of a limit from Calculus 1. Recall, lim
𝑥→𝑎

𝑔(𝑥) = 𝐿 is
pronounced “the limit of 𝑔(𝑥) as 𝑥 approaches 𝑎 is 𝐿”. If lim

𝑥→𝑎
𝑔(𝑥) = 𝐿, then as 𝑥 gets closer and

closer to 𝑎, 𝑔(𝑥) gets closer and closer to 𝐿. (Intuitively, you might think this must always mean
that 𝑔(𝑎) = 𝐿, but that’s not always the case.)
The slope of the tangent line at 𝑥 = 𝑎 is the limit of the slope of the line between (𝑎, 𝑓 (𝑎)) and
(𝑏, 𝑓 (𝑏)) as 𝑏 approaches 𝑎:

slope of tangent line at 𝑎 = lim
𝑏→𝑎

𝑓 (𝑏) − 𝑓 (𝑎)
𝑏 − 𝑎

This definition alone can help us compute some common derivatives. For instance, if 𝑓 (𝑥) = 𝑥2,
then the slope of the tangent line at 𝑥 = 𝑎 is:

lim
𝑏→𝑎

𝑓 (𝑏) − 𝑓 (𝑎)
𝑏 − 𝑎 = lim

𝑏→𝑎

𝑏2 − 𝑎2
𝑏 − 𝑎 = lim

𝑏→𝑎

(𝑏 − 𝑎)(𝑏 + 𝑎)
𝑏 − 𝑎 = lim

𝑏→𝑎
(𝑏 + 𝑎) = 2𝑎
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Here, I used the difference of squares formula, 𝑏2 − 𝑎2 = (𝑏 − 𝑎)(𝑏 + 𝑎). To find the slope of the
tangent line using the limit definition, you’ll need to use some sort of algebraic manipulation to
simplify the expression, because the limit of the denominator is 0, and we can’t divide by 0.
Instead of thinking of the slope of the tangent line as the limit of the slope of the line between the
points (𝑎, 𝑓 (𝑎)) and (𝑏, 𝑓 (𝑏)) as 𝑏 → 𝑎, a more general (and equivalent!) definition of the derivative
is the limit of the slope of the line between the points (𝑥, 𝑓 (𝑥)) and (𝑥 + ℎ, 𝑓 (𝑥 + ℎ)) as ℎ → 0.

Derivatives.
Definition: Derivative

Suppose 𝑓 : R → R is a function. Then the derivative of 𝑓 at 𝑥 is defined as:

d 𝑓
d𝑥 (𝑥) = lim

ℎ→0

𝑓 (𝑥 + ℎ) − 𝑓 (𝑥)
ℎ

This is pronounced “the derivative of 𝑓 with respect to 𝑥.”

I will not use this formal definition much in this class, but it’s good to understand where it comes
from and why it works.

There are two equivalent notations for the derivative: d 𝑓
d𝑥 (𝑥) and 𝑓 ′(𝑥). I used the notation 𝑓 ′(𝑥) in

the previous section since it’s easier to write and more commonly used in calculus courses. How-
ever, I’ll use the notation d 𝑓

d𝑥 (𝑥) from now on, as it’ll make the transition to multivariable calculus
more natural when we get there.

Often, for brevity, I will drop the (𝑥) and just write d 𝑓
d𝑥 . As an example, suppose 𝑔(𝑥) = sin2(𝑥) +

3 log(𝑥), where log(·) is the natural logarithm (with base 𝑒). Then, the derivative of 𝑔 is:

d𝑔
d𝑥 = 2 sin(𝑥) cos(𝑥) + 3

𝑥

d𝑔
d𝑥 (equivalently, d𝑔

d𝑥 (𝑥)) is a function, not a number. To get a number as an output, we need to plug
in a value for 𝑥. For example, d𝑔

d𝑥 (𝜋) is the number ( 3𝜋 ) corresponding to the slope of the tangent
line to 𝑔 at 𝑥 = 𝜋.

To actually find d𝑔
d𝑥 , we used several derivative rules, which we’ll now review.

Rules and Examples

Five Key Derivative Rules

1. Constant Rule: If 𝑓 (𝑥) = 𝑐, where 𝑐 is some constant, then:

d 𝑓
d𝑥 = 0
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2. Addition Rule: If ℎ(𝑥) = 𝑓 (𝑥) + 𝑔(𝑥), then:

dℎ
d𝑥 =

d 𝑓
d𝑥 + d𝑔

d𝑥

Equivalently, ℎ′(𝑥) = 𝑓 ′(𝑥) + 𝑔′(𝑥).
3. Power Rule:

d
d𝑥 𝑥

𝑛 = 𝑛𝑥𝑛−1

4. Product Rule: If ℎ(𝑥) = 𝑓 (𝑥)𝑔(𝑥), then:

dℎ
d𝑥 = 𝑓 · d𝑔d𝑥 + d 𝑓

d𝑥 · 𝑔

Equivalently, ℎ′(𝑥) = 𝑓 (𝑥)𝑔′(𝑥) + 𝑓 ′(𝑥)𝑔(𝑥).
5. Chain Rule: If ℎ(𝑥) = 𝑓 (𝑔(𝑥)), then:

dℎ
d𝑥 =

d 𝑓
d𝑔 · d𝑔d𝑥

Equivalently, ℎ′(𝑥) = 𝑓 ′(𝑔(𝑥))𝑔′(𝑥).

These rules can all be proved using the formal definition of the derivative, but those proofs won’t
be emphasized in this class.
Attempt each of the following examples before peeking at their solutions.

Example: Polynomials. Differentiate 𝑓 (𝑥) = 4𝑥5 + 3𝑥2 + 2𝑥 + 1.

Solution

None of the five key rules directly specify how to take the derivative of an expression like 4𝑥5,
and even though you may look at this expression and see that its derivative is 20𝑥4, it’s well
worth our time to review the rules carefully.
Let’s split 4𝑥5 into two separate functions, 4 and 𝑥5, and then use the product rule.

d
d𝑥 4𝑥

5 = 4

(
d
d𝑥 𝑥

5

)
+

(
d
d𝑥 4

)
𝑥5 = 4 · 5𝑥4 + 0 = 20𝑥4

While applying the product rule, I also used the power rule to differentiate 𝑥5, and the constant
rule to differentiate 4.
With this in mind, we can return to the goal of differentiating 𝑓 (𝑥).
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d 𝑓
d𝑥 =

d
d𝑥 (4𝑥

5 + 3𝑥2 + 2𝑥 + 1)

=
d
d𝑥 4𝑥

5 + d
d𝑥 3𝑥

2 + d
d𝑥 2𝑥 +

d
d𝑥 1

= 20𝑥4 + 6𝑥 + 2

Example: Reciprocals. Differentiate 𝑓 (𝑥) = 1
𝑥2−1 .

Solution

Note that 𝑓 (𝑥) can also be written as 𝑓 (𝑥) = (𝑥2− 1)−1, which looks like something we can use
the power rule on. To fully apply the power rule, we’ll need to use the chain rule, too.

d
d𝑥 (𝑥

2 − 1)−1 = −1 · (𝑥2 − 1)−2︸           ︷︷           ︸
power rule

· d
d𝑥 (𝑥

2 − 1)︸       ︷︷       ︸
required by the chain rule

= −1 · (𝑥2 − 1)−2 · 2𝑥
= − 2𝑥

(𝑥2 − 1)2

Example: Quotients. Differentiate 𝑓 (𝑥) = 𝑥2+1
𝑥2−1 .

Solution

It looks like 𝑓 (𝑥) is a quotient of two functions, 𝑥2 + 1 and 𝑥2 − 1, but I intentionally did not
introduce a quotient rule – it’s unnecessary, and can be replicated using the product rule and
chain rule, since 𝑓 (𝑥) can be written as a product:

𝑓 (𝑥) = 𝑥2 + 1

𝑥2 − 1
= (𝑥2 + 1) · 1

𝑥2 − 1

You’ll notice that we’ve already found the derivative of 1
𝑥2−1 in Example 2, so we can use that

result here while applying the product rule.
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d 𝑓
d𝑥 =

d
d𝑥

(
(𝑥2 + 1) · 1

𝑥2 − 1

)
=

(
d
d𝑥 (𝑥

2 + 1)
)
· 1

𝑥2 − 1
+ (𝑥2 + 1) ·

(
d
d𝑥

1

𝑥2 − 1

)
︸                                                       ︷︷                                                       ︸

product rule

= 2𝑥 · 1

𝑥2 − 1
+ (𝑥2 + 1) ·

(
− 2𝑥
(𝑥2 − 1)2

)
︸          ︷︷          ︸
from Example 2

=
2𝑥

𝑥2 − 1
− 2𝑥(𝑥2 + 1)

(𝑥2 − 1)2

=
2𝑥(𝑥2 − 1) − 2𝑥(𝑥2 + 1)

(𝑥2 − 1)2︸                        ︷︷                        ︸
common denominator

=
2𝑥(𝑥2 − 1 − 𝑥2 − 1)

(𝑥2 − 1)2
=

−4𝑥
(𝑥2 − 1)2

Example: Trigonometric and Logarithmic Functions. Differentiate 𝑓 (𝑥) = log(cos(𝑒𝑥)).
To do so, you’ll need to remember a few other common derivatives that the five key rules don’t
cover.
Trigonometric Derivatives:

d
d𝑥 sin(𝑥) = cos(𝑥)

d
d𝑥 cos(𝑥) = − sin(𝑥)

Logarithmic Derivatives: If log(·) is the natural logarithm (with base 𝑒), then:

d
d𝑥 log(𝑥) = 1

𝑥

d
d𝑥 log𝑏(𝑥) = 1

𝑥 log(𝑏)
Exponential Derivatives:
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d
d𝑥 𝑒

𝑥 = 𝑒𝑥

d
d𝑥 𝑎

𝑥 = 𝑎𝑥 log(𝑎)

Solution

Differentiating 𝑓 (𝑥) = log(cos(𝑒𝑥)) requires a few careful applications of the chain rule.

d 𝑓
d𝑥 =

d
d𝑥 log(cos(𝑒𝑥))

=
1

cos(𝑒𝑥) ·
d
d𝑥 cos(𝑒𝑥)

=
1

cos(𝑒𝑥) · (− sin(𝑒𝑥)) · d
d𝑥 𝑒

𝑥

=
1

cos(𝑒𝑥) · (− sin(𝑒𝑥)) · 𝑒𝑥

= − 𝑒
𝑥 sin(𝑒𝑥)
cos(𝑒𝑥)

= −𝑒𝑥 tan(𝑒𝑥)

The chain rule is extremely pervasive in machine learning, which is why I’ve included examples
like the one above. This site contains dozens more examples of the chain rule in practice.

Activity 2

Activity 2

Note that the activities in this section are quite challenging, so make sure you’ve attempted
and fully understood the examples above first.
Activity 2.1
An important function in machine learning is the sigmoid function, which is defined as:

𝜎(𝑥) = 1

1 + 𝑒−𝑥
𝜎(𝑥) has a nice S-shape, and is used for predicting probabilities.
Find the derivative of 𝜎(𝑥), and show that it satisfies the following property:

d
d𝑥 𝜎(𝑥) = 𝜎(𝑥)(1 − 𝜎(𝑥))

Activity 2.2
Find the derivative of each of the following functions:

• 𝑓 (𝑥) = √
sin(4𝜋𝑥)

https://math.libretexts.org/Bookshelves/Calculus/Calculus_(OpenStax)/03%3A_Derivatives/3.06%3A_The_Chain_Rule
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• 𝑔(𝑥) = (2𝑥+1)3𝑥 (Hint: Start by taking the natural logarithm of both sides, then take the
derivative of both sides.)

Activity 2.3
Suppose 𝑥 and 𝑦 satisfy the following relationship:

𝑥2 = 𝑦3 − 11

1. Find an expression for d𝑦
d𝑥 that involves both 𝑥 and 𝑦. To do this, don’t solve for 𝑦 in

terms of 𝑥 – instead, take the derivative of both sides of the equation with respect to 𝑥,
use the power and chain rules, and re-arrange to isolate d𝑦

d𝑥 .

2. Find the slope of the tangent line to the curve at the point (𝑥, 𝑦) = (4, 3).

Optimization
Maxima and Minima. As stated at the start of this section, calculus is a tool for optimization –
that is, finding the inputs that maximize or minimize a function. Let’s be more precise about what
we mean by “maximize” and “minimize”.
Consider 𝑓 (𝑥) = 1

4𝑥
4 + 1

3𝑥
3 − 𝑥2 + 2, shown below.

Where is 𝑓 (𝑥) maximized and minimized?

• At 𝑥 = −2, 𝑓 (𝑥) is less than it is at all other inputs. This is means (−2, 𝑓 (−2)) is a global
minimum.

• At 𝑥 = 0, 𝑓 (𝑥) looks like it is greater than all other inputs, but only if you restrict your attention
to points near 𝑥 = 0. This means (0, 𝑓 (0)) is a local maximum. (0, 𝑓 (0)) is not a global max-
imum because there are plenty of points where 𝑓 (𝑥) > 𝑓 (0) – they are just not immediately
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adjacent to 𝑥 = 0.

• Similarly, (1, 𝑓 (1)) is a local minimum.

𝑓 (𝑥) does not have a global maximum, since 𝑓 (𝑥) approaches infinity as 𝑥 increases beyond 𝑥 = 1
or decreases beyond 𝑥 = −2. If we were to restrict the domain (or set of possible inputs) of 𝑓 (𝑥) to,
say, [−3, 3], then there would be a global maximum at 𝑥 = 3.
Note that we usually care more about the inputs that maximize or minimize a function, rather than
the actual values of the function at those inputs. In the above example, the fact that 𝑥 = −2 is a
global minimum is important; the fact that 𝑓 (−2) = −2

3 is not as important.
To recap:

Definition: Maxima and Minima

Suppose 𝑓 : R → R is a function.
On maxima:

• A function 𝑓 : R → R has a local maximum at 𝑥 = 𝑥∗ if 𝑓 (𝑥∗) ≥ 𝑓 (𝑥) for all 𝑥 in some
interval around 𝑥∗.

• A function 𝑓 : R → R has a global maximum at 𝑥 = 𝑥∗ if 𝑓 (𝑥∗) ≥ 𝑓 (𝑥) for all 𝑥 in the
domain of 𝑓 .

Intuitively, a local maximum is a point where the function is higher than all nearby points,
and a global maximum is a point where the function is higher than all points in the domain.
On minima:

• A function 𝑓 : R → R has a local minimum at 𝑥 = 𝑥∗ if 𝑓 (𝑥∗) ≤ 𝑓 (𝑥) for all 𝑥 in some
interval around 𝑥∗.

• A function 𝑓 : R → R has a global minimum at 𝑥 = 𝑥∗ if 𝑓 (𝑥∗) ≤ 𝑓 (𝑥) for all 𝑥 in the
domain of 𝑓 .

Note that maxima is the plural of maximum, minima is the plural of minimum, and extrema refers
to both maxima and minima.
Below, you’ll find several other examples of functions with varying amounts and types of extrema.
Play close attention to the relationship between the two functions in the second row, ℎ(𝑥) and 𝑘(𝑥).
𝑘(𝑥) results from stretching ℎ(𝑥) vertically and shifting it up vertically, and has the same extrema.
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Activity 3

Activity 3

Let 𝑞(𝑥) = 8𝑥4 − 4𝑥. 𝑞(𝑥) has a global minimum at
(
1
2 ,−3

2

)
.

For each of the following functions, find all extrema, and specify whether each extremum is a
local maximum, global maximum, local minimum, or global minimum. Make sure to specify
both the 𝑥-values and the 𝑦-values of each extremum.

1. 𝑓 (𝑥) = 2𝑞(𝑥) + 10

2. 𝑔(𝑥) = −10𝑞(𝑥)
3. ℎ(𝑥) = ��𝑞(𝑥)��
4. Finding the extrema of 𝑙(𝑥) = 𝑞(𝑥)2 is a bit more complicated than in the examples above.

Why?
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Critical Points. Howdowe actually find the critical points of a function, especiallywhenwe can’t
graph the function? The derivative plays a crucial role.

Definition: Critical Point

A critical point of a function 𝑓 : R → R is a point (𝑎, 𝑓 (𝑎)) where d 𝑓
d𝑥 (𝑎) = 0 or d 𝑓

d𝑥 (𝑎) is
undefined.

Let’s revisit the function 𝑓 (𝑥) = 1
4𝑥

4 + 1
3𝑥

3 − 𝑥2 + 2, shown in blue along with its derivative, d 𝑓
d𝑥 =

𝑥3 + 𝑥2 − 2𝑥, shown in orange.

You should notice that the derivative is 0 at all three extrema we identified earlier – the global
minimum at 𝑥 = −2, the local maximum at 𝑥 = 0, and the local minimum at 𝑥 = 1. Intuitively, the
derivative is 0 at a maximum or minimum because the tangent lines at these points are horizontal
(with slope 0), as the function is neither increasing nor decreasing at these points.
In the region between 𝑥 = −2 and 𝑥 = 0, the derivative is positive, meaning the function is increas-
ing.
Solving for the inputs that make the derivative 0 – i.e., finding the critical points – is a necessary,
but not sufficient, step. If all we know is that the derivative is 0 at a point, we don’t know whether
the point is a maximum or minimum. It may not be either, such as in the case of 𝑓 (𝑥) = 𝑥3, which
has a critical point at 𝑥 = 0 that is neither a maximum nor a minimum.

Second Derivatives. To be able to determine whether a critical point of 𝑓 (𝑥) is a maximum or
minimum, we need to look at the second derivative of 𝑓 (𝑥). If the (first) derivative of 𝑓 (𝑥) is a
function that describes the rate at which 𝑓 (𝑥) is changing, the second derivative – denoted d2 𝑓

d𝑥2 – is
a function that describes the rate at which the derivative is changing.
Physics provides us with an analogy that helps us understand the role of the second derivative.
Suppose you’re driving down a straight road, and 𝑠(𝑡) is your position on the road at time 𝑡, relative
to your starting point (so a negative value of 𝑠(𝑡) means you’ve moved backwards).

Then, 𝑣(𝑡) = d𝑠
d𝑡 is your velocity (the rate at which your position is changing) and 𝑎(𝑡) = d2𝑠

d𝑡2 is your
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acceleration (the rate at which your velocity is changing).

• If d𝑠
d𝑡 > 0 and d2𝑠

d𝑡2 = 0, you are moving forward at a constant speed (say, on cruise control).

• If d𝑠
d𝑡 > 0 and d2𝑠

d𝑡2 > 0, you are moving forward and your speed is increasing (you are acceler-
ating).

• If d𝑠
d𝑡 > 0 and d2𝑠

d𝑡2 < 0, you are moving forward, but your speed is decreasing, and eventually,
your car will come to a halt.

• Cases where d𝑠
d𝑡 < 0 correspond to driving backwards!

Activity 4

Activity 4

Give real-world examples (similar to those provided above) for each of the following scenarios
in the context of the physics analogy:

• d𝑠
d𝑡 < 0 and d2𝑠

d𝑡2 > 0

• d𝑠
d𝑡 < 0 and d2𝑠

d𝑡2 < 0

• d𝑠
d𝑡 = 0 and d2𝑠

d𝑡2 < 0

Let’s put this in the context of our running example, 𝑓 (𝑥) = 1
4𝑥

4+ 1
3𝑥

3−𝑥2+2. The second derivative
of 𝑓 (𝑥) is:

d2 𝑓
d𝑥2

=
d
d𝑥

(
d
d𝑥

(1
4
𝑥4 + 1

3
𝑥3 − 𝑥2 + 2

))
=

d
d𝑥

©­­« 𝑥3 + 𝑥2 − 2𝑥︸         ︷︷         ︸
first derivative of 𝑓 (𝑥)

ª®®¬
= 3𝑥2 + 2𝑥 − 2

The second derivative, d2 𝑓
d𝑥2 , is a function, not a number. What does the second derivative look like,

relative to the original function and first derivative?
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𝑓 (𝑥) is a polynomial of degree 4, d 𝑓
d𝑥 is a polynomial of degree 3, and d2 𝑓

d𝑥2 is a polynomial of degree
2 – the degree drops by one each time, as a consequence of the power rule.
Recall that 𝑓 (𝑥) has critical points at 𝑥 = −2, 𝑥 = 0, and 𝑥 = 1, which we’ve highlighted in all
three plots above. Our goal is to determine an algebraic approach for determining whether these
points aremaxima, minima, or neither; we shouldn’t rely on the graph of 𝑓 (𝑥) alone, sincewewon’t
always be able to see its graph.
At all three of these points, the first derivative is 0, meaning that the function is neither increasing
nor decreasing at these points. But the second derivative d2 𝑓

d𝑥2 = 3𝑥2 + 2𝑥 − 2 gives us additional
information:

• At 𝑥 = −2, d2 𝑓
d𝑥2 (−2) = 6, which is positive. So, at 𝑥 = −2, 𝑓 (𝑥) is neither increasing nor

decreasing, but is also “speeding up”, since the second derivative is positive. So, as we move
to the right of 𝑥 = −2, the slope of the tangent line will increase, causing the function to
increase. If the function increases to the right of 𝑥 = −2, then 𝑥 = −2 must correspond to a
local minimum of 𝑓 (𝑥).

• At 𝑥 = 0, d2 𝑓
d𝑥2 (0) = −2, which is negative. So, at 𝑥 = 0, 𝑓 (𝑥) is neither increasing nor decreas-

ing, but is also “slowing down”. So, as we move to the right of 𝑥 = 0, the slope of the tangent
line will decrease, causing the function to decrease. If the function decreases to the right of
𝑥 = 0, then 𝑥 = 0 must correspond to a local maximum of 𝑓 (𝑥).

• At 𝑥 = 1, d2 𝑓
d𝑥2 (1) = 3 is positive, which, using the logic from the 𝑥 = −2 case, means that 𝑥 = 1

also corresponds to a local minimum of 𝑓 (𝑥).

Convexity. The sign of the second derivative is useful for more than just determining whether a
critical point is a local maximum or minimum. Below, we’ve plotted 𝑓 (𝑥), along with annotations
for the regions where the second derivative is positive and negative.

When the second derivative is positive, the function is concave opening up, also known as convex.
You should think of convex functions as “bowl-shaped” or “smiling”. When the second derivative
is negative, the function is concave opening down, or simply concave; the equivalent analogy is
that concave down regions are “upside-down bowls” or “sad faces”.
From the perspective of finding local mimina, if a function is concave up at a critical point, then we
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must be at the bottom of a bowl – a local minimum – and if a function is concave down at a critical
point, we must be at the top of a hill, corresponding to a local maximum.
If a function is concave up across its entire domain – unlike in the example above, but like in
𝑓 (𝑥) = 𝑥2 – then any local minimum must be a global minimum. Convexity is a hugely important
concept in optimization andmachine learning, and we’ll see it again in more detail throughout the
course.
The points at which the second derivative is 0 are called inflection points. 𝑓 (𝑥) has two inflection
points, marked by vertical dotted lines above, roughly at 𝑥 = −1.22 and 𝑥 = 0.55. These are the
roots of the quadratic equation d2 𝑓

d𝑥2 = 3𝑥2 + 2𝑥 − 2 = 0.
We’ve implictly used a second derivative test for determining whether a critical point is a local
maximum or minimum:

Definition: Second Derivative Test

Suppose 𝑎 is a critical point of 𝑓 (𝑥), i.e. d
d𝑥 𝑓 (𝑎) = 0 or d

d𝑥 𝑓 (𝑎) is undefined. Then, there are 3
possibilities:

• If d2 𝑓
d𝑥2 (𝑎) > 0, then 𝑓 (𝑥) is concave opening up (i.e. convex) at 𝑥 = 𝑎, and 𝑥 = 𝑎 is a local

minimum.

• If d2 𝑓
d𝑥2 (𝑎) < 0, then 𝑓 (𝑥) is concave opening down at 𝑥 = 𝑎, and 𝑥 = 𝑎 is a localmaximum.

• If d2 𝑓
d𝑥2 (𝑎) = 0, then 𝑥 = 𝑎 is an inflection point, and the second derivative test is inconclu-

sive.

Again, the second derivative test only tries to tell us whether critical points are local maxima or
minima; it does not tell us whether they are global maxima or minima.
Let’s look at another example, particularly one where the second derivative test is inconclusive.
Consider 𝑓 (𝑥) = 𝑥2 sin(𝑥), shown below.

𝑓 (𝑥) = 𝑥2 sin(𝑥), like sin(𝑥), is oscillatory, and has no global extrema; see here for a larger graph of

https://www.desmos.com/calculator/nvzesx95xo
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it. Above, we’ve plotted 𝑓 (𝑥) within the domain [−2𝜋, 2𝜋], and we see several local maxima and
minima.
The first and second derivatives of 𝑓 (𝑥) = 𝑥2 sin(𝑥) are given by:

d 𝑓
d𝑥 = 𝑥2

(
d
d𝑥 sin(𝑥)

)
+

(
d
d𝑥 𝑥

2

)
sin(𝑥)

= 𝑥2 cos(𝑥) + 2𝑥 sin(𝑥)

d2 𝑓
d𝑥2

=
d
d𝑥

(
𝑥2 cos(𝑥) + 2𝑥 sin(𝑥))

= 𝑥2
(
d
d𝑥 cos(𝑥)

)
+

(
d
d𝑥 𝑥

2

)
cos(𝑥) + 2𝑥

(
d
d𝑥 sin(𝑥)

)
+

(
d
d𝑥 2𝑥

)
sin(𝑥)

= −𝑥2 sin(𝑥) + 2𝑥 cos(𝑥) + 2𝑥 cos(𝑥) + 2 sin(𝑥)
= 2𝑥 cos(𝑥) − (𝑥2 − 2) sin(𝑥)

Solving for the critical points of 𝑓 (𝑥) by setting d 𝑓
d𝑥 = 𝑥2 cos(𝑥) + 2𝑥 sin(𝑥) = 0 is no easy task,

as there are infinitely many solutions, most of which cannot be solved for by hand. We’ll learn
how to write code to approximate solutions to d 𝑓

d𝑥 = 0 in Chapter 8 of the course, when we study
gradient descent. There are also infinitely many inflection points, since d2 𝑓

d𝑥2 = 0 has infinitely many
solutions, meaning that there are many regions where 𝑓 (𝑥) is concave up and many others where
it is concave down.
However, one critical point is easy to spot: 𝑥 = 0. At 𝑥 = 0, the derivative is 0:

d 𝑓
d𝑥 (0) = 02 cos(0) + 2 · 0 · sin(0) = 0

𝑥 = 0 is also an inflection point, since the second derivative is also 0:

d2 𝑓
d𝑥2

(0) = 2 · 0 · cos(0) − (02 − 2) sin(0) = 0

To be clear, not every inflection point is a critical point, and not every critical point is an inflection
point; 𝑥 = 0 just happens to be both.
If we look at the graph of 𝑓 (𝑥) near 𝑥 = 0, we’ll see that 𝑥 = 0 corresponds to neither a local maxi-
mum nor a local minimum, but rather, a region where 𝑓 (𝑥) is very flat. If we weren’t able to graph
𝑓 (𝑥), we could try and determine its behavior around (0, 𝑓 (0)) by looking at points immediately to
the left and right of 𝑥 = 0 – say, (0.001, 𝑓 (0.001)) and (−0.001, 𝑓 (−0.001)). If 𝑓 (0.001) > 𝑓 (0) and
𝑓 (−0.001) > 𝑓 (0), then 𝑥 = 0 would be a local minimum (but that’s not the case here).
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Activity 5

Activity 5

Activity 5.1
Let 𝑓 (𝑥) = 𝑥 log(𝑥2), where log(·) is the natural logarithm.

1. Find the critical points of 𝑓 (𝑥), and determine whether they are local maxima, minima,
or neither.

2. Find the inflection points of 𝑓 (𝑥), and use them to sketch a possible graph of 𝑓 (𝑥).
Activity 5.2
Let 𝑔(3) = 10, d𝑔

d𝑥 (3) = −2, and d2𝑔
d𝑥2 (3) = 1.

1. Describe the behavior of 𝑔(𝑥) near 𝑥 = 3.

2. The Taylor series of a function allows us to approximate the value of a function near a
point 𝑥 = 𝑎, given the value of the function and its derivatives at 𝑥 = 𝑎. The Taylor series
of an arbitrary function 𝑓 (𝑥) around 𝑥 = 𝑎 is given by:

𝑓 (𝑥) ≈ 𝑓 (𝑎)+
(
d 𝑓
d𝑥 (𝑎)

)
(𝑥−𝑎)+1

2

(
d2 𝑓
d𝑥2

(𝑎)
)
(𝑥−𝑎)2+1

6

(
d3 𝑓
d𝑥3

(𝑎)
)
(𝑥−𝑎)3+ 1

24

(
d4 𝑓
d𝑥4

(𝑎)
)
(𝑥−𝑎)4+· · ·

Note that this is an infinite series; the more terms we use, the more accurate the approx-
imation.
Use the Taylor series to approximate the value of 𝑔(3.1), using only the information
provided. You’ll only be able to use the first 3 terms of the Taylor series.

Activity 5.3
Given that d2ℎ

d𝑥2 = 2𝑥(𝑥 − 3)(𝑥 + 1), sketch a possible graph of ℎ(𝑥).

Continuity and Differentiability
Finally, I’ll remark that we’ve presented derivatives, extrema, and optimization all in themost ideal
setting: where the functions we’re working with are continuous and differentiable. A function is
continuous if its graph can be drawnwithout lifting a pen; any point where the graph has a “jump”
or “break” is a discontinuity. (Of course, there is a more formal definition of continuity, but this is
a good enough illustration for now.) A function is differentiable if its derivative exists everywhere;
otherwise, there exist some points at which the derivative does not exist.
Most relevant functions in machine learning are continuous, but non-differentiable functions do
appear, so it’s worth understanding what they are and how to deal with them. Let’s look at a few
examples.
Example 1: 𝑓 (𝑥) = |𝑥|
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𝑓 (𝑥) = |𝑥| is continuous everywhere, as intuitively, we can draw its graph without lifting our pen.
It is differentiable everywhere except at 𝑥 = 0; the reason it is not differentiable at 𝑥 = 0 is that the
slopes approaching it from the left (-1) and right (1) are different, and in order for a derivative at
𝑥 = 𝑎 to exist, the limit of the slopes approaching 𝑎 from the left and right must be the same.

d 𝑓
d𝑥 =


−1 𝑥 < 0

1 𝑥 > 0

undefined 𝑥 = 0

Example 2: 𝑔(𝑥) =
{
𝑥3 − 3𝑥 + 4 𝑥 ≠ 2

1 𝑥 = 2

𝑔(𝑥) =
{
𝑥3 − 3𝑥 + 4 𝑥 ≠ 2

1 𝑥 = 2
is continuous and differentiable everywhere, except at 𝑥 = 2, where it

is neither.

d𝑔
d𝑥 =

{
3𝑥2 − 3 𝑥 ≠ 2

undefined 𝑥 = 2
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Example 3: ℎ(𝑥) =
{
𝑥2 + 1

2𝑥 + 1 𝑥 < 0√
𝑥 + 1 𝑥 ≥ 0

ℎ(𝑥) =
{
𝑥2 + 1

2𝑥 + 1 𝑥 < 0√
𝑥 + 1 𝑥 ≥ 0

is continuous anddifferentiable everywhere, despite being a piecewise

function. Its individual pieces are continuous, and the entire function is continuous because the
“left” and “right” functions at the connection point of 𝑥 = 0 have the same value.

dℎ
d𝑥 =

{
2𝑥 + 1

2 𝑥 < 0
1

2
√
𝑥+1 𝑥 ≥ 0

Since the two piecewise derivatives agree at 𝑥 = 0, ℎ(𝑥) is differentiable at 𝑥 = 0 (and across its
entire domain).

Example 4: 𝑘(𝑥) =

−(𝑥 + 2)2 + 5 𝑥 < −2
1
2𝑥 + 6 𝑥 ≥ −2, 𝑥 ≠ 4

undefined 𝑥 = 4

𝑘(𝑥) =


−(𝑥 + 2)2 + 5 𝑥 < −2
1
2𝑥 + 6 𝑥 ≥ −2, 𝑥 ≠ 4

undefined 𝑥 = 4

is continuous everywhere, except at 𝑥 = 4, where it has a

“jump” and is neither continuous nor differentiable. But in addition, 𝑘(𝑥) is not differentiable at
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𝑥 = −2 because the slopes approaching it from the left and right are different.

d𝑘
d𝑥 =


−2(𝑥 + 2) 𝑥 < −2
undefined 𝑥 = −2
1
2 𝑥 > −2, 𝑥 ≠ 4

undefined 𝑥 = 4

An important point is that any function that is differentiable everywhere is also continuous every-
where; differentiability is a stronger condition than continuity. Plenty of functions are continuous
but not differentiable, like 𝑓 (𝑥) = |𝑥| in Example 1.
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Appendix 3: Sets and Set Operations
Throughout the course, we will use sets and set-builder notation to describe sets of vectors with
particular properties. This appendix reviews that notation.

Sets

Definition: Set

A set is a well-defined collection of distinct objects. For example,

𝐴 = {2, 4, 6, 8}

is the set of even numbers between 2 and 8. The numbers 2, 4, 6, and 8 are the elements of 𝐴.

We can also form sets of non-numerical objects, such as

𝐵 = {red, green, blue}.

Here, we’ve seen a set of numbers and another set of colors; in this course, we may work with sets
of numbers, points, vectors, and matrices.
In the definition of a set above, we said a set must be “well-defined” and contain “distinct” objects.
What do these terms mean?

1. By well-defined, it means that there should be a clear way to check whether any object is in
the set. If an object 𝑥 belongs to a set 𝑆, we write 𝑥 ∈ 𝑆. If it does not, we write 𝑥 ∉ 𝑆. For
instance, blue ∈ 𝐵 and maize ∉ 𝐵.

2. By distinct, we mean that sets do not contain duplicates. {2, 2, 4, 6, 6} is not a valid set. They
also do not keep track of order:

{2, 4, 6} = {6, 4, 2}.

Set-builder notation
Defining a set by listing every one of its elements called enumerative notation. Sometimes, we use
ellipses (...) as a shortcut to writing out many elements, but it is only good practice to do this when
it is clear what replaces the .... For example,

{2, 4, 6, 8, ..., 20}
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is clearly the set containing all multiples of 2, starting with 2 and ending with 20. This is still con-
sidered enumerative notation. {2, 3, 5, ..., 10} is more ambiguous. Try your best to avoid writing
ambiguous statements – math is meant to be precise!
Often, enumerative notation is impractical, especially for sets with infinitely many elements. Set-
builder notation describes a set by stating a rule that all of its elements follow. Recall, we earlier
defined the set 𝐴 = {2, 4, 6, 8}. Now consider the set

𝐶 = {6, 12, 18, 24}.

The elements of 𝐶 are just the elements of 𝐴, each multiplied by 3. Using set-builder notation,

𝐶 = {3𝑥 : 𝑥 ∈ 𝐴}.

The expression to the left of the colon describes what goes into the set; the condition to the right
describeswhich values are allowed. (If you’re familiarwith programming in Python –which you’re
not expected to be! – this resembles the syntax for list comprehension. Don’t worry if this doesn’t
mean anything to you.)
The general pattern for set-builder notation is

{what goes in the set : condition}.

We often use the vertical bar symbol | instead of the colon in set-builder notation. For example,
{3𝑥|𝑥 ∈ 𝐴} means the same thing as {3𝑥 : 𝑥 ∈ 𝐴}. Both separators are read as “such that”.
Here are several other examples.

1. Using the same example set 𝐶 from above,

{𝑥 : 𝑥 ∈ 𝐶, 𝑥 > 10}

is the set of elements of 𝐶 that are greater than 10. This is the new set {12, 18, 24}. The comma
(,) after the colon in the notation means “and”.

2. The set {10, 20, 30, ..., 100} can be expressed in set-builder notation as

{10𝑥 : 𝑥 ∈ Z, 1 ≤ 𝑥 ≤ 10}.

Z is the set of all integers.

3. The set

{𝑥 : 𝑥 ∈ Z, 𝑥 ≥ 0}

is the set of all non-negative integers.
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4. The set

{(𝑥, 𝑦) : 𝑥2 + 𝑦2 = 16, 𝑥 ∈ R, 𝑦 ∈ R}

is the set of all points on the circle with radius 4 centered at (0, 0). R refers to the set of real
numbers.

You’ll notice that inmany of these examples, the item before the colon :was simply 𝑥, and following
the colon were multiple conditions on 𝑥, one of which was the set we were selecting elements from
to create our new set (e.g. 𝐶, Z, or R). There is a shorter notation that is often used for sets like
these. Here are a few examples.

Long-form Shortform
{𝑥 : 𝑥 ∈ 𝐶, 𝑥 > 10} {𝑥 ∈ 𝐶 : 𝑥 > 10}
{𝑥 : 𝑥 ∈ Z, 𝑥 ≥ 0} {𝑥 ∈ Z : 𝑥 ≥ 0}
{(𝑥, 𝑦) : 𝑥2 + 𝑦2 = 16, 𝑥 ∈ R, 𝑦 ∈ R} {(𝑥, 𝑦) ∈ R2 : 𝑥2 + 𝑦2 = 16}

In the final example, R2 is the set of all points in two-dimensional space.
The shortform notation is very common. To summarize, the two key forms you may see are:

1. { 𝑓 (𝑥) : conditions on 𝑥} (this is the first form we introduced above).

2. {𝑥 ∈ S : conditions on 𝑥}.
Activity 1

Activity 1

1. Write the set {𝑘 ∈ Z : |𝑘 + 1| < 5} using enumerative notation.

2. Write the set {2, 5, 10, 17, 26, 37, ...} using set-builder notation. Try doing so in at least
two different ways, each using a different formula before the :.
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Solutions

1. The set {𝑘 ∈ Z : |𝑘 + 1| < 5} in enumerative notation is

{−5,−4,−3, ..., 3}.

2. One way to write the set {2, 5, 10, 17, 26, 37, ...} in set-builder notation is

{𝑥2 + 1 : 𝑥 ∈ Z, 𝑥 ≥ 1}.

This is not the only way to write it! Another form is

{(𝑥 − 1)2 + 1 : 𝑥 ∈ Z, 𝑥 ≥ 2} ,

and yet another is

{(𝑥 + 1)2 + 1 : 𝑥 ∈ Z, 𝑥 ≥ 0}.

All are equally good.

Subsets

Definition: Subset

A set 𝐵 is a subset of a set 𝐴 if every element of 𝐵 is also an element of 𝐴. We write

𝐵 ⊆ 𝐴.

For example, if 𝐴 = {1, 5, 7, 9, 12} and 𝐵 = {7, 12}, then 𝐵 ⊆ 𝐴. On the other hand, {5, 6} ⊈ 𝐴
because 6 ∉ 𝐴.
Two sets are equal precisely when they contain the same elements, or equivalently, they are both
subsets of each other!

• Every set is a subset of itself.

• The empty set, ∅, is the set with no elements in it. It is a subset of every set.
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Activity 2

Activity 2

Recall, Z is the set of all integers, e.g. {...,−3,−2,−1, 0, 1, 2, 3....}.
1. Let 𝐴 = {𝑥 ∈ Z : 𝑥 > 2} and 𝐵 = {𝑥 ∈ Z : 𝑥 > 6}. Is 𝐴 ⊆ 𝐵? Is 𝐵 ⊆ 𝐴? Both? Neither?

2. Let 𝐶 = {𝑥 ∈ R : 𝑥2 > 4} and 𝐷 = {𝑥 ∈ R : 𝑥 > 2}. Explain why it is not true that 𝐶 ⊆ 𝐷
by finding one element in 𝐶 that is not in 𝐷.

Solution

1. If 𝐴 = {𝑥 ∈ Z : 𝑥 > 2} and 𝐵 = {𝑥 ∈ Z : 𝑥 > 6}, then in enumerative notation,

𝐴 = {3, 4, 5, 6, 7, 8, 9, 10, ...} , 𝐵 = {7, 8, 9, 10, ...}.

Every element in 𝐵 is also in 𝐴, so 𝐵 ⊆ 𝐴. The opposite is not true; 3 ∈ 𝐴 but 3 ∉ 𝐵,
so 𝐴 is not a subset of 𝐵.

2. If 𝐶 = {𝑥 ∈ R : 𝑥2 > 4} and 𝐷 = {𝑥 ∈ R : 𝑥 > 2}, then 𝐶 includes all real numbers
whose square is greater than 4, which also includes lots of negative numbers, like
-3. But, -3 is not in𝐷, since𝐷 only includes real numbers greater than 2, so 𝐶 cannot
be a subset of 𝐷.

Union and intersection

Definition: Union

The union of sets 𝐴 and 𝐵 contains everything in 𝐴 or 𝐵 (including elements in both):

𝐴 ∪ 𝐵 = {𝑥 : 𝑥 ∈ 𝐴 or 𝑥 ∈ 𝐵}.

Definition: Intersection

The intersection of 𝐴 and 𝐵 contains everything shared by the two sets:

𝐴 ∩ 𝐵 = {𝑥 : 𝑥 ∈ 𝐴 and 𝑥 ∈ 𝐵}.

For example, if

𝐴 = {1, 5, 7} , 𝐵 = {2, 3, 7, 8} ,

then
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𝐴 ∪ 𝐵 = {1, 2, 3, 5, 7, 8} , 𝐴 ∩ 𝐵 = {7}.

Two sets are disjoint if 𝐴 ∩ 𝐵 = ∅.
For any set 𝐴,

𝐴 ∪ 𝐴 = 𝐴, 𝐴 ∪ ∅ = 𝐴, 𝐴 ∩ 𝐴 = 𝐴, 𝐴 ∩ ∅ = ∅.

Soon we’ll describe lines and planes as sets of points. The intersection of two lines, then, can be
viewed as the intersection of two sets!

Cardinality

Definition: Cardinality

The cardinality of a finite set 𝑆, written |𝑆| , is the number of elements in 𝑆.
For example, if

𝑆 = {1, 2, 9, 12,−3} ,

then |𝑆| = 5.

Repetition does not affect cardinality, because sets do not store duplicates!

|{1, 1, 2, 2, 2, 12,−3,−3, 9}| = 5.

For now, we’ll only consider the cardinality of finite sets. Sets with infinitely many elements, like
the set of integers Z, do have some well-defined notion of cardinality, but we will save that discus-
sion for a future theoretical mathematics or computer science course.

The principle of inclusion-exclusion. Given that we just discussed the union and intersection of
two sets, a natural question is how |𝐴 ∪ 𝐵| and |𝐴 ∩ 𝐵| relate to |𝐴| and |𝐵| .
As a thought experiment, suppose𝐴 and 𝐵 are two non-empty sets, and you are given that |𝐴∪𝐵| =
|𝐴| + |𝐵| . What does this tell you about 𝐴 and 𝐵? (Pause and think for a moment before scrolling
further.)
If |𝐴∪𝐵| = |𝐴|+|𝐵| , it means that there are no overlapping elements between𝐴 and 𝐵! If therewere
overlapping elements, they each would have been counted for twice: once in |𝐴| and once in |𝐵| .
But, since sets do not have duplicates, this would have overcounted those overlapping elements in
|𝐴 ∪ 𝐵| . Thus, if |𝐴 ∪ 𝐵| = |𝐴| + |𝐵| , 𝐴 and 𝐵 are disjoint.
In the general case, when 𝐴 and 𝐵 are not necessarily disjoint, the principle of inclusion-exclusion
tells us how to find |𝐴 ∪ 𝐵| , the number of elements in the union of 𝐴 and 𝐵:
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|𝐴 ∪ 𝐵| = |𝐴| + |𝐵| − |𝐴 ∩ 𝐵| .

Returning to our earlier example, if 𝐴 = {1, 5, 7} and 𝐵 = {2, 3, 7, 8}, then

|𝐴 ∪ 𝐵| = 3 + 4 − 1 = 6.

This formula is more useful in cases where the sets are much larger and we can’t eyeball their
intersections and unions.
How does this extend to three sets?



Appendix A. Mathematical Foundations 594

Like before, we subtract all pairwise overlaps, but then elements in all three sets have been removed
too many times, so we add the triple overlap back once.

|𝐴 ∪ 𝐵 ∪ 𝐶| = |𝐴| + |𝐵| + |𝐶|
− |𝐴 ∩ 𝐵| − |𝐴 ∩ 𝐶| − |𝐵 ∩ 𝐶|
+ |𝐴 ∩ 𝐵 ∩ 𝐶| .

Activity 3

Activity 3

1. Let 𝐴 = {dog, cat, hamster, zebra} and 𝐵 = {zebra, dolphin, rhino, dog, python}. Find
𝐴 ∪ 𝐵, 𝐴 ∩ 𝐵, and verify that the inclusion-exclusion formula holds.

2. Suppose𝑀 is the set of 50 students in EECS 245 this semester and 𝐶 is the set of 500 stu-
dents in CHEM 210 this semester. If 45 students are in both classes, how many students
are in at least one of the two classes? Express this quantity using the notation introduced
in this section.
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Solution

1. If 𝐴 = {dog, cat, hamster, zebra} and 𝐵 = {zebra, dolphin, rhino, dog, python},
then

• 𝐴 ∪ 𝐵 = {dog, cat, hamster, zebra, dolphin, rhino, python}, and |𝐴 ∪ 𝐵| = 7.

• 𝐴 ∩ 𝐵 = {dog, zebra}, and |𝐴 ∩ 𝐵| = 2.

• |𝐴| = 4 and |𝐵| = 5, and indeed,

7︸︷︷︸
|𝐴∪𝐵|

= 4︸︷︷︸
|𝐴|

+ 5︸︷︷︸
|𝐵|

− 2︸︷︷︸
|𝐴∩𝐵|

.

2. We’re given that |𝑀| = 50, |𝐶| = 500, and |𝑀 ∩ 𝐶| = 45. This means that

|𝑀 ∪ 𝐶| = |𝑀| + |𝐶| − |𝑀 ∩ 𝐶| = 50 + 500 − 45 = 505

students are in at least one of the two classes.
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